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I'napa 2. HrepaumoHHsle METOAL PEWEHHMT CHCTEM AMHEHHLIX aareGpanye-
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§ 4

§ 5.

§6

§7

CKHX ypamueHWd ., , . .,

np[[l\ll}pbl H KAHOHHUYCCKHEA BKHA HTCPAUROHHBIX AeTOM0B PelIeHHA CHCTEM
AuHEAHHX afreGpandeckilX ypasHewni . . . . ., ., . . .
I. UTepaunodHele MeToAw #ko6l g Jedgesn (82%. 2, MarTpuddas aanuce MeTolos
fAkobu (s_}?,’ }Sem:.e.m {82). 3. KaHoHnveckas dopMa OAHOWATOBMX KTEDaUIOHHEIX Mfe-
TOAOE (54

Hcenenosanne ¢XOANMOCTH MTCpanlQHMWX meTogoB . . . . .
Heabxoanmoe u A0CTaTOYROE YC/OBUE CXOANMOCTH CTALACHAPHEX HTepa-
LHOHHLIX MeToj0ER . . . .

I. Beepewre (90). 2. Hopma maTpuus (91). 3. TeopeMa o eXoauMOCTH HTePAUHOH-
Hore Metona (92}, 4. IMposonsenne AonazatenncTBa (93).

Quenkn CHOPOLTH CXOOHMOCTH CTALHOHAPHEX HTEPAUIOHHBIX METOA0B -
I, CKOPOCTL CXOOHMOCTH NTEDAUHOHHOTO MEeTOLa (25). 2. QUeHXN CHOPOCTH CXOOLH-
MOCTH B CAYYae CHMMMeTDHUYHEIX MaTpuu A w B (06). 3. [lpaeuna dedcteni o mart-
PHUNEIMH HepaBeHeTBaMu (98). 4. MowasaTeascTso TeopeMwl ! {100} . B. Ouenka mo-
FPRWHOCTH B CAYUAE HeCHMMEeTpRYHOH MaTpuubl 8 (|02),

Muorounensr Yebbwena . . . . . ., . . . . .
L. Muorousen HeGollwena na oTpeske [—1, 1] (103). 2. Cay4ail npoussonbHOTG oTpes-
ka {105). 3. lpyran HopMupopKa mHorougenor YeGwimepa ([0G). 4. MpuMepsl npu-
MEHSHHN MHOTOUNeHos Yebumepa (F07).

Hrepaunonnue MeTeanl ¢ 4eGHILEBCKAM nrafopem napamerpos . . .
. HBHBlE uTepauHoHHBIE MeTOA (109), 2. UncaeuHas yeTONYHEOSTH HTEDAUHOHHOTD
MeToaa ¢ delulleBckHM HalopoM nNapaMeTpos (112}, 3. Heasnntfi  vetbiuenckufl
n‘l‘lepau.uomluﬂ meton {113). 4. Cayya#l, Korda ToOUHEE rpaWMUEl CNEKTPa (I6HIBECTHH
{114).

HMT1epalunonnsle MeToin BAPHALMORHOCD THAA . . . . -
|. MeTon MHHHMaarHMX HepR3ox (116). 2. MeTon MHMHManbHHX nonpasocx (118},
3. Meton ckopefwrero c¢nycka (I19). 4. MeTon CONpAMCEHH LIX rpaaxedTos (120]),
$. MHHEMK3AUHR Norpetidocty {12)), 6, Bulfiop HTEpAaLMAHHBL X NZPaMeTpol B MeTode
CONPAKLHHHX TPALHERTOD (122), 7. OueHRAa NOFPeWHOCTH 8 MeToAe CONDAMEAHBIX
TpafHenTOR (126).

Fzapa 3. Hatepnomnposawre w npubnuxenne dywwkumit . ., . . .

§ 1. Hutepnonnporatne anreBpajivecknMm MHOTOUIeHaMu . . . .
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Hutx pyHRUHA (154).

§ 6. Hawnyywne npuGanxenna B ransBepToBoM npoctpauctee . . . .
1. Nocrasoepxa 3anaan (156). 2. CpeneHue x anredpanvecnod samavye o MHHUM Sl
KBAADATHYNOCD $hyHEUNGHana {16F). 3. CnepcTena (159).

Caaea 4, Weacaewnoe wuverpuposanne n  AHddepeHunporanpe ., .

§ 1. lIphmeper opMyn wHcAeHRroOTO uWTECpupoBanyEs . . . . . . .
i. Beenenne {JGl). 2. dopMyaa npAMoYrogeeHHop (162}. 3. ®opMyaa TpanelLun
{164). 4. dopmyna Cumncona {165). 5. ANocTepROpPHas OUSHKa NOTDEITHOCTH MeTo-
LoM Pyure. ABTOMATIMECKN BWGOpP WATA WHTErpHPOBAHKA (168). 6. BreTpanoagiing
PHyapicoHa (169},

§ 2. Kpanparypase bopMyaH MHTEpPNIOJALHOHHONO THIA e e
1. Bupon dopmyn (172). 2. Ouenra norpewttoetn (174}, 3. CHmmeTpuvniie hopMy-
awl (175). 4. PopMyasl Hewrona — KoTeca. UucneHHAA yeTORUHBOCTE KBARPATYPHEIX
dopmyn (178).

§ 3. Meroa layeca BuMHENCHHR ONpefeteHHEIX HHTErpanoe . . .

1. MocTanoska aapaun (180). 2. OcHokas Teopeva (131). 3. CytilecTBOBAHNE H
eAHRCTRENHOCTE KBAADATYPHWK OpMysn RauBbiciiel anreGpanteckof cTeneHy Tou-
HocTu (1583). 4. CpolicTBa KBaBpaTYpHHIX %ODMV_.‘T lFavcea (184) . 5. QacTHut ey-
qaf dopuya Caycea {185,
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§ 4. Yncnennoe gudipepeHunposamne . . . . L . . ... .
t. HekoppeuTHOCTR oltépaluHn vucnedHoro Awddbepeunpopaiun (18G). 2. ITpusene-
HHE HHTRpMOAPOBAITWA {188).

Fnapa 5 Peilewne HeAUMERNLIX YDABHEHMI M cHCTeM ypaBwewwii .

§ 1. Mpumepsr UTEPAUHOHHBIX METOZOD DEWENHA HEJMHEHHHWIX YDaBHEHHH
1. BuefeHre (190}, 2. Metol npoctold wrepauwu {191}, 3. Meton Heworowa (193],
4. MeTon ceryurwx (194}, 5. HuTepnonAnHOHHEE MeToAs (194). 6. Henoawaosanne
O6paTRO HTEpHOARUNK {195).

§ 2. CxoaumocTe MeTola npocTolf WTepaudr . . . . . . . . .
1. TeopeMa o ¢xotnmocTn (195}, 2. MeTol JRTKEHA YCKOPERHMA CXCAHMOCTH (198).

§ 3. Cxomwmocte Metoaa Hewrowa . . . . . . . . . . .
1. MpocTod pewecTEeHuLl xopedb (199). 2. KpaTHele KopHu (202}, 3. QA docTopoI-
Hie mpuéanxkenna {403). 4. KoMnnexcublii xopedn (205).

§ 4. l1cpatronnbe MeTONW ANA CHCTEM HeNHHEHHWX YpaBHeHHi ..
1. Odwhe nokatna (207). 2. CxoAHMOCTh CTaUWOHADHOrQ MeTofla {(408). 3. Mpamepm
HTEPALUIOHNBY MeTofdoR (200},

Fnasa 6, Uncheuuwsle MeToam pewenna 3anawn Kown 1008 OGbIKHOBEHHBIX
AHPPepeHIHANBHBIX YPaBRHEHHE . | ce e e e e

§ 1. Hexoanas 3afava H NPHMepH YHCJEHHHIX METOACB ee peurehna .
t. Toctanoska ncxomwod 3anaun (214). 2. TIpumepst wICnewHBIX MeToAOB (214).

§ 2. Meroau Pynre—Kyrra . . . . . . . . . . . . .
L. Ofwan dopmynuposra meronop. CemeficTso MeToAos BTOPOTO Nopaoka {216).
2. DokazatenneTeo cxodumocTH (221}, 3. MeTofm TpeThero NopRAka TOUHOCOTH (224}
4. MeToab METREPTOrQ NOpPRAKA TOGHOCTH {226).

§ 3. Muorowaronaue pasHocTHblE MeTOAN . . . . . . . . . .
). Gopwynnposua Metonos {(230). 2. TlorpetHOCTh ANMPOKCHMANHKE MAOTOLWAMOBEIX
HeTonos (231). 3. ¥CTOAAHBOCTE H ¢XOOHMOCTE PAasHOCTHHX meToaos (233). 4, [pu-
MePbl MHOFOWArOBHY PA3HOCTHRX MeToonr {235).

§ 4. Cx0auMOCTD ¥ OleHKA DOrpewiocTH MHOFOIDAMOBOrS DAAROCTHOMO MeTOna
. ¥pasnenue aaf norpewHocty (2368). 2. OOHOPOJHOE PAIHOCTHOS YpagHedwe ¢ no-
CTOAHHBMI Ko3BdbunmenTasn, YacTHee pelennn (238), 3. Oavopoaxoe pa3HocTHoe
YPARHEHIE ¢ NOCTOAMHBIMH KO3DAHIHEWTAMIL YeToRAUHBEOSTE N0 HAMZABHHM  0at-
Huw (240). 4. Quedra pewedHnd NeoIHODOAHOM YpagHeWum {213). 5. OueHKo Ma-

. TPRIUHSCTH pasHOcTHOrD MeToTda {2441,

§ 3. Uucnennoe HBTErpiupoBaHHe MeCcTEHX CHCTeM 0OBIKHOBeNHBX AH(depennn-
AabHBIX ypabBReHud . . . . . ., . . . .,
1. ¥caoro  woTofuMBble #  abCONIOTHO  YCTOHYMMBLIE  pasHOCTRBIC MeTOAl {M7).
2, TloHATHE HECTKOH CHOTEMB! An@depeBUHaNLHBIX YpasHenud {249). 3, Henunei-
Hble creTeMul LHGdepeniyanbHiX ypapheaufi (251}, 4. Cneumanehule onpemeleHHA
veroffuneoct (250}, 5. Ydacro nedpHEle PA3ROLTHHE MeToael (255).

HACTE III
PAZHOCTHBIE METOJbI PEWEHHA 3ANAY
MATEMATHYECKOH dHU3HUKH

Fhasa . Beeatwe nowatwn . . . . . . . . ., . . .
§ 1. Tlpumepnl pazmocTHBIX amnrpokcusanni . . . ., . . . .

§ 2. TlocTpoetie pPAIHOCTHMX cXeM HHTETPO-HHTEPTONAUHONHHM METOLOM
1. MocTpoerMe paznocTHOR cxembl [262).

§ 3. Hecnenonakne annpoKeHMaluMu B cXopumoctdt . ., ., . .
I. AnnpoxkcuMaltea anddeperunanbrora ypasHenna (65). 2. Annpokcumalms rpa-
HHYHOTO yoaosua (267}, 3. Yparvenue [NA norpewHosTn {268) . 4. PasanocTHue Toxs -
necTea M HepaeedcTpa {290}, 5. dolasatenweTso cxoIHMocTH (270,

§ 4. PasHocTHbe ¢XeMBl AAA YPABHEHHA TENJONPCBOANOCTH e
1. Mexoanan aapavwa (272). 2. HeHan cxema (272). 3. Heaptue cxemnt {276).
4. YpaeHeHna ¢ nepeMeHanMr ko3pPHUHEHTAMH H HenbHeHHble ypasHenna (279).

§ §. Tpexcnofingle pazHOCTHBIE cxeMul . ., . . . . . . .
I. Pasnocthble cXembl AN ypaBHeHusa xonefauuil (283h. 2. TpexcmotiHuwe cxesmul fha
YPaBHeHyA TelaonporoaHocT {255),

§6 OcHOBHRBIE TIOHATHA TEOPHA  PA3ROCTHHIX cXeM! ATMMPOKCHMAUHA, ¢XolH-
MOCTD, }'CTOﬁlIHBCICTb . . . . . . . . . . . . . .
|. Beeneuwe (286), 2. TIOTPEWHOCTE ANNPOKCHMALKN ¥ ROFDEIUHOCTE cXeMbl (287).

3. KOpPPeHTROCTL DAHOCTHOR cXeMul. CXONHMOCTh, CeA3zb MeRAy yCTONYHBOCThIO W
CXO0HMOCTBE> {290},
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Mnaga 2. MpuMunn MakcHMyMa ASA PAIHOCTHBIX CXeM . . .

§ |, PazHocTHAaA annpoRCHMANHA 3443yl ,[lﬂp}lx.ne nnz ypaBHeHHﬂ ]'l\ accora
I. Mocratonka paswoeTRod aagavnm {291). 2. KaHouRdeckufl BHL pasHOCTHGLO ypan-
HEHHA (297},

§ 2. Mpnrunn MakcHMyMa ANA pasHOCTHHX cXeM. QCHOBHBE TeopeMu .
|. HexonHue npeinonowena (204). 2 Tpniluf MaucRMyMa B 0o CJIGJICTBIIH t2951
3. T?&)&Je}ma CRABITEHH. YOTOAYHBOCTE MO rpaduyHuM  yonoanas  (198). 4, Tlpuwme-
PEE

§ 3. MoxasaTebeTho YeTOIMNBOCTH H CXOZHMOCTH PA3SHOCTHOR 3azawn JTupux-
ne naA vpapHerua [lyaccona |
1. YeTONHBOCTE 18 TRANHUIIM  YCNOBMAM {300] 2. Ycroiiunaocrh no npanon qacm
U CXOAHMOCTR {302},

§ 4. Tpamepn npHMeHeHHR NPHEUHNE MakcHMyMA . .

§ 5. MOHOTONHbIE PAIHOCTHBIE CXEMBI 118 YPABHEHHH BTOPOTO ]'IOpFIJlI\a co.:ep-
MAWHX TNepBHe OPOHIBOANHE . . . . . . . . . . .

IFnaea 3. MeTop paspelennna nepemenwbix . . . .,

§ 1. Pasuoc‘rnaﬂ 3a83ava Ha colCcTBeHHHle 3HAYeHHA . . .
Orleparo ATopod pasnocTHGE Nponsposwnil (311), 2. 3anaua wa coGCTBeHHm- ana-
'lBHI{‘H {312), 3. CpoflcTea COGCTBEHHLIX 3WauedHHf N co6CTREWHBIK dyHxunf {313).
4. Onepartopdbie HepapeugTBa (314).
§ 2 38}13'—13 Ha COGCTBEIHHE 3HAYSHHA AJA NATHTOUSYHOTO PA3HOCTROTC One-
patopa Jlannaca . .
1. CaMocConpaKeHHOCT (3]?] 2. Ouem{a coﬁmaeﬂﬂux l-mce.'l, ﬁono}FﬂiTeﬂbH{)CTh
oneparopa (318).

§ 3. Heenenoranue yeTORYHBOCTH H CXONHMOCTH CXEMH < BECAMH 1aA YpaB-
HEeHHA  TenaoTpOBOAHOCTH . -
1. Hexonaua salavs o pasHOCTHaA cxeua (3‘70} a. ‘:'CTORIIHBOCTb cxexm un uauanb-
HuM AasHBM (322). 3. ¥YeTofivwpocTs no mpeeoil vacTn u cxogpvocte {324). 4. Cxe-
M& ¢ BRCAMH ANA JBVMEDHOrG YpABHeHHA TennonposofHocTH (326). 5. AcuMnToruye-
CRas yeTofitUnnocTe (328).

§ 4. Pewenne pasHoeTHOro YpAamHeHWs BTOPOTO TOPAAKA MeToaom Pypbe

§ 5. Bulcrpoe AHckperRoe npeodpazosakue dypbe . . P

§ 6. Pemenue pasnoctHoro ypabHenus [IyaccoHa ¢ HENOTb30BAHKeM 6blf:'r|:|0r0
npeoGpasosawus Pypee . ., . . . . . L L . .

IFnaepa 4. Teopus yCTOAMHBOCTH pasHOCTHBIX CXeM . . . . .

§1 Paauocmue CXeMBl KaK ONepaTopHule YpABHeHHA . .
MpelcTapnedne PAaaHOCTNBX CXeM B BWAE OMePATODHBIX YpaBHeHul f%SQ) 2. i\Dp-
peKTHOCTb ONepaToNHBX ypapHeRnli (342), 3. OnepaTopy neproll pasHOCTHON ApoHs-
BOLHOA (347).

§ 2. Kanoundeckuli BHA B YCMOBNA  YCTOAYHBOCTH ABYCAOHHHX PasHOCTHBLIX

CXEM . . . . . . . . .

Kanounuecuit BRA lBycwoﬁnux pasnocnmx cxem (349} ?. ~n‘m:;liumao‘:i‘b paz-
Hocﬁnﬂx cEeM (351). 3. TeopeMH o6 yoToffYHBOCTR N0 HaYadehbiM daHAbiM  (354).
4. HecamoconpsamelHue pazHoCTHRIE cXeMbl (350},

Kanonnveckait BHA ¥ YCNABHA yCTOl‘:I‘IHBOCT}‘[ TPCXCHOﬁHHX PAZHOCTHHX
cXeMm . . . . . . . . . . . . . .
1. i\aﬂommecr{uﬁ BHJI (162] 2. DRBHBATEHTHOCTL TpeXcrnofitnfi cxemm ArvcaoliHoi
(363). 3. YeToNuNROCTE N0 HaYaAbHuIM TaivuM {384). 4. Mpumepo (3663,

§ 4. O6 5X0HOMHUNNE METOAAR PelieHHA MHOTOMEPHBLIX HECTAUHOHADHLX 3aaay
MaTeMAaATHYSCKOR ¢H3lﬂ(ll . . . . . . . . .
I. HeaoeTiTen oO6HMUYHHX pPa3HOCTREIX MeTO'lOB {309} 2, TMpuden mMeTota NehanréH-
HHX Wanpasnewnfl {372). 3. AGconmTRAA vCTORYHMEOCTb TPOAOALHO-MOTEpeynnfl cxe-
MBl {373). |. TlowaTne cymmapuclt aanpokcnMannu (376).

§3
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NOPERHCIOBHE

B KkHure H3/aralTCs OCHOBM YHCJCHHBIX METOAOB peuleHys 3agau
anreGpL, aHanH3a, OOLIKHOBEHHBIX AHGDMEPEHUHANbHBIX YPaBHEHHHA H
YpaBHeHRH Mmarematuueckoit ¢usuku. Kuura npesnasuauena aas cty-
JEHTOB BY30B, CNCUHAJH3IHPYIOUIHXCc B of0JacTH MpuKJIajHOH Mate-
Matukd. OHd MOXKET OKa3aThCA NOJE3HOH TakXe CTYAEHTAM APYTHX
CMELHANLHOCTEH, KeNAWILHM TIONYYHTh NIPEeACTABIEHHE O MeToLax pe-
WIeHHA MaTeMaTHYeCKHX 33134 ¢ noMoulbio 3BM, KHura ocHoBaHa Ha
Kypce JeKUHHA, KOTOPHA YATANCA B TEYEHHE PAAA JET cTyledTam ¢a-
KY.IbT€TA BLIYHCJHTETbHOR MaTeMaTHKH H KuGepHeTHKH Mockoeckoro
yHHEEpCHTeTA,

B kypcax udcaeHHBIX METOACB H3y4aroTcs BONPOCH NMOCTPOEHHA,
MPHMEREHHA H TeOPeTHYECKOro 0GOCHOBAHHA AJATOPHTMOB NPHBAMMKEH-
HOTO pelleHds pa3aMYHBIX KANacCOR MaTEMAaTHYECKEX 3ajay. B wacrtos-
iee BpeMsl OOJbIUMHCTBO BHUYHC/AHTEIBHBIX A/IFOPUTMOB OPHERTHPORA-
HO Ha Hcrnoab3oBaHHe ObleTpoaeficTByiomnx 3BM, uto cyitecTBeHHO
BAHAET HA OTOOP yueSHOro MaTepHana W HA XapaKTep €ro H3.T0MeHHH.
CaeayeT OTMETHTE HEKOTOPble OCOGEHHOCTH MPEAMETa HUCJIeHHBIX Me-
T040B. Bo-repBbiX, AN YHCJEHHBIX METOZOR XaPAKTEPHA MHOKECTEEH-
HOCTh, T. €. BOSMOXKHOCTb DELIHTh OJHY H TY XKe 3a4auy pa3. HYHoIMH
MeToaamH. Bo-BTOpmX, BHOBb BO3HHKAKLHE €CTECTBEHHO-HAYUHEE 24-
Aa4H U ObICTPOE PA3BHTHE BHIYHCJHTENLHOH TEXHHKHM BHIHYIKAAIOT Tie-
PEOUCHUBATH 3HAYCHHE CYLIECTBYIOLWIHX AJATOPHTMOB H NPHBOAAT K ¢O-
3AaHHI0 HOBBIX. [lepeuwcrennble ocoGeHROCTH npeaMera, ero oGuIRp-
HOCTE H HEOAHOPOAHOCTb A€JANT HJANIZODPHON NMONBITKY H3JAO0XHTb
npeiMeT «BO BCell nOAHOTE M cTporoctH», [1o. roMy aBroph HacToAwel
KHUTH NMOCTaBHAH nepeA cobofl 3agavyy co6paTh MHHHMAJBHBIE Mave-
PHAA, AOCTATOYHBIA AN AanbHeiitleli paBoTH BHNYCKHHKOB BY30B B
001aCcTH OpPUMEHEHHS W CO3LAHHH BHIYHC/NTE/BHEIX METOLOB.

BhiulcanTebHEI aATOPHTM €CTECTBEHHO PacCMATPHBATL KaK He-
00X0AUMYI0 COCTABHYK) 4YacThb BHIYHCJIHTENbHOrO SKCMEePHMEHTA —
3D PeKTHBHOrO MeToNa pPelleHHN KPYIHBIX ecTeCTBEHHO-HAYYHEIX H Ha-
POLHOX03AHCTREHHBIX 32034, C 5THX NO3HUHA H BeAeTCs HAJOKEeHHe
YHCHCHHBIX METOJOB 8 1aHHO# KHHre. PaccmaTpuBawrtesl ToABKO Te
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MeTOARl, KOTOpBEe BRACPAJH HCIOLTaHHE ]'IpaKTHKOf{ H NMpPHMeHTIoTCA
Aas petlleHda peaibHelX 3agadv. Haubonbilee BHHMAaHHE YyAenseTca
pyHnamMeHTalbHBIM pasfefaM UHCJIEHHBIX METOAGB — YHC/JIEHHOMY pe-
TEHHK) CHCTEM JNMHEAHHX adreGpaHyecKHX ypaBHeHHH H [A3HOCTHBIM
MeTOLAM pellleHAs 3aAau MaTeMaTHuecKoll ¢uankd, B 1o ke Bpema
ABTOPBLI COZHAIOT, YTO MHOPHE HHTEpECHBIE H BAXKHBIE METOJBl H3J10XKe-
Hbl He[IOCTATOYHO NMOJHO HJH COBCEM He BOLLMH B KHUTY, 3a paMKaMu
KHUTH OCTAaJHCh TAKHE 3Tanbl BHYHC/AHTENbHOTD 3KCHEDHMEHTa, Kak
NOCTpOeHHE MaTeMaTHYeCKOH MoAenH, NPpOrpaMMHPOBAHHE H ODraHu-
3auud BoluHcAeHUl. B Tex cayuasx, Koraa noapo6Hoe H3A0MKEHIE YHC-
JEHHOro MeT0/Ja OKAa3hiBaJoCh CAHWKOM FPOMO3AKHM, COJLEPHKAJN0 MHO-
ro BHKJ4A0K HJIH ONHPAACCh HA TPYLHOAOCTYNHHN CTYIEHTAM MaTe-
MATHYECKHH anmapat, asTOpbl OPEINOYKTAAH OrPaHHYHTRCA XapaK-
TePHEIMH IPUMEpaMH.

Kunra cocrour ua tpex yacrel, Yacrp [ sisnseTcs BBOAHOI, B Hel
AaercA NpPejCTABAEHHE O MeCTe UHCJIeHHEX MeTOAOB B 00UleM mpouec-
ce MaTeMaTHUYeCKOro MOZEIHPOBAHHA H BBIYHCJHTEILHOTO 3KCIEpH-
MEHTA, a TaKKe DACCMATPHBAIOTCA HAa YPOBHe MPHMEPOB HEKOTOPHIE
BBLIYHC.IHTEJABHBIE AATODHTMEL, B yactn Il naaaraworcs TPaAHTHOHHBIE
pasgeabl YHCJIEHHBIX METOAOB, TaKHe KaK NpAMblE H MTepaUHOHHbE
MeTOABl PelleHHA CHCTeM JHHeHHBIX adre(paddecKux ypaBHeHHM, HH-
TEPNOAHPOBAHHE, YHCAEHHOEe MHTErpHPOBAHHE, pelleHHe HeAHHEHHBIX
YypaBHEHHHA, MeTOARl pellienna 3anaun Kown zas o6HIKHOBEHHLIX AHD-
depeHUHANbHBIX YpaBHeHHH. MOXeT BOIHHKHYTb BONpOC, 3a4eM HYXK-
HO CTO.b NMOAPOOHO H3NAraTh METOAM, A GOJbIIHHCTBA H3 KOTOPHIX
yXe JaBRO CYWECTBYET XODOU0 3apeKoMeHAoBapilas cebf  mpo-
rpammuas peanusauus? Hedo B TOM, 4To CO3HATENBHOE HCNMOAB30BA-
HHEe CyIIeCTBYIOMIHX NPOTpPaMM H TeM GoJee co3gaWne HOBHX Y.Jyu-
NiEHHBIX BepCHHA BPAJL AH BO3MOXKHO §e3 H3YYeHHS CAMHX METOZ0B H
CBA3AHHBIX C HHMH TeOpeTHUecKHX npeicraeneduit. B yvactu Il pac-
CMATPHUBAIOTCH PA3HOCTHHE METOAHR PEIIeHHA 33084 MaTeMAaTHUECKORN
Ppusukd. 3nech 60MbIIOE BHUMAHKE YAEAACTCS NPHELHNAM NOCTPOEHHS
PA3ROCTHBIX CXeM AA% PAZJTHYHBIX 3a4a4, HCCASNOBAHMIO MX YCTOHYM-
BOCTH H CXOAKHMOCTH, METOAAM pelleHHR CETOUHBIX ypaBHEHHIR.

Has yrenns wactn 11 tpebyerca snanrne anre6pi, anaansa u oOBIK-
HOBEHHBIX AHGDPepeHuHaNbHbIX YPaBHeHHE B 00beMe 0AHOTO-ABYX Kyp-
cos By3oBckoro obydyenun. Yacte HI npennonaraer smakoMcTeo ¢ no-
CTAHOBKOM THUMMYHBIX 3aAaY MaTeMaTHyeckoll ¢usuxd. Kagux-1ubo
CNEUHAILHBIX MPEIBAPHTEABHBIX CBeAeHHH H3 ODJACTH BHIYHCIUTEIb-
HOM MaTeMaTHKM He TpebyercH, XOTS MOTYT OKAa3aTbCH MONEIHBIMK OT-
AeJsibHble TNAaBB H3 KHAT

Tuxonos A H, Kocromapos . I1. Bpoauoie nekunn no
npukaagHoll MaTeMaTHke.— M.: Hayka, 1984,

Camapcknit A. A Bgenenue B uncieNHble MeTOAB.— 2-¢ 43—
M.: Hayka, 1987.

[Tpennoaaraerca, uTo oNHOBPEMEHHO C H3ydeHHEM JAHHOMO Kypea
YHTATE b OBJAAEBAET HABLIKAMH pEIIeHHA 3a4a4 ¢ NoMollkid IBM,
4 TAKXKe YYacTBYeT B palboTe CTYAEHYECKOTO CeMHHApa MO YHCJIEHHBIM
METOAAM.



Bosee rogpofroe HanokeHKe 0TAeNbHBIX Pa3iefoB Kypca MOMKEO
HaftTh B KHUrax:

Camapckuit A A Teopua pasuocTHHIX cxeM.— 2-¢ H3L.— M.
Hayka, 1983,

Camapckuit A, A, Huxonaes E. C. Metoam pemerus ce-
TouHblX ypasHennit.— M.: Hayxka, 1978,

Camapckuit A A, Tlonon 10. [I. PasHocTHee MeToxwl pe-
WeHHA saaad rasopoil auHamuku.— 2-¢ uzg.— M.: Hayka, 1980.

ABTopul mpuHOCAT FAyGoKyR 6aarofapHocTb Aekany daky/abrera
BBIYAC/IHTE/ILHOH MATEMATHKH M KuGepreTukn MIY akagemuky
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CunTaeM TakKe CBOKM HpPHATHHIM J0ATOM BHIPAsUThL Gaaropap-
HOCTb KallKM TOBAPHINAM Y COTPyAHHKaM 1o pabore B. B. Annpeesy,
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qutkudy, H. I1. Koctomaposy, E. C. Hukonaesy, IO, I1. TMonosy,
A. T1. ®asopckomy, 1. B. ®paskHoBY 3a nofleanoe oBcyxaenne U cle-
JMaHHbie 3aMEYAHHS M0 COAEPKAHHIO KHHIH.

A. A. Camapcruii, A. B. Tyaun



HYACThH I
BBEAEHHE B YHCJEHHBIE METOADbI

§ 1. MareMaTHYeCKOe MORERHPOBAHHE N BHYHCAHTEABHBIN 2KCTEPHMEHT

[. Cxema BLIUHCAHTENBHOrO aKCNePHMeHTA. DPdeKTHRHOE pellleHHe
KPYNHBIX €CTECTBEHHO-HAYMHBIX H HapPOAHOXO3ANCTBEHHBIX 3ajay ced-
Yyac HEBOSMOIKHO (€3 npuMeHeHHSd OblcTpoAeACTBYIOIMX 3JeKTPOHHO-
BHIUHCTHTEMBHHX Maltng {2BM). B nactoawee spems snipabotagach
TeXOJOTHA HCCAEAOBANHS CIQMHBX TpPoGJAeM, OCHOBAHHAR Ha MO-
CTPOEHHH H AHZJH3e ¢ MoMolupio IBM maremaruueckux Mmoaenell Hay-
yaemoro obbexTa. Tako#l MeTOR HCCNEAOBAHHA HA3LBAIOT SoHUCAU-
TEALHOIM SRCIEPUMEHTOM.

[Mycts, nanpumep, Tpebyercn HccneA0BATh Kako#-To GU3IHYecKHI
o0beKT, ABaeHne, npolecc, Torda cxema BHIYHCAHTEABHOTD 3KCNEpH-
MeHTZ BLITARAWHT TaK, KAK NokasaHo Ha pre, 1. dopmyaupyores oc-
HOBHBIE 33KOHB!, YNPABAAIOWIHE AZHHbIM o0bekToM HecaedoBaHua (I}
H CTPOHTCA COOTBETCTBYIOWAR MaTemaruueckans modeas (I1I), npea-
CTABAAWOWAR 0oObivHO 3aMACE 3THX 3aKOHOB B QOpMe CHCTEMBI ypaB-
Henuil (aare6panyecknx, nuhdepeHuraNbEbX, HHTETPANBEBIX K T. 1.).

I Lz o
Ofvexts Maremaruyecran —=\Yuc ool meTod (Buckpe raas modess
weenedofanui modess i BoIUC AL TEAMNL BA20PUTM)
! I
r Fi'g
NpoBedenue Seraucnenud [<—| fpocpammupobonue
u arnanaus peayiaeTarTold dar 38M

Prec. 1. Cxenma BBIYHCAHTEALHOTO IKCAQPHMEHTA

[pu suifope QpusHuecKold U, crefoBaTe/bHO, MaTeMaTHUecKoll MogenH
Mbl mpeHedperaeM akTopamu, He OKa3BIBAWHMH CYWECTBEHHOrO
BAHAUNA HA X0 M3y4yaeMoro npouecca. THIHYHBIE MaTEMATHYECKHE MO-
e, COOTBETCTBYIHNE (HIHYECKHM ABJECHHAM, (QOPMYJTHPYIOTCA B
BHAC YpaBliCHH[ MaTeMarHyeckol (u3HKH. DOMbWHHCTBO peasbHBIX
NPOLECCOB ONHCBIBACTCA HEJUHEAHBIMH YPaBHEHHAMH H JHUb B 0ep-
BOM NpHOJHMeHHH (NP MAJBIX 3HAYEHHAX NapaMeTpoB, MaJdblX OT-
KJIOHEHUAX OT PAaBHOBECHS H Ap.) 3TH YpaBHeHHA MOIKHO 3aMeHHTb
NUHeHHBIMU.
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Ilocae Toro kak 3azava cpopMy HPOBAHA B MATEMATHUECKOI ¢op-
M€, HeOGXOMNMO HaliTH ee pewlenue. Ho 4TO 3sHAuMT pelnTh MaTema-
THHECKYI0 3a1a4y? TobKO B HCKIIOMHTEABHBIX CAYYARX yAAeTCH Hali-
Th peliCRHe B ABHOM BHAE, HanpuMmep B BuAe paga. Muoraa yteepx-
AIeHHe «3ajaya pellleHa» 03HAYyaeT, YTO AOKA3AHO CYLLECTBOBAHHE W
€IMHCTBEHHOCTD pelleHHs. SIcHo, YTO 3TOro HEAOCTATOUHO AJA NpaK-
THUECKUX NpHAc:KeHnil. HeoBXoAuMo eme H3yuuTh KadyecTBeHHOE no-
BCACHHE DEWIeHHA M HAHTH Te HAM HHble KOIHYECTBEHHEHIE XapaKTepH-
CTHKH.

Mimenno ua 21oM srane tpedyercs npusaeuenne 3BM i, xak caen-
CTBHE, pa3puTHe YHCACHHBIX MeTodos (cMm. III ma pue. 1). Mo «ucaen-
HotM MeTodom 34eCk NOHHMAETCH TakKasd HHTCepNpeTaliA MaTeMaTrHye-
CKOH MOAGJH (<LHCKDETHAA MOAE.b»), KOTopas AOCTYNHA AAR peafH-
3alun Ha IBM. Hanpumep, ecinm maTeMaTHuecKan Monefb LpeacTas-
Afer co6ofi angdepennnalbioe ypapHeRHe, TO YHCAEHHBIM MeTOLOM
MoXeT GHTh aNMPOKCHMHPYIOUlee ero Pa3HOCTHOE ypaBHEHHE COBMe-
CTHO ¢ a/rOPHTMOM, NO3BOAAMOWHM OTHCKATh pPEIUEHHE 3TOr0 pas-
HOCTHOIO ypaBHeHHA., PesysbTaToM peafH3allHH YHCNEHHOFO MEeTOAS
Ha IBM sapaserca uucno mam tabanna uuce. OTMeTHM, 4TO B Ha-
CTORILEE BPEMA TNIOMHMO COOCTBEHHO YHCJAEHHHX MeTOA0B HMEKTCH
TAKKe METOAb, KOTOpHE [03BOJSIOT NPOBOAKWTL Ha SBM amaantuye-
CKHe BHKaaaxd. OAHaKo aHaJAHTHYECKHe MeToan Aaa DBM me noay-
4HIU TIOKA LOCTAaTOYHO WHDPOKOIO PACHPOCTPaHeHHS,

Uto6bl peanu3oBaTh UACJEHHBI MeToN, HEOGXOLUMO COCTABHTH
nporpammy aas IBM (cm. IV na puc. 1) nin Bocnosb3oBatbed roTo-
ol mporpammoii. Ilocne oTA2AKM NMporpamMMel HacTynaeT aTan npo-
BEJGHHA BBIMHCNEHHA M aHaausa pesyabratos (V). Hoayuewnwe pe
3YJbTATHl HIYUYRKTCH ¢ TOUKH 3PeHHA HX COOTBETCTBHA HCoaeayeMoMy
ABNEHHKY W MPH HEOOXOAHMOCTH BHOCATCS HCIIPABJEHHA B YHCAEHHBLI
METOA H YTOURALTLA MATEMATHUYECKAA MOLENb.

Takopa B ofwnx uyeprax cxema BHUHC.IHTENLHOTO 3KCepIMeHTa.
Ero ocHoBy cocTaBaser TpHaaa: Modess — meTod {aaeopurm) — npo-
epamma. ONHT pelleHHA KPYNHEIX 3aAa4 MOKA3HBAET, YTO METOL Ma-
TEMATHYLCKOTO MONCNHPOBAHHA M BBIYHCJHTENBHBIA IKCIEPHMEHT CO-
CIMANOT B cefe NpPeUMyIlecTBa TPAAHUHOHHBIX TEOPETHYECKHX H
SKCMEPHMEHTANBHBIX METOAOB HecaeoRanHs., MokHO yKasaTh Takue
KpymHble  06AaCTH MPHMEHEHHA BHUHCJHTENBHOrO SKCIEPHMEHTE,
KaK 3HepreTHka, a’poOKOCMUUECKAn TeXHHKa, o6paboTka MaHHWX Ha-
TYPHOTO 3KCNEPHMEHTa, COBEPUICHCTBOBAHHE TeXHOOTHYECKHX MpO-
HeCCoB.

2. Bouncanteavhetii aaroputm. TMpenmeToM NaHHON KHANPH SBAA-
€TCA HIJTOMEHHE BONPOCOB, OTPAMKAIOWUIMX JMIUp OAHH H3 3TANOB Bbi-
YHC.THTE.TBHOTO 3KCMEPHMEHTA, 4 HMEHHO 3TaN NMOCTPOSHHA H HCCJAEo-
BaRdA YHC/IeHHOro MeTtona. Takum obpasoM, slech He obcymaaoTea
HCXORHbIE 3alaU# H HX MATEMaTHYECKAA MOCTAHOBKA, HE PacCMaTpH-
BAlOTCs BONPOCH NPOrPaAMMHPOBAHHA H OPTAHH3AIHH BWYHCMEH U, HK-
TEpIpeTauny pesynsratos. [Ipessaputenbible moHATHA o npoGaeMa-
THKE MAaTeMaTHUECKOro MOAC/NHPOBAHHS H BBIUHC.THTEJNBHOTO 3KCAepH-
MEHTA YATATEIb MOXKET NONYUHTb H3 KHur [36, 40].
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Heo6x0auMo NMOAYEpKHYTH, YTO NPOLECC HCCAEMOBAHHSA HCXOAHOIO
06BeKTa MeToA0oM MATEMATHUECKOTe MOAC/MHPOBAHHA H BRIUHCIHTE/b-
HOr0 3KCIEPHMEHTAa HeH3(emHo HOCHT NpUO/AHMeHHBId XapakTtep, IO-
TOMY UTO Ha KaXAOM 3Talle BHOCATCA Te WAR HHBlE NorpemtHoctd. Tak,
NOCTPOeHHEe MATeMATHUECKO! MOAEIH CBA3AHO ¢ YNPOLLEHHEM HCXOA-
HOrO SIBJEHHS, HEJOCTATOUHO TOUHHIM 334aHHEM KO3ddHIHEHTOB ypaR-
HEHHA M APYTHX BXOAHBIX AaHHHX. [lo OTHOWEHHIO K WAC/JEHHOMY Me-
TOAY, peaJH3ylolleMy AAHHYIO MATEMaTHYECKYX MOHAeNb, YKa3aHHBIE
MOCPEIIHOCTH ABJAIOTCA HeYCTPANUMbLMLL, TIOCKONLKY OHH HeH3GexHul
B PAMEKAX AAaHHOH MOIEJH.

[Tpu nepexole OT MaTeMaTHUECKOH MOAETH K YHCJAEHHOMY METORY
BO3HHKAIOT MOTPEIIHOCTH, HA3bIBAEMEE A02PEUHOCTAMYL MeToda, Oun
CBA3AHLI ¢ TEM, YTO BCAKWI YHCACHHBHIA METOA BOCMpPOM3BOAHT HMCXOA-
HYI0 MaTeMaTHueckylo Mofaear npubsauikerHo. Hanbonee TunnuHbMH
NOTPEWTHOCTAME MeTOAA ABJAAITCA AQ2PetunocTe JuckpeTusanyuyw U no-
epeuinocTs okpyaarenud. [oACHHM NPHYHMHLL BOSHHKHOBEHHA TAKHX MO-
rpeinocrefi.

OO6BMNHO DOCTPOEHHE UHCASHHOrO MeTofa AfAf 3alaHHOR MaTe-
MaTHyeckoli Mojenu pasOHBaeTcs Ha fjBa 3Tana: a} dopmyJiupos-
Ka AHcKperHo#t 3amayH, 6) pa3paloTKa BHYHCIHTENbHOTG aJCOPHTMA,
MO3BOJSIOIETO OTHICKATh pellleHHe AMcKpernolt 3anaqu. Hanpuwmep,
ecsil HCXOAHA8 MaTeMaTHuecKas 3aAaua cPopMyJTHPOBAHA B BHAE CH-
cTeMbl auddepeHIHANbHBIX YPaBHEHHH, TO AJf YHCJEHHOTO pelleHHA
HeoOXOAMMO 3aMEHHTH €€ CHCTeMOH KOHEUHOro, MOXeT OhTb, OueHb
foAbWOro uHCTa JHHeAHBX HAR Pa3HOCTHHIX aNirebpaHvyecKHX ypas-
HeHHH. B 3TOM cAyuae TOBOPAT, UTO NpoBeleHa JuckpeTusayus ucxod-
Kol maremaruueckoii saadawu. [pocTefIinM NMpUMepoM AHCKpeTH3AUHH
ABJAAETCS TIOCTPOGHHE PA3HOCTHOU cxembi MyTeM 3aMmenw auddepeH-
U#AMbHEX BHIPAXKEHHH KOHEUHO-DASHOCTHHIMH OTHOUEHHAMH. B 06-
meM cayYae AHCKPeTHYI MOAENb MOXKHO PaccMaTpHBAThE KAK KOHed-
HOMEpHEI AHANOr HCXOAHON MaTeMaTuyeckofl 3amauu. SlcHo, uto pe-
meHde JHCKPETHIHPOBAHHON 3a04aYH OTJHYALTCA OT pPELEeHHA HCXOA-
Ho#i 3ajgaun. PasHocTe COOTBeTCTBYIOLULMX pelleHHH M HA3BIBAETCA HO-
2pewrocrero duckperudayuy, OGHUHO AMCKDPETHAA MOARAbL 3aBHCHT OT
HEeKOTOPOro mapaMeTpa (HAM MHOXECTBA NapaMETPOB) JAHCKpPETH3a-
LHH, TIPH CTPEMJACHHH KOTOPOTO K HY.JI0 HOMKHA CTPEMHTbCS K HYJAO
H TNOrpellHocTh AMcKpeTHaauud. Ilpu stoM urcao anreOpavvecKHx
ypaBHeHHH, COCTABJAAIONINX THCKPEeTHYH MOAe]b, HeOTPAHHUEHHO BO3-
pactaer. B cayuae pasHOCTHHIX METGAOB TaKHM NapaMeTpoM ABJAETCHA
AT CeTKH,

Kax yxe oTMetanoce, AACKpeTHas MoAelb Npegcragrfer cobofl
cicreMy GoaelIoro uyncaa adareBpandeckux ypapnenufl, HesoszMoxuo
HaliTH pellleHHEe TAKOH CHCTEMB TOYHO H B siBRoM BHAe, [loatromy npm-
XOIUTCA HCMONB30BATL TOT AMH HHO# YHCJAEHHBIH AJTOPHTM pelleHHs
CHCTEMH aJredpanueckHx ypaeHeHH#t. BxoiHule manmble 3Toil cucre-
Mbl, a UMeHHO KOo3Gh{PUUHEHTH B NpaBble YacTH, 2amalorcd 8 IBM me
TOYHO, a ¢ OKpyraeHueM. B npomecce paGoThl aropuTMa morpeliHOCTH
OKpYIJieHHsl 0ObIUHO HAKAMNJAHBAKTCA, H B pesy.ibTaTe pelieHHe, NoJy-
ueHHoe Ha DBM, 6yner OoTAHUATBCA OT TOYHOrO pelIeHHA RHCKDPETH-
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3HPOBakHOH 3a4auy. Pesy bTupylOWas NorpeltHOCTb HashBAETCA nHo-
2PeWHOCTOIO OKpyYeenus (MHOTAA ee HAIKBAKT BoLHUCAUTEAHON no-
epewinoctoro), Bennunua 3Toll morpewHocTH onpejenferca  AByMA
paxkToOpaMu: TOYHOCTRIO NPEfCTABJEHHS BEIECTBEHABX uHcea B SBM
H YYBCTBHTE/BHOCTBIO [JAHHOrO AJATOPUTMA K NOPPELIROCTAM OKPyr-
neHua.

AJICOPETM HasHIBAETCA YCTOHWUBHIM, RCIH B TMpOlEcce ero paboTw
BRIYHC/IHTE/IbHBIC NOTPEIIHOCTH BO3PACTAIOT HE3HAUHTETbHO, H Hayc-
rof4ti8bim — B MIPOTHBOMOMOKHOM caydae. TIpn ucnonbzoBakum Heye-
TORYHBEIX BHUKCJANTEJbHBIX AJTOPHTMOB HAKONJEHHE ROTPelIHOCTeil
QKPYCJCHUA NMPHBOJAHT B NPOLECCE cYeTa K MEePefoJHeHHI apu{pmeTH-
YyecKoro ycrpodctea 3BM,

Hrax, caegyer pasauuarth NOrpelIHOCTH MOAETH, METOZA H BHIYHCs
JUTeABHY0. Kagas Xe 3 3THX Tpex NOTPellHOCTel ABaseTcs npeoal-
dagawweii? Oreer 3aeck HeogHoaHayen. Buawmo, Tunnunoit seasercs
CHTYalMAd, BO3HHKAIOWAA NPH pelieHHd 3aJ1a4 MaTeMaTHyeckol (usu-
Kil, KOria MNorpeltHocT, Modend 2HAYHTESNbBHO TNPpeBLIIACT NOrpel-
HOCTb METQAQ, & MOrPELIHOCTRIO OKPYIJIEHHSA B CayYae YCTORYMBHIX
4NTCPHTMOB MOKHO TpeHebpedb NO CPaBHEHHIO C NOPPEUIHOCTBLIO Me-
Toaa. C Apyro#i cTOPOBH, NMpPH pPelICHHH, HANPHMEp, CHCTeM OGLIKHO-
BEHHBIX AU(PEepeRUnHaIbHEX YDABHEHHA BO3MOXKHO RDHMEHEeHHe CTOJb
TOUHHIX METGMOB, YTO HX MOTPEINHOCTh OyfeT CpaBHEMa ¢ MOrpel-
HOCTBIO OKDyRaenusd. B ofieM cayyae RyMHO cTpeMuTbes, YTOGH BCe
YKasaHpble NMOFPEITHOCTH MMEAH OAHH M TOT e mopafok. Hanpuwmep,
HeleRecoobpasHo MOAb30BAThCA PA3HOCTHHIMH CXeMAMH, HMeIUMH
TOUHOCTE [0°%, ecad Ko3p@HUMEHTH HCXOZHHX YPABHEHHR 3aAai0TCH
¢ TOUHOCTBIO 102

3. TpeGoBanus K BHIYUCAUTENbHBIM MeTORAM. ONHON ¥ TOH XKe Ma-
TEMATHUECKOH 3a0a4e MOXKHO NMOCTABHTH B COOTERETCTBHE MHOeCTBO
pa3nHUHBIX AKCKPETHEIX Mofdedeit, OfHaKko XaJeKo He BCe M3 HAX NpH-
TOAHBL 114 NPaKTHYeCKOH peasusauuk. BulHCAHTeNBHBIE ANMOPHTMEL,
NpelHa3HavYennble A OblcTponeficTByiominx 2BM, zoaxust yaosaer-
BOPATH MHOFOOOPA3HBIM H 33a4aCTYI NPOTHBOPEUHBLIM TpeGoBaHHAM.
IlonbiTaemca 3aeck cQOpMyIMPOBATL OCHOBHBIE H3 3THX Tpebonanni
B obmux veprax. Danee B wacrax IT u 11 kauru 31d Tpebopanus KoH-
KPETH3HPYIOTCA NPHU PAacCMOTPEHHH ANTOPHTMOB YUCAEHHOTQ pelIeHns
THIHYHBIX MATeMATHYECKHX 32434,

MoXHo BbAENNTH ABe rpyanbt TPeGOBAHWE K UMCJCHHEIM METOMaM.
Ileppan rpynna ceA3aHa ¢ axeKBaTHOCTHKY AHCKPETHON MOAEJH HCXOA-
HOH mareMaTHueckodl 3ajave, W BTOPAS TPYNNa—c DealHR3yeMOCTLIO
4ncaeHHoro meroia na IBM. K nepsoit rpynne orhocatcs Takme Tpe-
6oBaHus, KaK CXORAMOCTh MMCJEHHOTO METOHA, BHIOJHEHHE AHCKPeT-
HBIX @HAN0TOB 3aKOHOR COXPAHEHKS, KAUECTBEHHO NpaBW/bHOE MoBefe-
HHE pEeIleHHsT AHCKPEeTHOMN 3anay4u.

losicaum a1n TpeGosanus. TIpeaAnonoMX M, YT IHCKPETHAA MOAEND
MATeMAaTHYeCKOH 3ajauu mpefcTasJaser coboil cucreMy Goablioro, Ho
KOHEUHOTO yHcAa aarefpauveckux ypasHennii. OOLIUHO, YeM TOUHee
Mbl XOTHM NOJYYUTR pelleHde, TeM OoJablie ypasHeHHH NPHXOLUTCA
Gpare. ToBOPAT, UTO UMCIEHHENH METOA cXOJUTCA, €caH Npw HeorpaHu-
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qeHHOM YBe.THUEHHH YHCNA YDapHEHHA pelleHue LHCKpeTHoH 3afgaul
CTPEMHTCS K PelleHHI0 HCXCAHOM 3alayH.

[TockouabKy peaabhast IBM MoxeT onepupoBaTh JAfIb € KOHEUHBIM
YHCJAOM YpaBHEHMH, HA NpaKkTHKE CXOAHMOCTb, KaK 0PaBuUJIO, He AOCTH-
raercd. Ilo3ToMy BaXKHO yMeThb OLEHHBaTh NMOFPELUHOCTh MeToAa B 3d-
BHCHMOCTH OT 4MC/a ypaBHEHHH, COCTAB/ARIOIHX AUCKPETHYIO MOAC/D.
[To s7oii Ke mpuudHe CTAPAKOTCA CTPOHTHL JAHCKPETHYID MOAETb TaKHM
ofpa3oM, UTOGH OHA NPABHJIBHO OTPaXKa/lad KayecTBEHHOE MOBEIEHHE
pellleRHsa MCXOAHO 3aA3YH AaXe NMPH CPaBHATENBbEO HeGoJBLIOM dnC-
Je ypaBHeHuil.

Hanpumep, ANCKPETHOA MOJAeNblo 33784l MaTeMaTHYLCKO( $u3uKH
MOKeT OBITH pasHocTHas cxema. Jlad ee MOCTpoeHus 06JACTb H3MEHe-
H¥si HE3ABHCHMbIX TMEPEMEHHBX 3aMeHAeTCH AHCKPETHLIM MHOMXECTBOM
TOUeR — CeTKOld, a BXOAALLHE B HCXOLHOE YPapHEHHE MPOH3BOAHBIE 34-
MEHAIOTCA Ha CETKE KOHEUHO-DA3HOCTHHIMH OTHOWeHHAMMU, B peayib-
TaTe MOMYYaeM CcHCTeMy aareGpanyeckux YpaBHeHHH OTHOCHTE/BHO
3HAYEHHA MCKOMOH (YHKIMH B TOYKax ceTkd. YHcao ypasHenuil 5TOH
CHCTEMbE PAaBHO UMCHY TOYeK ceTKH. Mi3Bectno, uto anddeperunals-
Hble yDABHEHHA MaTeMaTHuyecKoil (GUIHKM ABJAAIOTCH CIEACTBHAME HH:
TerpanbHWX 3aKOHOB coxpanesns. [loaTomy ectecTBeHHO TpeboBaTh,
yTo6B A9 PA3HOCTHOH CXxeMbl BHNOJHAJNHCH aHANOTH TAaKHX 33KOHOB
coxpaHeHusn, PasHOCTHBlE cXeMbi, YAOBJETBODSIOILNE 3TOMY TpeGosa-
HHIO, Ha3BIBAIOTCA KoxCepearTuenoimu. OKazanock, 4T0 NpH ONHOM H
TOM e MHcJe TOUeK CeTKH KOHCepBATHBHHE DA3HOCTHHE CXeMHl Goliee
NPaBHJbHO OTPAXKAKT MOBEJleHHe pellekus UCXO/HOH 3a/a4H, YeM He-
KOHCEPBATHBHBIE CXEMBIL.

CXOAMMOCTb YHCAEHHAOTO MeToZa TECHO CBA3aHA € €ro KOppexT-
HocTblo. [1peanonokuM, 4TO HCXOAHAA MarteMarHieckas 3ajata no-
cTap/eHa KOPPEKTHO, T. € ee pEIEHHE CYLLecTByeT, €AHHCTBEHHO H
HenpepbiBHO 3aBHCHT OT BXOAHBIX AaHHHX. TorAa AHCKPETHAA MOAENb
5Tolt 3amagM AoMKHA OHTb NoCTpoeHa TakkM ofpasoM, uTobH CBOF-
CTBO KoppekTHocTH coxpannnock, Takum ofpasoM, B NMOHATHE KOp-
PEKTHOCTI YuCACHNO20 MeToda BKJIONAlOTCA CBONCTBA QLHO3HATHOMH
PaspelliMOCTH COOTBETCTBYIOULeHl CHCTEMH YDAaBHEHMH H ee yeTofiun-
BOCTH To BxoAHbIM AaHHuM, [Tog yeTod«ugocTeto MOHMMAETCA HeRpe-
pLIBHAA 3ABHCHMOCTb pelieHHs OT BXOAHBIX JaHHHX, PaBHOMEpHafl
OTHOCHTEbRO YHC/TA YpaBHeHHH, COCTABAAKUINX JHCKPETHYIO MOAENb.

Bropaa rpynna TpeCoBanuii, ApeAbABASEMBX K YHCNCHHEIM METO-
A3aM, CB3aHA ¢ BO3MOMHOCTBIO DeaJH3ALMH JaHHOH AMCKPETHOR MO-
peaw Ha ganHoit IBM, 1. e. ¢ BOaMOXHOCTBIO Moay4nTh Ha IBM pe-
WERHE COOTBETCTBYIOUIeH CHCTeMBl aareBpaddyeckux YpaBHEHd# 32
npueMaeMoe BpemA. OCHOBHBM NpENATCTBHEM AJA peanH3aluy Kop-
PEXTHO NOCTABJEHHOTC AJrOPHTMA SBJSAETCA OFpaHRYeHHHH 00beM
onepaTupHofi mamatd 3BM u orpaHiueHHbIE pecYPCH BPEMEHH CHeTa.
PeadbHble BHUUCAHTEJbHEE AJrOPHTMBI AOJKHBL YUHTHIBATH 3TH 006-
CTOATEJIRCTBA, T. €. OHH AG/AKHB ObiTh 3KOHOMHYHBHIMH KaK [0 UHCAY
apudMeTHYeCKHX RelicTBUA, TaK H N0 TpeGyeMoMy oObeMy NaMATH.
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§ 2. Horpeumnocty okpyraenus

I. lipencrapaenne BemecTBeHHbIX YHced B ABM, OLHuM H3 HCTOY-
HUKOB BBIYHC/HTE/IBHBIX NOFpewuHocrefi apadercd  NpHOIMKeHHOe
NpEACTaB.ICHHE BelHeCTReHHLX uHcen B IBM, obycaopiennoe komeu-
HOCTBIO PA3PAAHOH CeTKH. XOTs HCXOAHBIE AAHHBE MPeICTABAAKTCA
B IBM ¢ Soabwoil ToynocTR0, HaKOMIEHHE NorpellHoCcTed OKpYrileHEA
B IIpoliecce CHETA MOMKET NMPHUBECTH K 3HAUHTEJbHOH PesybTHpyiouledt
MOTPEIIHOCTH, @ HEKOTOPHE AJTOPHTMEL MOTYT OKa3aTbesl H BOBCE He-
HPHrGAHBIMH ANA PeafbHGIO cYeTa Ha 2BM.

Hanomuum o cnocoBax npefcrasnenns uncea g OBM  cBA3AHHE X
€ HHMH TOrpeIlHOCTAX okpyrnenHs. Boaee moapoBuo stor kpyr Bo-
NpocoR paccMaTpupaercn B [6, 8, 15, 29].

[lpn pyuroM cuere noab3yioTes AECATHIHOM CHCTEMON CUHCAEHHSL
Hanpumep, sanucs 103,67 onpegeaser uicao

110 +0-10'+3-10°+6- 10"+ 7-10-2

3necy 10 —ocHoBaHHE cHCTeMBL CYHCI€HHA, 3anfATas oTAeaser
IpobHyio YacTb yHcia oT uenaod, 1, 0, 3, 6, 7 — qyucaa H3 6asncHorO
Habopa {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}, ¢ nomowbIo KOTOPOr0 MOMNHO Npei-
CTaBHTL NKG0e BellecTBeHHOE YHCIIO,

IBM paBoraior, kak npasujo, B ABOHYHOI cHeTeMe, Koraa awnGoe
HCJO 33AMHCEHIBAETCS B BHAE MOCAENOBATEAbHOCTH HYJel M ERHHHL
Haunpumep, 3anuce 0, 010) b aponuHok cueTeMme olpeaeaseT YHCI0

02402714+ 1.2-24-0.2-9 41 .9-¢

Kax ABOHYHAHA, TAK H AeCATHUYHAA CHCTEeMBbl OTHOCATCH K OO3MLOH-
OHHBIM CHCTEMAM CUHCJIEHHA, B nosut{uo.'mod CUCTEME C OCHOBARUEM
r 3anuchk

a==40a,0, ,...8, Q_d_;... (1)
03Ha4yaeT, 4yro
A= (au"+ & "' @ Fas T al L),

Byaem cuutate xaaee, uto r — menoe uncao, Goiblifee enHHHMILL
Kaxaoe u3 unces a; MoMeT NpHHHMATB OAHO H3 3HAYCHHH {0,1,...
... r=1}. Yncaa a; Haswisatores paspsdam, HanpuMep: @, — TpeTHi
paspan nepei 3amATOH, @-, — BTOPO# pa3pAd Nocde 3anATOM.

3anuch BeliecTBEHHOFO YHCJIA B BHAe (l) Ha3zwlpaercd TakkKe erg
npeacrasnenneM B dopMme wucaa ¢ duxcuposannod sansroi., B 3BM
Yallle BCETO HCMOAb3YeTCs MPeACTaBIEHHE YHCe.d B GopMe ¢ niasar-
weil 3anaTol, 1. €. B BHIE

a=Mrr, (2)

FA€ I' — QCHOBAHHE CHCTEMBl CYHCAEHHH, p — LEN0e YHCAO {NON0MH-
Te/IbHOE, OTPHUATEBHOE HAH HYab) H

r =M <. (3)

Hecao M npepcrasaserca B dopme uncaa o $hHKCHPOBaHHOM 3ans-
TOH K HaswBaeTCA ManTuccod wucaa a. Uncdo p Hasnpaercs nopfd-
KoM wucag a. B suge (2) MONHO eZHHCTRERHBIM o0pa3om mpeacTapuTh
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Jiofoe BelleCTBeHHOe uHCA0 Kpome Hyas, EamacTsenHocts ofecnevn-
BAETCR yCJORHEM HOPMHPOBKH (3).

Hanpumep, uncao 103,67 8 dpopme ¢ nnapamoulelt 3anartoil UMeer
pua 0,10367-10°, 1. e. M=0,10367, p=3. [ponynce uuncao 0,0101=
=0,101-2"' nmeer B aBoHYHOH cucTeme MaHTHcey M=0,101 u nops-
HoK p=~—1].

l Inar nopadne | foprion | 3R MERTUCEDE | MauTucea —l
+4 47 %2 =7 L) 7

Pue. 2. Paspagnan cetda

B 3BM paa 3anucu Kaxaoro umena oTBogMTCH (GUKCHPOBAHHOE
YHCIO pa3paioe (paspadnas cerxa). Hanpumep, 8 DBM B2CM-6
AJA 3alUCH YHCJA, MPEACTABAEHHOrO B GopMe ¢ NNABAIOILCH 3anAToH,
OTBOAHTCS 48 ABOHUHBIX PA3PRACE, KOTOPHE PACIPEACTAIOTCA CAEAYIO-
wum ofpasomM: B paspagax ¢ 1 no 40 nomemaercs abconoTHOE 3HAYE-
HHE MaHTHCCHL, B 41 paapsAfe — 3HAK MAaHTHCCH, B paspafax ot 42 mo
47 — aOconloTHAs BeNHYMHA MOpAAKa, B 48 paspsie — 3HAaK nopaaxa
(cm. puc. 2). Otclofna Jerko HaWTH AHANA3OH YHCEN, MPEACTABHMBIX
g 9BM BICM-6. [TocKOMBKY MAKCHMANbHOE 3HAYEHHE NOPSAKA B ABO-
HdHOH cucTeme paBHo 111 111=63 u MauTHcca He NMperOCXOAHT e€an-
HHHB, TO ¢ NMOMOWbLI) YKA3aHHOH paspaaHoll CeTKH MOMHO npen-
CTaBHTh MHCJa, afCONIOTHAA BEJHYHHA KOTOPHIX JEXKUT NPHMEPHO B
Avanazoie or 2-% 1o 2% 1, e, ot 10-1° go 10,

Ty e 48-paspafnyio ceTKY MOMHO WUCROJB3OBATb AAA TPEACTABMEHHA YHACeR
¢ ¢nrcrpopanncit aanfAtof. [TycTe, nanpumep, paspaas ¢ | mo 24 oTsomATeA AR
3aNACH LPOGHOH 4aCcTH YHCAA H paspAiH ¢ 2D no 47 - zng 3anMed weholl gacTh
ghcna, Torga MakCHMANbHOE YHCAG, KOTOPOE MOMKHO NPefcTaBHTh ¢ NOMOGHLbLIO LAH-
HON paspadroft ceTkn, GyAer pasHo

oo 1, 11 <982 107,
23 paspaga 24 paspaaa

CrnenopaTenibhio, B JAHHOM CcAyyae IHANA30H AORYCTHMHIX uacea B 1012 pas
MeHbllle, UeM DPH HCNOAL3OBAHHHM NPeACTABAeHHA ¢ nAaBaiouedl zanatodt. Bosmox-
HOCTBI) CYWECTBEHHOrQ YBEJHYEHHA AHANA3ZOHA AOMYCTHMEIX 4HCen NPH TOH e paz3-
PAAHON ceTke H OGBRCRASTCA NPeHMYLleCTBeNHOe HcnonbzoBanune B SBM npencras-

JIeRHA uncen B Gopme ¢ naapaloweft sanaTod. KoMuoaexcHoe YHCAO NPelcTABIETCH
8 3BM p BRZIe Naphl BellecTBERHLIX TBCE,

2. Okpyrnenne uncen B IBM. ByneM cuntaTh B JaAbHedlueM, uto
BeLleCTBEHHME YHCNA mpeAcTapasioTea B 2BM B dopme ¢ naasalouei
aandarodl, MHHHManbHoe NOJOXHTeNbHOe uYHcao M, KoTopoe Moxer
ObTE npeActaBieHo B DBM ¢ nnapawumell sanaroil, HasvlBaeTcd Mma-
wunnbty nygaesm. Mul BiauM, uto gad 3BM B3ICM-6 uncao M, 2 10-1.

Yucio Mo =M;' HasnBaetcs Mauiurrod 6eckonewnoctoio. Bee pe-
mecTeeHHble YHC/A, KOTOPBIE MOTYT OBITh MNpPeNCTABAEHH B JIAHHOI
3BM, pacnosioXeHs No aGCcoMOTHON BeAHYHHe B AHana3oHe oT M,

g0 M.. Ecau e npouecce cyera Kakoifl-1u0o 220298 NOABHTCS BELIeCT-
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S8eHHOE 4YHMCIO, MEHbilee no MOoAy.ao deMm M, ToO eMy NpHcBauBaercs
ny.epoe 3HadeHue, Tak, Ha OBM B3CM-6 B pesynnTare nepeMHoXe-
HEs AByXx yHcen 10~ u 10-'* mosnyynm Ryab. IIpH nosejeuus B mpo-
Iecce cueTa BeIIECTBEHHOIO YHcsa, Sosbiiero no Moay o uem Mo,
NPOHCXOAHT TAK HasHBAeMOe TNepenoJgHeHHe paspAAHOH CeTKH, nocJe
yero BM npekpaliaer cuer sapauu. OTMETHM, YTO HyJb H Le/hkie
uycaa NpencTaBAATCs B DBM ocofnM 06pasoM, Tak YTO OHE MOTYT
BHIXOGAUTDE 32 NpeAeab AuanasoHa Mo+ M.

M3-3a KoHeuHocTH pazpAAHof ceTkn B DBM MoxHo npencrapHthb
TOUHO He Bce YHCAa u3 gHanasona My,+Ma., a nrwb KoHeYHoe MHO-
mecTBo yuced, YUncao @, He npeacrasumoe B IBM rtowno, nonpepra-
eTCHA OKPY2ACHHO, T. €. OKO 3aMeHseTcs GJH3KHM €My YHCAOM & nped-
cTaBuMeiM B IBM Touso. TouHocTh npeacraBiieHHs uncen B IBM ¢

NIaBacluel 3a0ATOH XaPAKTEPH3YETCA OTHOCUTEABLHOR HOEPEULHOCTHHO
|a—é|/al.

Beauunua OTHOCHTEABHOH TOTPeIIHOCTH 3aBMCHT OT chocoba
okpyraenns. [IpocTefintuM, KO He caMbiM TOYHHIM cnocoGOM OKpyrie-
HHA ABAARECTCH DTGP&CHB&HHQ BCEX PA3pAACOE MAHTHCCH YHCA @, KO-
TOPEI€ BHXOAAT 3a NPeLeabl pa3pﬂ,ﬂ}[0ﬁ CETKH.

Haitnem Tpapvoy oTROCHTeNsHOH TOFpPEHIAOCTH JNPH TAaKOM CRocofe OKpYTrAeHHA.
fTycTe pas aanucA MaRTRCCW B SBM oTBosHTes ¢ ABOAYHBY paapsnos. [lpemno-

JIOHHM, 9TO HANO 3ANACATh 9HCAD, NPeACTABJAeHHOe B BHJe GeckoHeyHoRl ABOMuHGH
apabn

TP e B 3 S U )
a_i2(2+2,+---+2!+2,ﬂ+-..(. )

The KawAoe M3 a; pasHo ¢ man 1. QrfpachiBad Bee AHLIRME Pa3pafu, ROTYYHM
OKPYLNgHHOE YHCAC

~ o da &y
a=:f:.2‘°(—-- — -t ..
Takum o6pa3eM, AN NOCPEWHGCTH OKPYFAERHS

-~ .‘I!u ‘IHE
— _ ..1..2.0 —_— —_—
a—a=1t (2”1 +2r+s -+

COpaBLoLANBa OUEHKEA

-~ i f
- o S — op=t
lg—a| =2 o (1+2+ ” —l—) 207,
Janee zaMeTnmM, YTO H3 YCJAOBHA HOPMHPOBKH |M£;0,5 {em. (3)) cnenyer, utO
B paznomenun (4) Bcerga ay=1. [lostomy |a|=27.2-'=2F-L y na% oTHoCHTE B~
HOM NMOTPEUTHOCTA OKPYIAClHA NOIYUHM OLERKY

|a_a1 ég—r+;.
la|
[Tpr 6oaee TOYRLIX crocolax OKPYraeHHR MOKHO YMeHbWHTh No-
TpeillHocTh Mo KpafiHelt Mepe B ABa pasa W DOGHTLCSA, UTOOH BLIMIOAHSA-
Jach OlUeHKa
|a—a! f

<2 (5)
jal
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Urtak, otnocureasnas tounocre 6 IBM ¢ naasaowsed sanarod on-
pedeanercs «ucaom paspsadoa {, orsodumpix Jan 3anucd MUHTUCTHL.
MosHo cruTaTe, 4T0 TOUHOE HUCAO G U OTEEHUIOUEE eMY OKPY2ACHHOE
Yuca0 & COA3ARHL PABERCTEOM

d=a(l+e), (6)

ede |e|=C2*. Uncno 2°' Ha3biBAIOT HHOTAA MAULUHHOLM INCUAOHOM.
OHo xapakrepH3yer OTHOCHUTENbHYI0 TOUHOCTb NPEACTABACHHA UHCER
g OBM, 1as 3BM B3CM-6 umeem t=40, 2-'~ 102, T, e, OTHOCHTENb-
Hasg TOYHOCTb IPEACTABNEHHA YHCeN cocrasiger 12 AecATHYHBIX
3HAKOB.

CootHowenne (6) cnpaBeAnnBo AHWD B caydae |a]z=M,, rie M, —
mawKuEbl Byab, Ecan ke uneao a mano, a uMmeusno |a| <M, 1o mo-
aaraerca @=0, uto cooTBeTcTBYeT e=—1 B Qopmyae (6).

3. Hakonnenue norpewsHocTefl okpyraeHusi. B npoliecce nposese-
HHA BBIMHCJEHUH DOrPEWIHOCTH OKPYrAeHH MOryT HaKal/HBaThed,
TAaK KaK BbIMOJHeHHe KaxIOH H3 ueThipeX apHOMeTHYeCcKHX onepauHii
BHOCHT HEKOTOPYIO NOrPEIIHOCTD,

ByaeM B panbHefitleM ofo3HauaTh OKPYrJeHHOe B CHCTeMe ¢ Tfa-
BAlOLLEH 3amATOH YHCNO, COOTBETCTBYIOILEe TOUHOMY UHCY X, Yepes
fl(x) (or auramiickoro floating — nnasawwni). Cunrtaercd, 410 BbI-
noJHeHue Kax ol apHgMeTHUeCKON ofepallMH BHOCHT OTROCHTEALHYIO
MOrpeHocTh He Goablnylo, deM 27 370 NpeAnono:KeHHe MOMKHO 3a-

MTHCATHL B BHI2
fl{azb)=axb{l+e), (M)

rie 3Be3A0UKa O3Hayaer J06YI0 U3 omepauuil +, —, X, :, 0 |e[=52-.
Ecan pesyabTaTt BeIMOaHelHA apHPMETHYECKOH oOMepanuu ABJIAETCH
MAILIHHHbBIM HYyJeM, T0 B Gopmyae (7) HAan0 NOJOKUTE e=—1.

Momer noxasatees, uTo npegnosoxente (7) He oGOCHOBAHO, TaK Kak corJjac-
1o (6} Kaxpaoe u3 uMcer & H b sanucuLiBaeTes ¢ OTHOCHTENABHOH MNOrpelHocTbio 24,
CAe0RATENEHO, NOTPeliHOCTE Pe3yibTaTa MOXeT aocTurHyte 2—f+h Opxako IBM
064326eT BO3IMOMRAOCTRIO NMPOBOANTE NPOMEMYTOUHHE BLIYHCREHHA ¢ ABOHHOA TOY-
HOCTBIO, T. €, C Mautwecolt, codepmatuefi 2/ pa3paacs, NpHYeM ORPYrJeHHMo Ao f

PaspaloB NOABEPraeTcs JRIL OKOHUATENbHBIA pesynAsTaT. 310 OGCTOATERLCTSO [1O-
3BOARET JOOHMTLCA PHRINOGAHEHRA COOTHOWeHHS (7).

,H..;’IH OUeHKH BJAHAHHA T[Ol'peﬂIHOCTeﬂ OKPYIrJeHHA Ha pesy.asrar
TOro HJAH HHOMO BBIYHCJHTEJABHOIO AJTORPHTMA OYeHb YacTo HCIOJAb3Y-
eTCA NpeAnoJioiKeHHe O TOM, UTO pesyasTar sotuucrenull, UCKAMeHRbIU
ROZPSILROCTAMU OKPYSACHUA, cosnadaer ¢ peayteTarom To4R020 86l-
FAOAHERNA ITO20 e QALOPUTMA, HO { UHHMH 8X00HBIMI OAHHOIMLL

Paccmm‘pum, Hanpumep, npouecc BHtYHCACHHA CYMMBL

=Y+ .+ Us (8)

Tpex moAOXHTeMbHBIX uuce . Tlyerb cHavala naxoAHTCSE CyMMa 4+
Torma coraacHo (7) monyyum

2=f1(gF1.)= (¢, + ) (T=y), le ] =c2-
3aTeM B PesyJsibTaTe CJAOKEHUA 2, H Yy MOJAYYHM YHCIO

F=M1{z,+y) = (2, + ¢s) (1422},



rae |e,]<C27'. Takum 06pasoM, BMECTO TOYHONO 3HAYEHHH CYMMBI 2
llofydyaeM npuGInKeHHoe 3HAUEHHE

E= (g4 y) (1-4e) (T4 e) +y,(1 +6,).

Orcrona BHAHO, YTO PE3YJBbTAT BbIIOJHEHHS anroputMma (8), Hcka-
KEHHbil ROTPEWIHOCTAMU OKPYIJAEHUS, COBNAAAET ¢ Pe3syIBTaTOM TOY-
HOTO BBINQ.THEHHA TOTO e ajrcpuTMa (8), NMPHMEHEHHOr0 K ApPYyram
HCXOAHBIM JaHHEIM

Q’.-=(l—]—e.)(l—|—az)yi, i=1,2, §a=(l+gz)ys‘

Ha sTom me npumepe BuaHO, uTO pesyanTHpyiOUIAd NOrpelHoCTh
34BHCHT OT NOPSAAKA BHINOJHEHHs OMEPalthi, TaK YTO BBIYKCJIECHHE CYM-
Mel (8) & ofpaTHOM nopanke (ys+4.) + Y, MOKET NPHBECTH K Apyromy
pesyabTaty.

[lpuBepennbiit mpuMep uMeeT YHCTO MJIAIGCTPATHBHOE 3HAYEHHE,
TaK KaK 4YHCA0 C1ardeMBX B cyMMe (8) HeBeJIHKO, & MOTPEWHOCTH &
MaJul. [IpakTuYeckuil HHTepeC TIPEACTABAAIOT OLEHKH Pe3yJbTHPYIO-
lite#l MOTPEWHOCTH B 3ZBHCHMOCTH OT 9HC/]A BHINIOJHEHHHX apHOMeTH-
decKux nelicTsHil n. OAHAKO Mpekae uyeM mepefiTH K MONYUEHHIO TAKHX
‘OLEHOK, HeOGXOAHMO TNO3HAKOMATBCA ¢ METOAAMH DelleHHR DasHOCT-
‘HBIX ypaBHeHHH.

4. PazHoCTHHe ypaBHeHa mepsore fopanka. IMpeamoaoxnM, yTo
Hafo BHITHCIAHTBE CYMMY

z,,=2 Y;. 9)

Toraa ehruHcaenns opraxuzyioTca o6HTHO CJEAYIOLIHM ofpazoM. 3a-
JaerTcs HavanbHoe 3HaYeHHe Z,=0 H 3aTeM NOCNEAOBATENLHO, HAYARAS
«© j=1, HaxonATCA YHCNA Z;, CBA3AHHEIE PEKYPPEHTHHIM COOTHOWEHHEM

=z .4y, [=1,2,...,n z,=0 (10)
19 BEIYHCAEHUA NPOU3BefeHHUA

n
ze= [T ¥ (11)
j=i
AOCTATOUHO 3443TEh HAYaJbHOe 3HaYeHHe 20=1 H BOCNIOAB30OBATBCA pe-
'KYPPEHTHWBMH COOTHOIIEHH MM

=gz, J=1,2,...,m 2= (12)

¥pasuenua (10) u (11) ABAAIOTCA YACTHHIMH CRY"asiMH aunelinozo
PABHOCTHOZ0 YPABHENRUN NEPBO2O ROPADKA

Zi=qei+q, [=1,2 ..., n, (13)

The §; §; —3alaHHbIe YHCAA, Z;— HcKOMBle uguciaa. [las ypasWenus
(13) paccMaTpHBaeTest 3afa4a ¢ HAYAJBHBIMH YCTOBHAMH HJAH 3ada«q
Kowu, ROTOpan cOCTONT B OTBICKAHMH Brex zZ, f=1,2,...,n, npu 3a-
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AAHHOM HaYa/JbHOM 3HAaYeHHH 2, $cHO, uto pellenne 3agaun Kouy
AAA pasHocTHOro ypasHeHnsi (13) cyllecTByeT H €LHHCTBEHHO.

KospdHUHeHTH g, MpaBbe YacTH @; K HCKOMOe DeLIeHHe Z; ypaB-
tHeHusd (13) MOMHO paccMaTpHBATH KaK PYHKUHMH LEJOUHCACHHOTQ ap-
rymenta f, T. . ;=q (i}, ;=g (), =2(j).

Has notpefyerca npexiae Beero 3anHcath pellieHHe ypaBHeHUA
{13) B siBHoM Buge. [ToacraBasas B (13) BMecTo 2;_, BHIpaiKeHHe

21 =122 T Qi-ts
MoAYYHM
2= 0301 Zi—2 + Qi+ GPi-

Tenepp MoXHO ROACTABHTH CIOAZ BEIPAMXKEHHe ANA 2Z,_,, 3aTEM — AJA
2y 1 1. A B peayabTate monyunm GopMyny, B KoTopokt 2; BHpaKaetci
YePes Zj—t, Pi-tr1, Pitizr . ., Pi. ITa QOPMYNA HMEET BHI

i
g =Qiti-i+ D Qe =12, ,j—1L] [=12...n

B={=l+1
(14)
rie
1, =0,
i oo Gimtnns L SSUT]
Crporo gckasdats ¢opmyay (14) MOXHo HHAYKUEEN Mo 4HCAY § Oph

txa{mmm dukcuposannom [ Ham notpebyerca dopmyaa (14) npH
=i, T. e,

%=[ (15)

i
7 =Qizo + D) Qriee,  [=1,2,...,1, (16)
k=1
rae cornaceo (15)
I, k=j,

Q!.f—k=( - un
Fidi—r - v . Qeers Ok —1.

B yactuocTd, ecan (13) aBAsieTcs ypaBHeHHEM C MOCTOSHHLIMH KO-
shUUNeHTaMH, T, e. ¢;—¢ AaA Becex f, To u3 (16) monyuum

I
y=qlz, + > g%, [=1,2,....n (18)

k=1

fiBuyio ¢popmyay (16) MOXKHO HCNOMB30BATH AR NOJYHEHHA Pas-
JUYHBIX OUEHOK DelleHHA Z; yepes HavaJbHHe AAHHBIe 2, 3aJaHHWeE
K03 (pDHIUNEHTH §; 1 OIpaBBle YACTH @y

Jemma 1. Ecau dan nexoropozo g==0 evinosnenst HepaseHcrsa

|‘L|€q: f=l,2,...,n, (19)
TO Oa8 petuenusn ypasuenus (13} cnpasedauset oyenru
f
121 <5+ 3 g+l j=1,2,....n. (20)
h=y
2



Hoxazateanecrso. Ua (17) u (19) nmonyyaem, uro
|Q.f..f—?¢| “-<-.qj-hs k=0) 1» R f‘
Orciona 1 us (16) cregyror ouenxn (20).

3amevaune OQuenkn (20} HeynyUWAEMEl B TOM CMEICAS, 4TO ANA YPABHEHHA
(13) c NOCTOANUBIMH HO>bDUUMENTAME N MOIMKHTEALHBIMA Zo, @y, k=1
HepapeHcTa (20) anmoansoTea cornacha (18) co 3Hakom papeHCTBa.

+ Py Wy

5. Ouenkn morpesunocreii okpyraenna, [IpHBeneM npHMepH OHeHOK
HDF[‘?ELL[HOCTGH OKPYTINeHEHd, BO3HHKAOIIHX B Pe3y.nbTaTe BHINOJHEHHH
BRIURCANTEABHB X aJAropHTMOB, Hace 6}’1{&1‘ HHTEPECOBATE B OCHOBHOM
32BHCUMOCTE Pe3y/bTHPYIOWEH NOrpeliHocTH OT 4HCaa apiHdMerHye-

CKHX AQHCTRHA 11 B OT BEJHUYHHH £~=2-¢, onpeleaseMoil pa3apaaHOCTEIO
3BM,
Hpumep 1. Buupcnenne npousseieHns

n
2y = ” Yi

f==1
A BeliecTREIHbLIX YHee IpOBORHTCH NO CIJOPM)’JIE

zj=y)'zj—l} j=l) 2! caaa it 20=1- (21)
[Ipeanonoxkum, 4To B pe3y.ibTaTe OKPYFAEHHS BMECTO TOUHOTO 3HA-

YeHNA Z;_, Todaydedo npHOapMeHHoe 3HaueHwe Z,-,. Torma coraacHo
(7) BMECTO ¢y7;-, MOAYUHM BERHURNY

fl{yi;-.) =y;Zi- (1 +¢5),
rae [e;| sKe=2-*. Takum o6pa3oM, BMeCTO 2, monyyaem
Zi=(1+e) Yy,

T e np”ﬁ.ﬂ}{}]{e]{]-[oe 3Hauelne E.f YAOBMETBOpRET PEKYPPEHTHOMY COOT-
HOWEedH KD
f'f:gjzj‘_" I=I’ 2’ ey R fﬂ=], (22)

rae §=y;(1+¢;). PeayapTHpyionas norpeivocTs paBHa

. .l'.l n
Zn—2za =V gi — T] (1+¢) 4,
i=1 f=1

No3TOMY OTHOCHTCNBHAA TIOFPEILIHOCTE eCTh

s

7 n

n " 2p
)
2y f=.1
,E[.’Ifl OUE€HKH OTHOCHTEIBHOL norpelllHOCTH 3aMeTHM, YTO
| T4e| < 1+e, j=1,2,...,8, e¢=2-1

MO2TOMY ¢ TOUHQCTBI) A0 BEJTHUHH BTOPOTQ naGpsiaKa MafocTH OTHOCH-
T€AbHO € MOXKHO CHHTATD, 4YTO

2o ‘ < e —=n2™, (23)

2,
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[Tpu BHBOAE OUeHKH (23) NMpeaAnoaara’noch, 4To g=2-% 1. e. npu
fiepeMHOKEHUH He BOAHHKAET 4YHCes, MEHbIUHX MAWHMHHOTG HY.s MJIH
SoMbLIHX MaWHHHOH GeckKoneunoctn., OAHAKO MOMeET OKa3aTbCA, HTO
Ha KAKOM-TO 5Tane BHUMC/JEHHIT B KauyecTBe MPOMEKYTOUHOrO pe3yib-
Tara Gyder noayden amnbo MAWKHEBRE Hyab M., aubo MawHHAAA tec-
KOHeuHocTh M., [TocKoABKY 06a yK43aHHBIX Coydas TPUBOAAT K HE-
BEPHOMY OKOHYATENbHOMY DPe3yJabTaTy, HeoGXOAUMO BUAQH3MCHHTL Bbi-
YHCAHTEAbKBI aaropuTM. OKasbiBaeTeA, 4TG 34eCh CYIIECTBERHLIM 7B-
AneTcs MOPAACK AeACTBYH,

[ycTb, nanpumep, My=2"? u M,=2" npu HEKOTOPOM p>0. Ilpen-
NONOKEM, 4T0 HAafQ NepeMHOKHTb NATb UHCe Go=27 =27,
Y= gy =2-¢1 y =2-"P% Kawnoe u3 3THX UHCesq U HX MPOHIBC-
ZeHue 2°% NPMHALJEKAT AOMycTHMOMY Auanasony ducea (M, M),
OAHaKO MPOH3BEAEHHE Yylfaffs=2"""> Mo, nod>TOMY npu yKasaHHOM no-
pAnKe acficTBuil AaJbHeiillee BHING.JIHEHHe aATOPHTMA CTAHOBHTCH He-
BO3MOXKHBIM, Ecau OpPOBOAHTb BHIUHCAEHHE B NOPARKE Ysifilfalfrlr, TO
foAyIHM y.y =2 < M,, caenosatennno, [l{#y.)=0 wu_Bpce mpous-
pefleHie OKaXKeTcs PABHBIM HYJAI0, T. €. NOJYHHM HEBEPHBIl pe3y.bTart.
B nanHoM npHMepe K BepHOMY pe3yAbTaTy [MPHBOAHT BbIMHCJCHHE
{{POH3BEACHHA B NOPANKE

Yollsthlfulfe.

B cnydae APONIBOALHOTO YHCAA £ COMHOMHTENEH MOXKHO NPEAAOKHTL CIelyio-
(Wi 2AropUTM BHuMcIeHna nponssefenns (cu. [6]). [lpeanonomam, uto

[l < ... <l

npuuer |g| <51, |yn|=L Bymewm cHauanz npoBoAHTL YMHOMEHHE B NDOPAIKE
$iYnYn—t... A0 TEK NOP, NOKA BREpBHE He MOXYYHM WHCAO, Goabltee SAHHALH, 3a-
TeM NONYYeHHOE YACTHYHOE NpoH3BeAeHWe OYaem NOCACAOBATENLHO YMHOMATE R
¥s, Y3 B T. 1. 1O Tex NOP, NOKAa HOBOE YACTHYHOE NPOHIBEAEHHE He CTARET MeHbIUC
cannpuit., [Mpouece noBTOpAETCHS A0 Tex NOP, NMOKA Bee OCTABWNECH COMHOIKHTENH
6yAyT AHGO TOABKO GONBIIKMH EAHHHUB 0O MOAYAK, NKGO TOMBEO MEHBUIAMH. Janee
YMHOMEHNE NPORDAATCH B OPOGI3BOJAHOM NOPHAKE,

Mpumep 2. PaccMOTPUM NPOLECT BHIUYHCACHHA CYMMBbI

Zu=y|+yz+- . -+yn- (24)

JIns NpocTOTHL M3N0XKEHHS NPEANoOXHM, UTO BCE ¥ NOJOMHUTEbHB!
n Goabllle MAWHHHOTG Hyas. Torga B npotecce BEIUHCIEHHH He MOXKET
MOSABATBCA HYJEBOFO Pe3y/bTaTa. AJropaTM BelYHC/AeRus cymmbl (24)
COCTOMT B pellleHHH PAa3HOCTHOro ypasnenna (10) np #auanbHOM 3Ha-
YeHHH 2,=0.

[lonyuuM YypaBHeHHE, KOTOPOMY YAOBAETBOPAET NPHOJIHIKEEHO®
pewenue 7; [1peanooXHM, 4TO BMECTO TOMHOTO 3HAYECHHA 24—y B pe-
4yJAbTaTe HAKONJGHHS TOTpPellHocTedl OKPYrIeHMA noaydeHo npnliaH-
WeHnroe sHaueHue %;,-,. Toraa corsacuo (7) BMeCTO Z; BOJYYHM UHCAO

F=1l{f- +y) =(11&)} (-t 95,
rae e;| =527t
Takum obpasom, npubanmeHHoe 3HauyeHHe Z; YAOBJETBOPSeT pas-
HOCTHOMY YPaBHEeHHO
fi=quj-1 +§J) j= l' 2» e 1y Eﬂ=09 (25)
23



rae g;=1+¢, §=(1+¢;)y. Moxuo cuurarh, 4T0 ypaenerue (25) no-
JIyY€HO H3 HCXOLHOTO ypasHeHHAa (10} nyTeMm BHeceHUs BOSMYILEHUT
B KO3()QHUHEHTH H B fpaBble 4acTH, NMPHUEM AJA KaXAaro j BO3MY-
HIeHHe MPONOPUHOHAILHO &; H He MPEeBOCXOAUT 27,

OueHuM Tenmeppr peay bTHPYOWYK ROTPEIIHOCTL F,—2,. Jas 3T0ro
BhiNulIeM B ABHOM BHle pellenHs ypaswennit (10) u (25), npeanona-
ras, 4T0 2,=%,=0. Corgacto (16), (18) nmeem

" n
2y = 2 Hey En= Z Qn.n—kyk,
k=] k=1

The Fa=guys. TlosTOMY N7 DOTpeliROCTH NoMyYHM caeayiowee BHpa-
Herue:
— "
Zo— 2= 3| Emys, {26)
k=1
rne

—1
Foe e = n 3

@7)

Kosbppuuuent E., 8 dopmyae (26) ykaswpaer, Kakylo 204100 M0-
FPEWIHOCTH BHOCHT k-€ cjlaraemoe cyMmbl (24) B o6llyio NOrpemHocTh,
flokameM, 4To yem MeHblle HOMep R, TeM 60JbIAT NOMPEUTHOCTD BHO-
CHTCA 34 cueT gy Jnd 310r0 OUEHHM nPHEAMAEHHO BelMHUHHB F.,.
Tak Kak g/=1+¢; n |&| <e=2", 10 [ga]| K1+, |Gafoms . .. Gorstr] <
= (I +e)***' Or6pacbiBasi BEANYHHB BTOPOro MOPARKE MAJOCTH Of-
HOCHTENbHO &, MOACHO CYHTATH, YTO

|q»f;'n~1 ‘e q;,|5_§l+ (n—k-}-l)s,

k=n,

H TOrha
|Enh|"-<:-.(n_k+1)sr k=l,2,...,n. (28)

H3 popmyanl (26) aerko NoNyYyuTe OUEHKY OTHOCHTENbHO norpedt-
HOCTH [Z,—Za|/|2.|. 3aMeTuM cHauana, 49TO AN NOAOHUTEAbIHBIX
Y- -y Yn NOCNEAOBATENBHOCTL &, onpefleneHHas coraacro (10), He-
OTPHUATETbHAS H MOHOTOHHO BO3PACTAlONLaA, T. €.

0Lz <2, k=1,2,...,n
ITo3TOMY AAS ,=2,~Z,—, CRPABELINBO HEPABEHCTBO
Oéykglzhl_!_’za—-llgglznl, k=1, 2, ..., n

Orcrona 1 u3 (26) noayunm onenky
Iﬂz‘-n_':‘::l's-;. lenl 2 IEnkI
k=1

YuutbiBas npub.amientoe HepaseHcTso (28), npuxoanM K chneayotef
24



OLEHKe GTHOCUTENbHOH MOrpetiiocTH:

—

Ty — Ty

sen{n41), &= 9™,
n

C.'IE,JOBEITE.TII:HO. COTHOCHTRABHAA NMOrpellHoCTh, BO3HUKAKLAA NpRH
CYMMHDOBAHHM 17t TIOAOKHTEIbHBIX YHCE!, OUEHHBAETCHA OPHMEDPHO KakK
n*2-' rie { — yucao Pa3psALOB, OTBOAMMOE 417 3amucy ManTheen. Ha-
npumMep, npH 2-'=10"**, n=10° noayyaem, uTo Pe3yJbTHPYIOL{AA OT-
HOCHTEJbRAR MOTpelllHoCTh He npepsofiger 10-°

§ 3. PazHOCTHBIE YPABHEHHS BTOPOro Nopaika

1. 3anaya Kowy ¥ KpaeBble 331aud AJs PASHOCTHBIX ypPAaBHEHHH.
B n 1§ 2 pacemarpuBanack 3anaga Kol 178 PasBOCTHOrO ypaBHe-
BHst nepeoro mopagka., O6paTumca Tenepb K JHHEHRHIM Da3HOCTHHIM
YpaBHeHHAM BTOPOro NepAjKa

@i —Cilfs+ bt =—F; (1)

rae a; b, ¢;, f; — 3amaBBble Ko3dpUIlHEeHTEl 1 NpaBaf vacTb H Y. — He-
komoe pemwerue, MiBaexke j B ypasHesuu (1)} mpoberaer €HekoTopoe 10-
nycTrMoe MHOXKecTBo J nennx uncen. Hanpuwmep,

J=10,1,2,...), I={1,2,...,N=1}, J={0, x1,+2,. .},

rae N>>1 —3agausoe tenoe ygcho. Beiogy B pgaabnefimem Oyiem
npeano.aarars, uro b;%0, ¢;#0 paa pcex RONYCTHUMBIX f.

Kospdrunentsl, mpasyio yacTh ¥ pelueHue ypasHerHa (1) caenyer
paccMATDUBATL Kak (YHKUHA ULEJOUKCJIEHHOTO apryMesTa jeJf, 7. e
y=y (), f=f () ¥ T. L.

¥papuedne (1) uMeer GeckoHeuHoe MHoXKecTso pellerHil. Kaiaoe
OTAEIbHOE DElUeRHe HA3LIBACTCH waACTHOIM pewenuem ypaBHenus ().
O6uwus peuenues ypaprenua (1) HasblBaeTcl TaKoe AByXnapamer-
pHUYECKoe ceMellcTBO pElleHkil, KOTopoe COAePKHT aioboe yacTHoe pe-
wenge. B nn, 3, 4 6yaer nokasano, Kakum o6pasoM cTpoHTed oblllee
pelleHue ypaBHerusa (1),

Haa toro uro6bl U3 COBOKYNHOCTH BCex pewlenuil ypasrenna (1)
BLIAEANTL eAHHCTBEHHOE, HeoOXOAHMO 3aJaThb Té HMAH HEBE AONOIHM-
TeabHble YCI0BHA.

3adgqa Kowiu COCTONT B OTBHICKaWuu peiteHma y;, j=0,1,2,...,
ypassedns (1), yacorjerBopaowero npu j=0, | 3agaHHEIM HAYabHLIM
yea0BHAM

YHo=U;,  Hi=pa (2)

Ecau &0 aaq pcex 10NyCTHMBIX f, TO ypasHenue () MomHo pas-
PELIHTb OTHOCHTENBHO Y4, T. €. 3aMHCATL B BHAE

a ¢

i C S fi

Yin=—" i T ¥ — - )
{ f i

Otcwoaa chaepyer, yto 3apava Komn umeer egyHCcTBeHROE pelierHe.
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Bonee obimas mocTanobka safgavd KolH cOCTONT ® OTbicKauud nmpu Beex f=0,
1, =£2,... peweunst ypabuenusnt (1}, VIOBAETBOLRIOIErO YCAOBHAM 4 =Ly,
Hig+1=WNz C 33JAHHEIMH fo, W1, 2. Ecw a;540, 6:550 ana vcex j, To Takas sajgaqa

HMeeT eAHHCTEBEHHOS pellenHe,

Kpaeﬂaﬂ sada4g COCTOUT B OTHICKAHWH pelleHHA ypapHeHHA

A<t b=  j=1,2,...,N=1, (4)
yJ].OBJIeTBOpHIOll!.e!‘O JOMOOHHTE TbHB M }'C.']OBHFIM
Yo=n i+ Uy, Ys=Malx-,+ U, (5}

rie ®;, W, i=1I1,2 —3apaunuie yucaa. B uacTHoCTH, NpH #y=%,=0 no-
AYUaAeM Kpaeauie YCaosus nepeozo poda

Hi=Ny  Ys=},, (6)

a TIpit x,=x.=1 — Kpacaste ycaosus sropoeo poda. MocTatounbe ye-
JOBUH CYLIECTBOBAHHA €AHHCTBEHHOTO pellenusl Kpaepoil 3ajaun (4),
(5), a TakKe anrOPHTM TNOCTPOEHHS ITOr0 pelteHHd BYAYT yKasaHbl
B 7 §4.

2. OpHopoHOEe Pa3HOCTHOe YPABHEHHe BTOPOro NMOPAAKA € MOCTO-
AHHBIMK XoadduunenTamu. PacemoTpnM pasHoCTHOe YPABHeHHe

ayj—l_cyj+byj+i=0| a#’:o’ b*oi (7)

C BELECTBEHHMMH KO3h@HUHEHTAMY @, b, ¢, He 3aBHCAILKMH OT j.
ByaeM mcKath YacTHble pelleHHA ypaBrerla {(7) B BHAe

y=q, (8)

rie g — uucap, Tomfexaluee onpefedenuto, [Moacrasasa (8} s (7),
NoJyuHM KB2IDaTHOE YPaBHeHHE

bg*—cq+a=0, (9

KOTOPOE HA3bIBaeTC XAPAKTEPUCTUNECKUM YpPABHEHUEM, COOTEELTCT-
syowum pasnocTrHomy ypassenuio (7).

B 3aBHcHMOCTH OT 3HaKa AHCKpPHMUHaHTAa c*—4ab MoryT npeacra-
BHTLCA TPH pa3nnyuelx cayvas. Ecau ¢*>4ab, To Koprn

= 4ab VR
= c+]/2f 4ab' gy & V;b dab (10)

ypasrenua (9) BEIIeCTBEHHH H pa3.MuYHBEL. B 3TOM ciyuyae pa3HOCTHO®
ypaBHeHHe (7) HMeeT UACTHHE peilleHHS

y}n—-'?l) yj'ﬂ—';'z (”)

Ecau ¢ <4ab, To KOPHH §, W g, KOMILIEKCHO conpaxeHnbl. PyHKuHH
(11} ¥ B 3TOM Cayyae ABJAKTCA peWleHHAMH Pa3HOCTHOIO YPaBHEHHA
{7), canako yaoOHee NpPEACTABHTL ¢; B TPHIOHOMETpHUYecKof dopme:
g.=r(cosp-+ising), rae

r_l/ , Sing = V4ﬂ;_62, cosqozg;;—_é. 2
[+
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B xauecTpe petteHili ypaprennus (7) MOKHO B3ATD hyHKUNH

(n
4y

Hakowel, ecan c*=4ab, To ypasheHne (9) uMEET XpaTilblil KOpeHb
g=c/(2b), a pa3sHOCTHOE YDPABHEHHe HMEET YacTHhe pELICHHS

=i cos(jg), ¢ = r!sin{jg).

=g, o =iq'. (13)

[TocTpoum Teneps pemieHue 3ajaun Kown
ay;- —cy oy, =0, =12, ..., (14)
Yo=W,  HH=pa, (15)

HCXORA M3 HafifeHHBIX YacTHLX peliennuit (11). B chay auneilHOCTH n
0AHOPOZHOCTH ypaBHeHna (7) Jwban anHHedHas KOMOHBAUHA

yi = g + ol (16)

TakKe ApaseTcs ero peinenuem. Iloabepem napameTpbl &y H G. TAKHM
o6pa3oM, uToOH YNOBJCTBOPSJKCH HauanbHbie YCJAOBUA (15}:

ot o=y, gt dad = Ue (17)
Peinan cretemy (17}, Haxoanwm
051= My —— Mo R a2=!"2"'!"lq1 . (18)
g2— 0 q2—4q1

Moactapassa (18) B (16) u cobupan Koah(DUUHEHTH HAPH My, Mo, HO-
ayueM, ure pewenne 3agaun Kown (14), (I15) B caywae c¢*>>4ab
HMeeT BHA
R I ) gl —d .
gr= B T 2y, j=0,1,2,...,  (19)
Ja— N d2— T

rae g, . onpeaeners coraacho (10).

B TakaoM e BHAe npeicTapasercs u peilenue 3afaun Kown (14),
(15) B cyuae c*<Z4ab. 3aMeTnM, YTO B 3TOM Cilyqae

qgs @ —a' R LN (X!
92— sing '
a—q sin (jop)
.__.=_n"—1._£
q2—q sin @
rae r n ¢ onpedenens coraacHo (12). INostomy peutenne 3anaun Koumn
MOX(HO 3a(IHCATh B BHAE

oSG =D ) oy SiN ()
v g sin @ ot sng Mz (20)

B ciyvae ¢*=4ab, ucnoanaya uactHble peurenns (13}, Moxno npea-
cTaBUTB pelllexre 3axaun Komn (14), (15) B Brae

y=— (=D @m+ig me, (21)
rae g=cf(2b).
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AnadornuubiM 06pazoM CTPOHTCR pellleHHe Kpaesodl 3afauu

ayj_|_Cyj+byj+1=0, j=l, 2, ey N_], (22)
Bo=Uly  Hv=o (23)
Ecau e*=4ab, 10
(@7 — a1y (o)’ al—gf
Yi= : Iy - v = i+ v IN e, (24)
qg _ql qg _ql.
rae ¢,; onpexenensl coraacuo (10).
Ecau e ¢*=4ab, 10
e (— Y A gy 5
¥i (l N)qm-qu oy (25)

rae g=c/(2b).

3. OaHOponHOE PA3HOCTHOE ypaBHEHHE BTOPOTO MOPSAKA ¢ mepe-
MEHHBIMH KOs(rpHuneHTamu, Jina ypasueHHs C nepeMedHbMIl Ko3d-
dbuuHentamu (1) cylecTBYeT TeOpHs, AHANOTHYHAST TEODHH AHHEHHbIX
AudpepeHaabHBIX YPABHEHH, 2 HMeHHO: ofee pellleHHe oxHo-
POAHOro ypapHeHHS

Y- —Cl by =0 {26)

NPeACTaBAALTCS B BHAe JHHeAHOR KOMBHRAULMH ABYX €T0 JHHeHHO He-
3aBHCHMBIX peUIeHRH, a ofluee pellleHHe HEOAHOPOAHOTO YPABHEHHS
(1) — B BHIAe CYMME! YacTHOTO PELUEHHS HEORHOPOLHOTO VPaBHeHHA K
ofuiero petierHa ONHOPOLHOTO YPaBHEHHUS.

Hayunw Gosnee moapoGHO CBOMCTBA PA3HOCTHORO ypaBHeHus (26).
Bynem cuurats cefivac, uto J={0, =1, =2, ...}, T. e. vpaBHeHme
(26) onpefenelo gas BCeX HenbIX j. 3aMeTHM npexJjie BCEro, Uto ecnm
4; W u;— ABa peluenud ypasHenwus {26}, To u Jw6as aunefinasa KoM-
GUHALHA @ty Ta,U; TaKKe ABISETCA PellleHHeM. 3T10T dakT clexyer
U3 THHEHHOCTH H ORHOPOIHOCTH ypaBHerus (26).

[ panpHefiero notTpe6yioTca MOHATHA AHHENHON 32aBHCHMOCTH
H JHHEAHON He3aBHCHMOCTH (QYHKUH, 2anaHHBIX HAa MHOMecTme J.
HBe GYRKUHM u; H U; LUEJOYHCAEHHOTO apryMelita je/ HasnBawTCA
AUHEUNO BOBUCUMBIMU, ©CNH CYIIECTBYIOT NOCTOAHHLIE oy, Cs, ORHO-
BPEMEHHO He PAaBHBE HYJIIO H TakKMe, YTO BLIMOJHEHO PaBEHCTBO

aut;tonu;=0 nag sBeex je=/. (27)

Ecan xe nz ycnosun (27) caenyer, uto o, =, =0, T0 dyuknun u., v,
Ha3bIBAIOTCH AUHEIIHO HE3ABUCUMBLMU.

Jluteiinan 3aBucHMOCTb pemreHuil 4, vU; XapakTepH3yercs 3Haue-
HHAMA onpegenTeneil

S

u;

wi [ul 0] = _:|.1 U"+1

, (28)

ABMAIOIWHMMICH aRAJOTaMH ONpefeauTes BpoHckoro.
Jdemya 1. Ecau gynkyuu u;, v; AuMelino 3asucumel, To w;=0
das gcex jel.

28



HeiicTBUTeNBHO, cormacHo (27) ana eeex je/ BumoaualoTcs pa-
BeHCTBA
ujal—I"Ufaz:O,
(29)
”5+10ﬁ1+Ui+1a2=0g

rae  oi 4 c57=0. PaccmartpuBas (29) npu KaxaoM GUKCHPORAHHOM
j KaK OLHOPOAHYIO CHCTEMY JHHeHABX aareSpandecKux ypaBHEHH
OTHOCHTENIBHO @y, o6y W YUHTBIBAsA, uT0 & + o 750, MOAyuuM, 4TO onpe-
LequTedb w; 3TON CHCTEMEL PABEH HYJTIO.

Hdnsa pewenndi oAHOPORHOrO ypaBHeHna (26) cnpaBeAdiNBO YTBep K-
AeHHe, o6paTtHoe nemme 1.

Jlemma 2. Ecau u;, v;— AUHEHRO He3qauCUMbIE DeWteNUa O0HO-
poduoeo ypasrenus (26) u a==0, b;==0 648 scex j, ro onpedeiurers
w;[u, v] #e obpawaerca 6 Hyab Ru 8 00HOH Touke .

HNoxasaTedAbCTBO NpOBeleM OT NpOTHBHOrO. [IpeAnonciKuM,
uto Hallaerca rouka f,=J, ana kotopoit w,{u, v] =0. PaccMoTpum cu-
CcTeMY yDaBHeHHU

ufoal + Uf.az = 0!
(30)
Ujp1® + Vypnn®a =0

OTHOCHTEJNBHO HEH3BECTHHX ¢, ¢ [lOCKOABKY ofpefenurens 3toif
CHCTeMBI paBeH HYJIO, CYLIeCTBYeT HeTPHBHaJbHOe pelleHue {or,, &.).
O6pasyen ¢ NOMOIMIBIO 3TOrO pelteHn {o, os} QYHRIHIO

2j=a1uj+azﬂf (31)

# nokaxkem, yto z;=0 119 Beex j.
[Tockonbky u; M U,— peileHHs OJHOPOAHOro ypaBHeHHs (26),

dyuknua (31) TakKe ABANETCA €ro pelleHHeM, T. €. YAOBJAETBOpAET
YPABHEHHUIO

aj25_1_6521+bj2;+1 = 0‘ (32)
Kposme Toro, coraacHo (30} BBITOJIHEHH. YCIOBHA Z;,=2;.:=0.
[To npeanonoxennio KoapHUHEHTH &;, b; OTAMYHH OT HYAs ANR

Beex f. ChefoBaTeNibHO, 1J18 YpaBHeHus (32) MOXKHO paccMOTpeTb 3a-
raun Kot

¢ a; . ,
Zpn=——%& — — fﬁfo-l‘l,fo'!'g,...‘
by by
2, =zj,u =0, (33)
c b
§ i .. . .
Zi)F= =2 — = 2fa, I=!m]u'_“1tfu“2v---t
a; 4
Zp, =25, =10, (34)
W3 pexyppentHmix coornoweunii (33), (34) nonyyaem, uto z;=0
ans Bcex j=0, £1, =2, .. Tocaegnee o3Hauaer, YTO o, i;+ o, v;=0

ANs BeeX j, npuueM of + o #=0. CrenopaTe1bHO, DYHKIHH #;, ¢; JH-
HelfHO 3aBHCHME, YTO NMPOTHBOPEUHT NPEATIONOKEHAIO ACMME 2.
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Cnepcreue 1. Onpedeaurese (28), cocrasaennsii dan dsyx
petwenuil ypasnequa (26), uau TomdecT8eHRo no | pased rHy.o, Ul
OTAUREH OT HYAR AR 8Cex |.

Jwbas cucrema w3 ABYX JkHeliHO I€3aBHCHMEIX pelleRrit ypaBHe-
1A (26) HazeiBaeTcd gyndamenTaronoil cucremot,

Teopema 1. ¥pasuenue (26) ¢ a0, 0,520, j=/, scezda umneer
GdyHdamenTa by 0 CucTemy.

HokazatedbcTBo. OyHIAMEHTANBHYIO CHCTEMY o8pasyior,
HalpHMeD, pelleRra u; u v; creaywwux aanay Kowuy:
Oty — sttt bt =0,
j=0, £, =2, .., u4,=0, u-=I,;
a;u,,—ctit b, =0,
f=0, il, iQ’..., =1, Ul=0.

HellcTRUTENBHO,
L3

7+ 0,

woz: o
Yo ™

¥ cornache cneactsuio 1 w;[u, v]==0 aas Beex j. Ho toraa coraacHo
Aemme 1 YHKIUH i, ¢; TUHCHRO He3aBHCHMEL

Teopema 2. Ecau uy, v;— pyndamenrasonan cucrema peienui
ypasuenus (26}, 7o e2o obwee petieue umeeT ud

yj':a«] ££,—.+ a.gU,-, (35)

20e o U oy — NPoU3BOAbHbIE NOCTOAHHbIE.

JokasatenawsctBo. Ilyets y,— nwboe peuleHHe YpaBHEHHA
(26) wu u;, v;— ABa 32MaHHBIX JRHEHHO HezaBUCHMBIX peltteus. Haao
NOKa3aTh, YTO HARAYTCA MOCTOSHHBIC @y H G, AJIST KOTOPBIX CApaBeA-
JAUBO (35) IlycTb yo H y — 3HAUCENA pellenHus y; B TOuKax j=0 H j=
=1 cooTBeTcTBEHHO. BrGepeM ROCTOSHHME ¢y A 0, H3 YCAOBHH

oty T U =Yy, G TO0 =Y. (36)

Onpeneantenb atolt cHeTeMbl @, [u, v]=40, Tak Kak ¥ B v — nuHeil-
HO HezaBucHMble pewleHEs. CaeAoBaTeNbHO, MPH 3aNAHHMX Yo, Y, CH-
creMa (36) nmeer eaHHCTBEHHOE pellienne {ay, a,}. B cHay exnHcTsen-
HOCTH pewnieBnsi 3agaun Kowmn ¢ynkuwa (35), moctpoeHHas ¢ mo-
MOUIBH HaAEHHHX TOCTOAHHBIX G4 H ¢f, COBAANAET C 3aJaHHBLIM pe-
LUIeHHeM Y;.

Cnencreue. Jwbote Tpu pewenus o0OpodHo20 Yypasierus
(26) auneidno 3asucumeoi,

Ilyets 4y, vy, y;~— Nwofine pelieHun ypaeHenusa (26). Ecim u; w v,
JIHHeliHo 34BHCHMY, TO YTBepIKIeHHe AoKasaHo. Ecam Xe wu; # v; JH-
HellHO He3aBHCHMEI, TO OHH 00pa3yiorT ryHAAMEeHTAJALHYD CHCTEMY H
corJacHo TeopeMe 2 pelleHWe y; GPEACTABJSETCS B EBHAE JHHERHOM
KOMOHHALMH 1y ¥ 05

B kauectBe ymnpaknenus mpeanaraercsi RPOBEPHTL, YTO YACTHHE
pewennsd (1) ypaprenus (7) ¢ 0OCTOSHEBIMA KoadduuueHtamu Oy-
AyT AHHEeHHO HEe3aBHCHMBI MPH §;F¢; H JHHeHHO 33BUCHME — APH
§i=4,. B nocneaneMm cayyae JHHeRHO HESABHCHMBIMH GYAYT pelleHHs
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(13). 3aMeTHM, YTO BCAEACTBHE NPeANONOMeHUs a7<0 XapaKTepUCTH-
yeckoe ypastienue (9) He uMeeT HyNeBEIX KOpHeR.

4. HeopHOpoANHOe pAa3HOCTHOE YPABHCHMe BTOpOro nopsajka, 06-
paTvMcs CHOBA K HEONHOPOLHOMY YPaBHEHUS

QY- Cll T b Y= —f;. (37)

Ypasnense
astfi-r—Colfit by =0 (38)

HA3BIBAETCH OOHOPOOHbIM YPABHEHUEM, COOTBETCTAYHOUUM YpasHe-
nuro (37).

Teopema 3. Obujee peuienue HeOOHOPOOIHO20 YPAGHEHUA (37)
eCTb CYMMQ KAKOZO0-ALOO €20 ACTHOZO petucHuf u 06ujeco petenun
COOTBETCTaYOUL20 DOROPOIHO20 YPABHERUS.

HokazateabcTso. [lycte Y;—kakoe-muGo dacTHOE pelIeHHe
HeoAHOPOAHOTO ypaBHenHa (37) M u;, U;— JHHEIHO HE3ABHCHMbE pe-
HleHNS COOTBETCTBYIOWEro oAHopoaHoro ypasnemus (38). Torma o6-
liee pelentie OJHOPOAHOrO ypasHewna (38) umeer BRI austa.v, rie
e, H @, — NpoH3BONbHEIe nocToAHHbie. Henocpefctsennodl  noacra-
HOBKOI RPOBEPALTCA, YTO QYHKIHA

;= Yj']'aiuj‘l-a.,v, (39)

ABJfETCS pelleHneM HEOAHOPOIHOrO ypaBHeHHS (37). Ocraerca JOKa-
3aTh, YT0 GQyHkuMs (39) ABAsercAd OOWHM pellleHKEM, T. €. 4TO IpH
COOTBETCTBYIOLIEM BHOOpe MapaMeTpoB o, ot JAt000e pellelue ypas-
Hewnst (37) MoxHO samHcaTb B Buie (39). Ilycts z;— moboe pellie-
Hue ypashenns (37). OHO OAHO3HAUHO Onpele/iAeTcs 3ajaHneMm Ha-
yaJpHBIX YCJAOBUEt 2, M 2,. [losToMy AJS COBNAAEHHMA Y4; ONpEIENeH-
Horo cornacno (39), ¢ 3alaHHBIM pelleHHeM 2; AOCTATOYHO norpedo-
BATH yu=zg, y1=2], T. €.

aiun'l-aavu-:z‘]"“Yu,

o, =2—7 .

PaccMaTpHBas 3TH YCJOBHSI KaK CHCTeMy YPaBHeHHH OTHOCHTE]b-
HO ), ¢a, TONYUAEM, UTO OHA HMEET eNHHCTBEHHOEe pellenHe, NOCKOJb-
Ky OnpefelnTedb

Ha U =w, [u’ U]

Y|

OTJIHYeH OT HyAS B CHNY JAWHefinod He3aBHCHMOCTH pelleHndl 4y, U,
TeopeMa 3 HoKasaHa.

UacTHOe pelleHHe HeOAHOPORHOTO ypaBHeHHs (37) MOMHO IOCTPO-
HTb, €CJAH M3BECTHH JHHEHHO He3aBHCHMbIE PEMMEHHA u; U; COOTBETCT-
BYIOIEro OAMOPOAHOTO ypaeHenus (38). Ilas Takoro NOCTPOEHHS NpH-
MeHAeTCd MeTod eapuaytt NOCTOARNGIX.

HanoMuMM MeTOA BAPHALHH MOCTOSAHHWX HA MpHMepe AnddepennyasHoro ypas-
HEeHHA

¥ (x) =—f{x). (40

[Tycre m{x), u{x) — ARHefiHO He3aBUCHMEE DelieHEH COOTBETCTBYIOLIErD OLHO-
POAHCTO YPaBHEHHS, T, €.

u’{x)=0, o {x)=0. (41)
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Byaes HCKATh peltieHne HEOAHOPOAHOIO YpaBHEHHN {40) B BHae
y(x) =a(x)u(x) +Bx)v(x), (42).

rie a(x), B(«) — dyurunn, noanemamue onpenenckmio. A naxom LeHHsa Gyuxunft
®(x), f{x) HeoGxoAHMO mMOSY4YMTh mBa ypaBHewHa, [MepBoe U3 mHX MONYHABGTCH H3
Tpebopanna, «TOGE NpoHiBoAHa” ' (X} nMena BuA

y'(x)=elx)a’(x) +B(x)v'(x), {43)
KOTOPOE, OYEBHIHO, 3KBEBANEHTHO TPeSOBAHHIO
' (xX)u(x) +p(x)v(x)=0. (44)

Bropoe ypasuenne, cesastnaomes o (x) n B(x), NOAYYAETCA B pe3yAbrate nod-
CTaHOBKH (42} B Aexonmoe ypasmeuwe (40}, Yunrweas (43), (41), MOTYYAM

§" () =eud” (x) + Be” (x) + o’ (x)a’ (x) + BT (2} (x) =’ (x}ee’ () -+ P! (x) V" (%),
CherosaTtensio, ypasnenne {40) 6YAeT BRMONHEHO, ecti

a’ (x)u’ (x) +B () v’ () =—f(x). (45)
Ha cactemer ypasrennil (44), {45) nafigem
o (2) = fx)e(y) 6 (1) = — fixyu(x (46)

g{x) v () —u (Do’ t{x) v (x)—u' (o)

3HamenaTeas B NONYUSHHNX BRIPAMEHHAX OTJAHYeH OT HYAA, TaK KaKk OH ABAALTCA
onpefenuresem Bpouckoro Aaq NAHeHHO HesaBHCHMMX pemeHni QILHOPOIHOTO YPaB-
nerns. Mz swpaxenuit {46) koadpdmumentst a{x), f(x} HaxcAdTen B KbajipaTypax.

Ofpawasck k pasHoctHOMY ypasHewmio (37), GyfeM RCKaTh ero
pellieHHe B BHIe

yi= o, (47)

FAe u; U;— MHHEHHO HE3ABHCHMEIE DPelleHHs COOTBETCTBYIOLIETD Ol
Hopoanoro ypaenenus (38) n o, B;— nekomele gpynkunn. IMoTpeGyem
no aHanoruu ¢ (43}, utoBul pasHOCTb Yy, —Yf; NPEACTABAATACH B BHIE

Y= Ys= o (U — it} + By(v~vy). (48)
Takoe TpeioBanie 3XBRBANCHTHO BHEITOIHEHHIO YCHIOBHA
(ctisr—at) st (Bis1—Bs) 500 =0. (49)

Hasnee, us (48) noayunum
Y=Yi—i= s (Ut ) TPy (0;—v;m0)
HJTH
YYo=y (—u; ) +Bi(vi—um) —gy, (50}

rae o;= (al"'_aizl) (“j_‘uj—: )+ (BJ__BJ'—l) (Ui__va‘—i ) .
Hns nanprefiiero yno6ro npenctasnTh ypaBHenne (37) B BHIe

(a0} yi b, (i —Y) —a (—yi-1) =—Ff» (51)
Hoacrasnag B (51) soipawenus (47), (48), (50) u cobupas Ko-
3GGUUHEHTH MpH o, B, TOTYYHM
% L@y —ci by + by i —uy —a; (y—wj)] +
+ Pillar — i + 09 vy + b (W — v) — a; (v; — vi)] +agp; = - .
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Buipaxenus, croamte B KBaapaTuLx ckofKax, paBHE HYNO, MOTO-
MY 4TO u; U U; ABJNIOTCA PELICHHAMH OAHOPOAHOrO ypasHenns (38).
CnefopaTtennto, ypastende (37) 6yaer BHUOAHeHO, ecaH TnoTpefo-
Bath a,q;=—f; T.e.

i
(@t — @) (g — =) + B —Bi-) 0 — v} = — -~ (52)
/

[TockoabKY HOMEKC j NPOH3BOJEH, ypaBieHHe (49) MOXKHO nepenu-
caTh B BiLle

(ot—ars— ) i (B—Bi-) v;=0. {53)
Peiiad cricremy ypasdennii (52), (53), nonyunm
. SR/ 1
Dt — Wiy 9
(54)
S S )
b — P = o —uu, e

-t Y% Y

3namMenatent NOJYyYeHHBIX BBIP2XKEHHI COBMAajaer ¢ ONpelesIuTe-
aem @, (¢, v] (cM. (28)) u cornacuo Jemme 2 He ofpamiaered B HYAb
HH B OJHO{ TOuke j. B pesyiabTare cyMMHpOBaHUS KAMKIOCO H3 YpaB-
Henud (54} moayunm

I ) f
] 3
ap ==y - E: _—
4

y Utmy T MV B

ﬁf=ﬁo+ g $'ﬁ'

py Unter —Hele G

[MofcTaBAAR HalideHuble BHpawenns and a; B; B Gopmyay (47),
nonyyaem ofliee peweHie HeOIHOPOAHOro ypaBreHus (37) B BuAe

H"- Uf
4 e | e
Yy = oy + Bety 4 -, (55)
i =% ol k2=1 ter o] %
by U

rie o, Po— NPOH3BOJBHBE TOCTOAHHBIE U Uy, U;— JHHEHHO HEe3aBHCH-
Mbie pelieHus OAHOPOAKOTO ypaBHeHns (38).
OTMeTHM, 4TO CyMMa

2;= oottt Boty

ABAfeTcs OBUIMM pelienneM ORHOPOAHOrO ypaBHeHHa (38), a cymma

4
Ve 2 Hg Y fe (56)
= Ik TRl TR
Bl dpoy UYrt| T
My Uy

2 A, A Cawmapennft, A, B, Tyaun 13



—— YaCTHBIM pelleHNeM HeofHOpodHoro ypasHennsd (37}, cooTBeTCTBY-
IOIHM 3HaMeHHAM o,=B,=0. CarenoBareibno, ¢yuxkuus (55) ssaser-
cfl o0IIKM pelleHHeM HeOQHOPOAHOrD ypaBHeHksa (37).

B aakniouenue naparpada 0TMETHM, YTO MHOCHE MOHSTHSA H Pe3yJb-
TaThl, OTHOCAILHECH K PA3HOCTHLIM YpPABHEHHAM BTOPOro IMOPAZKA,
MOXKHO 06006U(HTD W Ha Pa3NOCTHHE YpaBlleHHA NPOH3BOJBHONO NO-
paAKka (cM., HanpnMep, [35]).

§ 4. PasdoctHad annpoKcumaunsa AHdrpepenUHARBHBIX YPABHEHHI

1. CeTkH M ceTouHble dyHKUMA. [N YHCAEHHOTO pellelus AHbide-
peHUHAaAbHHWX ypaBrnerHil, 0OKKHOBEHHBIX H B YACTHBIX TPOH3BOAHBIX,
4acto NPHMeNseTCA MeTOl CeTOK HJH PA3rOcTHui smeTod. B nacrosi-
eM naparpage DOACHAKTCA OCHOBHBIE HJEH PA3HOCTHOTO MeTola Ha
CaMblX OPOCTBIX npuMepax. CHCTEMATHYECKOS H3JIOKEHHe TeOpHR pas-
HOCTHRX MeToR0B cofepxutea B u. [11 (eM. Tarxe [32]).

Cerxoii ua oTpeske [a, b] HaswBaetcs J06G0e KoHEUHOE MHOMNKECT-
BO TOYEK 370r0e oTpeska. OyHKUYA, onpelesenHas B TOYKAX CeTKH, Ha-
3biBaercd cerounod Pyuxyued. Bynem oboanayath uepe3 @y CETKY,
YACGBAETBOPAIOULY IO YCAOBUAM

= X)X Xy o Sy X = b, (1)

H vyepes [, — 3Hauende CeTOUHONR QyHKUHH f(X) B TOYke X, Ewy, T. €.
fi=f(x). Tourd x;Swy HA3BIBANTCA Y34aMU CETKU Oy PasHoMeprOd
cerkodl na [a, b] Ha3kIBaeTCa MHOMKECTBO TOUEK

W= {xi=ﬂ+ih, £=0, 1, ey N}, (2)

rae h= {b—a) /N — waez cerxu.

PaccMoTtpnM 2apady o NpHOJHMEHHOM BLIYHCIENTUH TPGH3BOIHBIX
GYHKURH #(X), onpeleeHtoll B HempepblBHOH Ha orpeake [a, b]. By-
JeM CYHTaTh, 4T0 u4(X) obaamaeT HeoOXOAMMOA NO XOLY H3JNCKEHHA
I1afKoCThIO. BBefeM cornacho (2) ceTKY o, H 0003HAYUM

w=ulx), g, == —w-)h,
Uei= (ufﬂ — ui)fhn b, = {ttie— ul’—l)f(2h)-

BoinncaHBLIe 30ech PasHOCTHLIE OTHOLIEHNA HAZBIBAWTCH, COOTBET-
CTBEHHO, 4¢80l, npasgold N YERTPAALHON PAIHOCTHBIMU RPOUIBOORIMU
pyuryuu u(x) ¢ rouxe x=x, Ecan Touka x, ¢uKcuposaHa, a wmar A
CTPEMHTCA K HYJ (0PH 3TOM [(—00), TO KaXI0€ H3 YHOMSHYTHX paz-
HOCTHBIX OTHOIIEHHUH CTPeMHTCA K 3HAUEHHIO NPOH3BOAHON dyHKUHU
u{x) B TOouKe x, [losToMy B KauecTBe MPUONHKEHHOTO 3HAYEHMS
w(X) MOXKHO B35Th JIOG0E M3 HTHX PAZHOCTHEIX OTHOWEHHA.

Hetpyauo moyyuts sbipaxenne Afs MOFPEUIHOCTH, BO3HUKAMOUIEH
NpH 3aMeHe AH(PPEpeHUNaNbHOrO BRIpAKEHHA PasHOCTHBIM, Paccemor-
PHM, HampHMep, JIeBYIO PasHOCTHYIO MPOH3BOJHYIO B TOUKE X=x; W
3amKuIeM ee B BHle

uix)—ua{x—~Ah
g = LR,



[To popmyae Tefinopa noayyum
u(x —hy=u{x) —hua'(x) + -Z—zu” &, L=x—hnux,

cleaoBaTebHG,

g =’ (5 — 1t (). ®

Morpewnocts g ; —«4’(x), BosHUKawWas npu samere AHddepen-
UHAJBHOrO BHPaMCHUA &' (X) pa3sHOCTHBHIM BHIpaKEUHEM iy 4 Ha3bi-
BAeTCH noZpewnocTr gruporkcumauut. U3 pasnoxkenua (3) srano,
YTO NOrpewnocTs annDpOKCHMALHK aABAdercA Beanuwncit O(h) npn
h—0. B 570M cnyuae roBOPAT, UTO HMEET MECTO GRIPOKCUMAYUS nep-
8020 nopadka.

IpusexeM pasaoxenns, avaroruunsle (3), mas ApYLHX pa3zRoCT-
HBIX OTHOMWISHE;

o= () bt (@), O (s xia), @
up =w )+ L0 @), e ), (5)

W3 pasnoxenus (5) BHAHO, 4TO UEHTPANbHAS PasHOCTHAsd NMPOM3-
BOAHAA ANOPOKCHMHUPYET 4'(X) CO BTOPHIM HOPAZKOM H, CACAOBATE/b-
Ho, ABJAseTcA GoJee TOUHBIM TPpUGAHXKeHHeM K u’(x), ueM Jesaf WM
npaBas pa3HOCTHRIE NMPOKH3BOAHKe. B nanbueiiiem wapaay ¢ (3)—
{3) GyzeM HCNOJb30OBATE MEHEe AETANbLHYIO 3AMHCh TeX XKe PA3NoKe-
HHi, a UMeBno

u; , =u, +0M), u=u,+0®, u:£=zt; 4 Q {h?).
Bropyiwo npousBoiRyio #”(X) MOXHO NpHEMHKEHHO 3aMEHHTD B
TOUKE XSy 6TOPOH PAIHOCTHONL Rpou3sodnoll
1 Uiy Qui -+ iy
Y= (e, — 15 ) = T . (6)

Pasnoxenne no dopmvae Telnopa NpHBOAHT K cAeAyWOLIEMY Bb-
padesl 0 44 TOrpemlHoCTH:

e — 1 () = 0¥ @), @)

T. €. HMeeT MeCTO anfpOKCHMAUHA BTOPOTO TOPAIKA.

Mo npuseau mpocrefiliie NpHMepH annpokchManun Anddeperi-
ANMBHBIX BRIPAXEHHH PAIHOCTHBIMH Ha PaBHOMepHOH cetke, B ofmem
ClIydae MOrpelWHOCTh, BO3HKKAIOIAA B pe3yibTaTe 3aMeHbl AH(depen-
UHANBHOTD BBIp2XKEHHA pa3HOCTHLIM, 3aBUCHT Kak OT pachpefeseHusi
Y3A0B CeTKH, TaK H 0T MAAAKOCTH (yHKIHY,

2. PasHoctHan KpaeBasi 3afava. [lepsasm kpaesad 3afaya ANA

YpABHEHHA
u”{x)=—f(x) (8)
COCTOHT B OTHICKAHHH (GYHKUHH «(Xx), ABaXKALl HenpephBHO AHpde-
2* a5



peHuupyemoit Ha wHTepBane (a, b), nenpepwiBtoil Ha oTpe3ke [a, b],
yaosnerpopsaiouelt ypasueuwio (8) npu x&(a, &) 1 A0NOMNHTENBHBIM

YCJOBHAM
u(a)':l-lh u(b)=p-21 (g)

rine p,, pe - 3aJadHble THCIA.

Herpynho noctporTh pewenke 3anaud (8), (9) B mnaze xpazpatyp. [lpeacta-
BEM u(x) B AHAe cyMMBl ABYX dyHKUHI:

ulx)=uvi{x)+wix),

[9:13
v"(x)=0, x={a, b}, vi(a)=m v(d)=pm, (10)
w”(x)=_-'r(x)r xe(a! b}: w(a)=w(b)=0‘ (ll)
Pewmennem zanaun (10) seasercs mivefivan GyHKUHS
b—x x—a
=— — 12
Pl = ot b (12)

Janee, unterpipyn ypanvedne (11), noayunm
¢
W) = () — S i (5) ds.
a

Hueterpnpya ewe pas npeamfynee COOTHOWIEHHE B YYHTHBAA YCAoBHe w(a)=0,
MOAYSIHM
*

!
wix) =(x—a)w {d —S ( F(s) ds) dt,

a

H3 yenoens w(b)=0 nonyyaem, uto

b ot
w' (a) = .bi—ag( f(s)ds)d!.

ia

H, CnefoBaTeNlbHO,

w (x) = Z:E f(f;(s) ds) df — f(j‘,f ) ds) 4. (13)

<& a

Peuwrerihe xpaesoft sazaun (8), (9) ecTh cymma dynxnu (12) u (13).

Has uncneunoro pewenns sanaun (8), (9) BBegeM Ha oTpeske
[a, ] papnoMepHyto ceTRy ¢ marom h coraacHo (2) K 3ametnm u” (x,)
BTOpOH pasHOCTHOH Npouseoiuofi uz, . Torna emecto auddepeHun-
aNLHOTO ypaBHeHHA (8) MOMYUHM PA3HOCTHOE ypaBHeHHe BTOPOro No-
pAika

iy, — et ou;
f=1 { le'_fi- (14)
h2
3710 ypaBHeHUe MOXHO 3anucaTh aas i=1, 2, ..., N—1, T. e. BO Beex

BHyTpeHHHX TOUKAX CETKH @ B IpAHHYHBIX TOYKAaX B COCTBETCTBHRB
¢ (9) crenyer NoMOXKNHTHL

He= L, HN='J.1. (15)
36



TakuM 00pasoM, mpuMeHeHHe PA3HOCTHOrG METOAA MO3ROJAET 3u-
MeHHTb HCXOAHYIO AH(pdepenunanbhyio 3agayy (8), (9) cucremoil us3
(N—1) nnwefiiptx anrefpauveckux ypapHeuud (14}, (15) oTnocu-
T€NbHO HEH3BECTHHIX fy, U, ..., Ux—y. CHCTEMA YpaBHennil (14), (15)
HA3WBAETCR PHIHOCTHOL CXemOf HAH pa3ROCTHOL Kpaeagof 3adaued,
COOTBETCTBYIOWEH Hexoanoll anddepennnanshoil zamaue (8)—(9).
B nansneiuem, 9tofsi He SBLTO MyTaHHUH B ofosHaueHnsx, 6Byjem
qepe3 u(x) oGo3HaYaTh pelwtenne anddepeBunatbHOl 3aa2UH | uepes
yi=y(x) — pelrenie pasHocTHON 3a1aun.

Urak, M DOYYHIH Pa3HOCTRYIO CxeMy

T
Yy yl+y”“1 =.__f£' £=I,2, ...,N—l. (16)

it

Yo=Hy Yn=Ha

B cBAzu ¢ 310l pazHocTHON cXeMOll BO3HHKANOT cheayiome npo-
6neMEl, KOTOPBIE THIHYHBL A4S PA3HOCTHLIX METOROB BOOGILE. Bo-nep-
BbIX, HCOGXOAHMO YGeauThCR, 4TO CHCTEMA JHHENHHWX anrebpanyecKux
ypasuenuit (16) mMeeT eAHHCTBEHHOE pelleHye, H YKa3aTb aJroputM,
NO3BOMAKILKE NMONYMHTbL 9TO petlenne. M, BO-BTOPHIX, HaZ0 NOKA3aTh,
YTO TIpH CTpEMJEHWH WAra CeTKH fi K HYJK pellleHHe pasHOCTHON 3a-
Aaun GyDeT CXOMMTBCA K peLIeHHKd UCXOAHOH Auddepentnanbrod
3apaud. BoupocH paspelliMMoCTH H CXOANMOCTH PA3HOCTHON 3a1auu
(16) Syayr ucenenosansl B 0. 6.

[Moctponm no awanornn ¢ (13) ToUYHOE peledHe pasHOCTHON 3371a-
ak (16). IIpeacrasnm y; B BuAe CyMMEl

yi=vtw, i=0,1,..., N,
rie
U =0, i=12, .., N—1, wv,=p, vy=p, (17)

Wy =—"Fn =012 .., N—1, w,=wy=0. {18)
3anuutem (17) noapoGuee:
Uiy —20+ U, =0, i=1,2,..., N—1,
D=1y, Uyx=Ng,
H 3aMETHM, YTG COOTBETCTBYWOLLEE XaPAKTEPHCTHYECKOE YpaBHEHHe
§°*—2¢+1=0

uMeeT KpaTHhlft Koperb ¢=1. [ToatoMy coraacuo (25) us § 3, pelue-
HHe pPa3HOCTHOH KpaeBoil 3afaun (17) uMeer Bup

U= (I _NL) Hy - i,Pz-
Yyutaeag, yto

i xl--—a
N o b—a '
MOXHO 3a1HCaTh U; B Bifle, aHanoruyHoM {12}, 1. e.
b—x; X, —a
U= . 19
i b—apl—l_b-—apz (19)

a7



HafigeM siBHoe BHIpaXewde AAs w; [lad 3Toro mepenHiueM ypas-
Hende (18) B BUNE

u w; ;= —hfj, j=1,2, ..., N—1,

b ——
x, i+l x
¥ npocyMmupyes no f ot 1 no k. Torna nonyunM

&

Wk = P21 — 2 hi i

i=1

HIH
#
Wy — W =hwg — 1) hf;, k=1,2, .., N—1L

i=

CyMMmupys nocaesree ypapsenne mo k ot 1 10 i—1 ¥ yyurHEBaf, 4TO

w,=0, Nnoayunm
{=1 3

w; == ihwg | — 2 h Z hf;.

=1 f=1
Otciofa v U3 yeosus wy=0 HaxoluM

| Ak
Wy, = RDIRU

b—a
k=1 f=1
CAenoBaTeNLHD,
gVt f - R
w; = b —a 2 h Zhh —'Z hz hff, 5=2y 3! ey N_lt (20)
k=1 =1 k=1 [=1

N-1 13

w, = ’::;’ > b D) A

k=1l f=t

®opmyna (20) ssagercd PasHOCTHEIM aHAJOTOM bopmyant (13).

3. Hekoropeie pasHoCTHHIE TomxAaecTsa. [las CeTOUHBLIX dbyakouit
BLINOJHAIOTCH PasHOCTHHIE aHAJOTH HEKOTOPHX QOpMYJ Andepenus-
ANLHOTO H HHTErPaAbHOTO HeuucHenus, Jad NMpOCTOTH H3A0XKEHHS
GyneM paccMaTpHBATh papHOMepHyio ceTky (2). PasnocTHuMH aHa-
noramu HopMyasl AuddepenunpoBaHA NPOH3BEAEHAN (uv) =u'vt+
+uy” AapARIOTCH TOXAECTBA

(yU);,E = _l{sf»';_; + 06-151‘,;.‘-»

(yv)x,f = Hillx,i + Yy, Vin (2])
Cymmupya (21) mo i ot I no N—1, noayunM
N=vr Nt

YUy — U = Z hye+ 2 hyilin
i=1 =1
HIH
N—1 N
Z Iy vy =— 2 hy;‘;ﬂr + ynvnw — Hith.

=1 i=2

i3



Yuureisag, 4ro

hoy =0, (4 — Yo} + Ny =hory;, + g,
noJyuum
N N

D= — 3 oy ,+ gty — Yooy
[£23] i=1
O6osnavas
N=1

(w, ) = 2 hwz;,
i=1

(22)
N
(@, 2] = >} hwiz;,

i=1

NepenHiieM NocAefHee TOXIECTBO B BU e
(y! Ux) = (09 y;] + YvUn — Hol't. (23)

Toxnectro (23) siBaseTca pasHOCTHHIM AHANOTOM (hOpMYyAH HHTe-
TPHPOBAHNA 11O YACTAM

] ]
(oW @ds=—{v@y @dr+yO) O —y@v@

H Ha3bIBAETCH OPMYACHE CYMMUPOSBARLR RO HOCTAM,
4. PazHocTHAA 320443 HA COGCTBEHHME 3HAYECHMSA. 3apmaua ua cof-
CTBEHHEIE 3HAYEHHA

w’(x)+au(x) =0, a<<x<b, u(a)=u(b)=0 (24)
HMeeT pellienne

?\k=(_~£k_)s' ue(@=sinE=D - p_y o

b—a b—a

Pacemorpim Ha pamuoMepHOll ceTke (2) pasHoCTHHIA aHa’or 3a-
daun (24),

Yio =29+ 4 :
-1 hnf ,f'l'l_]_l[h}y!:O' I=1’2"'.' N‘_l' (25)

Yo=yx=0, hAN=b—a, y;=y(x), xy=a+tjh.

CucreMa ypaBuenuii (25) npesacrapaser coboii 3anayy Ha colcrTaeH-
Hbl¢ 3HaAgeHUA

Ay=rMy
AT CHMMETDHYHON MaTpHILEI
-2 —y O 0 ... o o o0
-1 2 -1 0 .. 0 0 0
A— 0 —1 2 —t ... 0 0 9
0 0 o0 0 -1 2 —I
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nopaaka N—1. [TosToMy cymectayet poBHo N—1 peulecTBeHHBX OG-

cTBEHHELX 3Rauennit Ay, k=1, 2, ..., N—I1, marpuust A. [octpoum
B SBHOM BHie COGCTBERHblE 3HAaUElHs H COGCTBEHHbE GYHKLHH 321a-
g (25).

[MepenuuieM pasHocTHOe ypaskenue (25) 8 BuRe

Yio— (2— )ty =0,  pu=h2", (26)
H pACCMOTPHM oTBedatomee (26) xapaKTepHCTHYECKOE ypasHEHHe
¢—(2—p)g+1=0. (27)
Qdbwee pewerne ypaBHeRAs (26) aMeeT Bun
i =]+ c (28)

rfie £,. ¢.— HNPOH3BOJAbHEIE TOCTOAEHEIE H ¢y, §:— KOPHH YPABHEHHA
(27). U3 rpainuHbIX ycaoBhil ¥y =yy =10 monysaem

640 =0, ¥+ gy =0.

dTa OAHOPOANHARA CHCTEMA YpaBHEHH HUMeeT HeTPUBHAJLHOE petle-
HUe TIpH YCA0BHH

9 =q;.
Yuuteiad, uto ¢g,= 1, IPHXOAUM K VCJAOBRHIO
W= ] (29)
QOTciona, npeactasins ¢, B TPArOHOMeTPHUECKON dopme
q1=pe",
noayutiM p=1I[ H
nk
=, k=12, .., N—L 30
="y (30)

C npyroil cTOpOHbI, U3 ypaBHeHHA (27) umeeM

a=1-%+ ]/(1 — 1,

cos ¢=1—0,5¢,

¢nefoBaTebHO,

H 13 (30) moayuum

— — =4 sin?L —4si g TR
p=2(1 —cosq}==4sin 5 sin®
Takum 06pasoM, coGcTBeHHse gncaa 3afgadn (25) umeroT BUA
A =t ™ p=1,2,..., N—1,
P T N 1 @)
rie AN =b—ua.

Co6erseHHble GYHKIKH y; BHUMCHARTCA coraacro (28), rae ¢,=
=—¢,. Tak k2K ¢,4,=1, TO

yi=a g — ) =c, (gl — g =a(ele —ee),
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rae ¢ onpeneneno coraacho (30). IMonaraa ¢, =—0,5, noayunm

g}.’ﬂ=sinn—§, koj=1,2, ..., N—L (32)

CotGicTBennble ¢yHKUHE (32) onpefeleHbl ¢ TOYHOCTBIO AC NMPOH3BOAD-
HOTO NOCTOAHBOTO (He 3a-  , .4
BHCSTLIETO OT j) MHOMATENA. o
HuTepecno conocTaBATh
pewenud uddepedrHanb-
ot (24} w pasHocTHOH
(25) 3anav nHa colcTBeH-
Hble 3HaueHuA. 3HaYeHHA
cOGCTBEHHBIX PyHKUA (32) J000
pa3HOCTHOH 3amayn CoBma-
JaT B TOUKAX CETKH CO g
3HAUEHHAMH COOCTBEHHBIX ppe 3, CoGcrmenmme sHagenus nnddepenumnans-
¢yaruuit oHQepeRuHaNb-  woi 3agaun (CnMOWHAaA ¥epTa) W PA3HOCTHOH
Hoft zanaud. Coektp ZXud- CXeMB
depeHIHATBHOR 33444H He
OrpaHuuet, T. €. Ay—-00 MpH k—-00, B TO BPeMsA KaK CHEKTP PA3HOCTHOM
3a2ayy OTPaRUYEH CBEPXY NPH KAXKEOM (QHKCHPOBAHHOM Lare A uncioM
4h=2, Jlng Kaxaorc GHKCHPOBAHHOTO HOMepa R=lFk,, e k, He 3aBHCHT
oT h, cobcTBeHHBe 3navehus AY) pasHocTHofl 3afauM cxogsaTcs NPpH

h—0 K cooTBeTcTBYIOIEMY COGCTBEHHOMY 3HaueHuio A, AnddepeHuH-
ANBHOM 3a74a4n, T, €.

3
lim L sin? 288 ( nk ) = Dy
PR 2 (b—a) b—a

25090

108081

T

IMpu sToM cofcTBeHAble 3HAYeHMA pasHocTHOH 3ajaud (25) Beeraa
MeHblIe COOTBETCTBYICIIMX COOCTBEHAHX aHaueHHl Auddepennuaib-
Holt 3anaun (24). Torpeurnocts A—hy’ MHHHMadbHA ANA MaJbX HO-
MepoB & H CHJIBHO Bo3pactaer ¢ poctoM 2 Ha puc. 3 naoOpaxeHu rpa-

¢ukn A, (cnaowHas uepta) H A" B 3aBHCHMOCTH OT HoMepa %2 1A
3navendi a=0, b=1, N=25u N=50.

5. CeoiicTBa cOGCTBEHHBIX 3HAueHuilh W COOCTBEHHEIX $YHKUEA.
ITepeuncanm cpoiicTBa coOCTBEHHBIX 3HAYEHH{I H coBcTBEHHHX (BYHK-
umii pasHoctHoll safayn (25). Ilpexae Bcero w3 (31) BRAHO, YTO

0< i <A< L <MLL :—,
Tocaennee HepaBeHCTBO HEYAYUINaEMO, TAK KaK
A, = 2 cos? .
h® 2(6—a)
H cos® 2(%;)——»— 1 npu A—0. OueHKY CHH3Y 1713 HaHMeHbUlero
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CcOOCTBEHHOTO 3HAYEHNs A, MOKHO yTouHuThb, (O603Hayana a=
=nh{(2(b—a)}}, nonyunm

: 3
MM "-""}"1 (smo& ) ,
@

2
T
roe A, == (b a) — HauMeHblllee coBCTReHHOe 3HadeHHe AHbdepek-

unanabHoil 3anaun. He orpaHyuuBasi o6GMHOCTH, MOXKHO TIPeANONOKUT,
uto i< (b—a)/3. Toraa o< n/6, u NOCKOABKY (yHKUHA sin afa Mo-
HoTOHHO yOrBaeT npH (0, n/6], noayuum

(=)= (18 -2
o 2a nt
A =910 — a)t. (33)

TakaM o6pasoM, HaRMeHblee coGCTBeNHOE 3HaYeHHe 3afayn (25)
OTAEJIEHO OT HYAs koHcTaHTofl §,=9/{b—a)?, He zaBHcautell ot A.

INokaxem Tenepb, uto coberBednble Gyuxumun (32) samaun (25),
OTBEUAKOlIHE PA3NMHYHBIM COBCTBEHHEIM 3HAUEHHAM, OPTOLOHANAbLHH B
CMHIC]Te CKANAPHOrO MPOH3BEAEHHA

N-1
(u, v) =) ujuih. (34
=1
3anuuiem ypasHenue (25) ana yuxkunfl y™ u y 8 Buge
¥+ =o, (35)
Yo M =0, (36)

Ymuoxum ypasdenne (35) ckansapuo Ha y', ypaeHenue (36) —

Ha ¥ H BHIYTEM H3 NEepBOro MOJNYYEHHOr0 paBeHCTBA BTopoe. Toraa
OyaeM HMeTh

G2, ¥ — @2, @) = 8" — M) (g, y), (37)

H3 pasnocTHoro amajora GbOpMysAH HHTErDHPORAHHA NO yacTaMm (23),
yunThiBas ycaosus g ==y == 0, noayuum

%) @
e YN =— (5, 47]
H TOYHO TAK XKe

[§] & kY il
Won 40y =— (5, 1 =— (&, 1.

x 1
CrnefoBaTenbHo, Jesas yacTh papeHcTBa (37) ofpawaerce 8 HYAD,
® nockonbky A=A mpn k<=1, nonyuaem

(4™, yM})=0, ecan k==L
MHoXecTBO GyHKIHiT

!)'=(yo. yh yz,---.yu—n yN)' yj=y(xj)v

3afaHHHX Ha ceTke (2) H YAOBJIETBOPHIOIUAX HYJEBBIM TPAHHUHEM
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YCIOBHAM Yy, =yy=0, o6pasyer (N—1)-mepHoe nuneiinoe npocTpaHcT-
Bo H OTHOCHTEJbHO MOKOODAHHATHOTC CJOKEHHT H YMHOXeHHd Ha
yrcao. CoGetBennre dynrunu y®, k=1, 2, ..., N—I, 3agaun (25)
OPTOTOHAJNbHL H, C/IeLOBATEAbNO, JHHeHHO Ke3apucuMmbl B H. Tem ca-
MHM MHOXecTBO cofeTBeHHblX QYHKUH{ 3ajaun (25) obpasyeT opTO-
ronadapHeulél 6asuc B f1. HetpyaHo mokaszarth, 4To

N=1
Ly P =3 @R =05b— a)
f=1
Aas Bcex k=1, 2, ..., N—1. CneaopaTte pio, MHOMECTBO COGCTBEEHBIX
dyukmmi p, k=1, 2,..., c KOOpAHHATAMH

2 . kj .
!'l}k]:]/b—asmn_ﬁj’ j=1,2, ..., N--1,

o6pasyer B H opronopmuposaduuil 6asnc. JlioGo#i saement y&f
MOXHO eJHHCTBeHHEIM 00pa3oM npeacTaBHTb B BHAe PasJoXenH:
N=1
y=>3) ATLUN

k=1

6. PaapewHMOCTh H CXOAHMOCTD PA3HOCTHOR 3apayd. ObpaTHmcs
K HCCcAeAOBaHHIO pasHOCTHoft 3afavn (16). Tlpexae Beero Tenepb
MOJKHO VTBEPHKZATh, 9TO CHCTEMA JIHHeAHRLIX anreGpanyeckHx ypaBHe-
Huit (16) HMeer eaMHCTBeHHOe petteHne, JeficTBUTENpHO, B NPEAHIRY-
WeM NyHKTe NOKa3aHO, 4To MaTpuua cucreMnl (16) He nmeer wyae-
BbIX coGcTBeHHBIX 3Havennit. [lostoMy oTsevawmas (16) oanopoaHas
CHCTeMa ypaBHeHHil

y;_1_2yi+yi+1=0, £=I, 2, ceny N"—l, y0=yh‘=0

HMeeT TOJbKOG TPHBMaJAbHOE pelleRHe H, CAeNOBATENbHO, HEOAHOPOU-
Had cucTeMa (16) HMeeT elHHCTBEHHOE PellIeHHe.

HccrenyeM CXOOAMOCTE GpH A—0 pelleHus pPa3HOCTHOI 33134
(16) k pewennio HcxoaHolt aAnddepenuuanpHoil 3anaun (8)—(9).
Q6o3nayum uepes

2(=ys—u(xs), Xi=wn,

nozPeunOCTy 8 TOYKe X, T. €. PA3HOCTb MeXKAy pelIeHHIMH 3ajlad
(25) u (8)—(9). Noacrasasa B (16) BMecto y; cyMMy zitu(x), i=
=1, 2, ..., N—I], noayuysM, 4T0 MOrpeliHOCTb YAOBJETBOPAELT PasHO-
CTHOMY YPaBHEHHIO
2y — 22, 24y
Y]

=_‘l~‘c‘: £=la 2! ceny N'_l! 20=2-'\’=03(38)
Fle

Ve=ug, +f 39

Cetounan GYHKUMS ) HA3LIBAETCS NO2PEUIHOCTOI0 annpoxcumayui
WIH Heaa3rod pasHocTHON cXeMul (16) Ha pellleHHH 3afaiH (8)—(9).
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3anncerBas 4 B Bl
o= (ug, ,— " (1)) + @} + 1)

H yuHTHIBaAf, YTO corMacHo (8) mHMmouHsAeTca paeeHctso u” (x)+f,=0,
NOJYUHM

$i ==y, —u" (x).

Pasnoxetne no dopmyde Tefiiopa nokaspiBaer, 4to ecad w'¥{x)
orpaHiyena, 1o P;=O{#*) npu h—0. [To 3T0il NpHYHHe TrOBOPHAT, YTO
pasHocTHan cxeMa (16) umeeT 8Topoldl nopadox annpoxcumayun Ha
pewenun ucxodnofi 3adawu (8)—(9). Hawma Gauxaiimas weab — no-
Ka3aTh, 4yTo cxeMa (16} cxonutcs, T. e. 2—0 npr h-—0 u, Gosee Toro,
HMeeT BTOPOH MOPAAOK TOMHOCTH, T. &. 2,=0 (A?).

BocnonbayeMcst BO3MOXKHOCTBK) NOMYYHTb petleHne 3anaud (38)
B ABHOM BMAe. ¥paBHeHne (38) otriHuaeTca OT H3YYEHHOTO padee
ypaeuenus (18) Tombko ofo3naueHuAMH. TTostoMy coraacHo (20) pe-
mwedue 3agaqu (38) mpeactamaseTca B BHAE

x-—a]N"l & = 3
&= b_aZhE h‘pf—z hZh‘p‘;‘, j=2’3’--" N’ (40)
=1 Jj=1 k=) =1
N-1 R
n=hb—a 3 Y A
k=1 =l

M3 pasnoxenns no popmyne Tefinopa
" #
g = (o) + ¥ (@)

# orpaunuennoctu #'V(x) caeayer, uTo cyulecTeyeT moctodHHas M, >
=0, ue 3aBucALIad OT A H OT j H TaKaf, UToO

[y ssMRE, j=1,2, ..., N—L
Tostomy u3 dopMyast (40) cnefyer oueHka

Iz‘_]ﬁg‘(Mlhg)[Zf‘-a hg(N—gl)N_l_hg l(lg—l} ]’

a

| (M) [Ni (N—1N$i(— 1)]-’-‘;—.

Bulpakensne B KBaApaTHhix ckoGxax pasuo {(N+i—2) u ouexnsa-
eTca caepxy uncaoM 2N% Takum ofipasom,

[ 2] < (M) Nt = M, (b—a) e,

1. e |z|=0(*) mpn h—0,i=1,2, ..., N—1. B 31OM caydae rosopar,
YTO CXeMa uMeeT 8TOpoll nopadox TOUHOCTH.

OTMeTHM, 4TO TIpHBEAEHHBIl 3fleck €NOCO0 HCCMETOBAHHUA CXOMK-
MOCTH, OCHOBAHHBI! Ha SIBHOM NPEXCTABJAEHHMH pellieHdsi Pa3HOCTHOR
3afaun, HENpHIOAeH AJas Godee clOXHBIX 3ajay. [lpyrne MeTOAB HC-
CAENOBAHUA CXOXHMOCTH P43HOCTHBIX cxeM H3naraiotea B dacru IIL
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7. Metog nporonkn. Cuctema ypaeneruét (16) npencrasasfer co-
Goil yaCTHEIA cayuail cHCTeM JHIeliHbIX aareGpaHyecKHX ypaBHeHHi

Ay=f

¢ Tpexanaronanbtofl Martpuueit A=[a;]l, T. e. ¢ Marpuuedi, Bce 3Je-
MeHTH KOTOpOH, He JexalllHe HA rAaBHOH H ABYX AOOOYHBIX AHArOHA-
AAX, paedpl HyAle (a;=00pH j=>i+1 u j<li—I}.

B oGweM caydae cucTeMBl JHHE{HBIX aarefpaHyeckHX ypaBHeHHH
¢ TPEXAHATOHANBHON MATPHIULH HMEIOT B

ay;-—cui by =—f, =12, ..., N—1, (41)
yo=%1y1+uh y~=Rzy~—1+uz- (42)

Ja YHC/IEHHOr O pPELIeHHA CHCTEM ¢ TpeXAHArOHaJdbUBIMH MaTpH-
aMH OpUMEHSETCA MeTOJ npPo2ONKH, KOTOPHIH NpeiacTaBaseT coboil
BAPHAHT METOJA NOCIeJOBATENBHOIO HCKNAIOYEHHs HensBecTHHIX. Oco-
GeHHO WHpPOKOe NpHMeHeHHe MeTof, MPOroHKH MOJAYYHJ NPH PelleHHH
CHCTEM pa3HOCTHBIX YPaBHEHHHA, BO3HHKAIOIHX MPH ANNPOKCHMALUH
KpaeBblx 3aflay AAs Add¢epeBRUHANbHEIX YypaBHeHHH BTOpOro mo-
pAnKa.

MMpupeseM BHIBOA pacyeTHHIX (GopMyJd MeToAa Nporonkd. bBynem
HCKATH peerne cHCTEMHl (41) B BHAe

yi=ai+lyi+l+ﬁi+h jf:Os I) “aey N_lt (43)

TAe ¢rji, fyer — HEH3BECTHBHE NMoKa Kodhduunentol. OrCioAa naitzem
Yia =y Br = e (e nfin + Bre) + B =
=otinyin @B +B) i=12 .., N—1L

MoacTapasan NOAYYEeHHBIE BHPAXKEHHA AAA Y; Y-y B YPABHEHHE
(41), npuxoaum npu j=1,2,..., N—1 K ypasHeHHIO

Lotses (@s—¢;) F05) 500+ [ Byss (@0—5) Faftf51=0.

TMocaearee ypasnende Gyaer BLINOAHEHO, eCHH KOIPHHUHEHTE
@je1, Pi+y BHIOPATH TAKHMH, Y4TOOH BhipaXKeHHA B KBaAPAaTHEIX CKoO-
Kax ofpaurauch B HyJb. A HMEHHO, JOCTATOUHO NONKOKHUTD

b, a:Bb: .
cc1"+l.'=_f_l ﬁ;‘+1=m—t I=ll 2s ey N_I°(44)
C’;—(l’:a,; Cf-—-d.lﬂf

Cootdouenus (44) mpeacrapasnioT cofoil HedHHelHBIe Pa3HOCTHEHIE
ypaBHeHUsi nepeoro nopsika. Jlas Hx peltieHus HeoGXOAMMO 3aLaTh
HauaabHble 3HAYECHHS o, By JTH HayaJdbHHE 3HAYECHHA HAXOAHM H3
TpeboBaHis 3KBUBANEHTHOCTH ycaoBuA (43) npu j=0, T. e. ycaoBUA
Yo=0.4, +p:, NepBOMY U3 ypaBHeHHA (42). Taxum oGpasoM, noayuaem

a =%, Pi=p. (45)

Haxoxaenne KoshOhHIMEHTOR ¢y, Py N0 dopMyaam (44), (45)
HasbiBaeTca npamod npozouxod. Tlocme TOro Kak MpOroHOYHEE KO3(-
GUIAEHTBl e, Pres f=0, 1, ..., N—1, Halinedsl, pewienne cCHCTEME
(41), (42) HaxoautcA no pekyppeHTHOH (opmyne (43), HaunHad C
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f=N—1. Nna navana cuera mo stoit dopmyie Tpedyerca 3HaTh Y,
KOTOpOe onpefensdeTcss H3 ypaBHeHHH

Yn=Halfn-y T2, Yny=axYxtfn
H paBBo (n:fatpz)/(1—nszy). Haxoxaenne y; no gpopmyaam
yf.=af+lyf+1+ﬁf+lt .’.=N__1’ N—Q, 4-4’09
Haby -+
v = _M (46)

1 — Hollps

Ha3uiBaeTea 00ParHod npo2onKold. ANTOpHTM peulesins cHeteMH (41),
(42), onpenendeMuilt no dopmynam (44)—(46), vasuBaetrca merodom
r[zpo]eomcu. [TpuMeHsitoTesl M APYTHe BApHAITHL METOAA TIPOTrOHKE {CM.
az).

MeTos NpOTOHKH MOKHO TPHMEHSiTBH, eCJAH 3HAMENaTeNH Bmpame-
HEl (44), (46) ne ofpawatotca B ByJab. [Tokamem, uto dasn eo3mox-
HOCTI npuMeRenus meroda npozoHxu docrarouno norpebosars, 4To-
6ot koaphuyuentor cuctremar (41), (42) ydoasaerTsoparu YCa08UAM

a0, b3%0, |c|=|a) 18], i=1, 2, ..., N—1, (47)
|2 ] <1, [x2]<<L (48)
3ameTHM, 4yTO yucaa a; by, ¢, #,, %, MOTYT GHITE KOMILIEKCHLIMH.
CHayana JOKaKeM No HHAYKUMH, YTO npH ycaoBusx (47}, (48)
MOJY/IH NPOroHOUHBIX KoshduluenToB oy j=1, ..., N—I1, Be npepoc-
xogat eannuusl. Cornacuo (45), (48) umeeM |ey|=]|x,| <<1. Hpeano-
JoxuM, uto |e;] << 1 419 HEKOTOPOro j B AOKaXeM, uTo [y, |<1. U3
OLEHOK
lem—aa) = ta|—|allal =t el —(al |
u ycrnoBuil (47) nonyuaem
|e—asay| 2= | ;] >0,
T. e. 3HaMeHaTenu BuipamxeHnfi (44) ne ofpawanTes B HY.Ib. Dojee
TOTO,
1 9; |
1°‘f+1|= +5—*’: 1.
;c!—-ajaj
Cnenosartennto, |ay|=<<1, j=1, 2, ..., N. Jlanee, y4nTHEAR BTOpOE
n3 ycaosnit (48) M TOMBKO YTO ODOKA3aHHOe JepaBeHCcTBO |ax!| =1,
HMEeM
| 1—2son | 22 1— [ ) |on | 22 1—] 22| >0,
T. e. He ofpainaercs B HYAb H 3HAMEHATEAb B BHPAXKEHHH A5 Yy.
K aHalorHuBOMY BEIBOAY MOXKHO NPRITH H B TOM cJydyae, KOraa
yeaosusa (47), (48) zaMeHAOTCS YCAOBAAMH
a0, b0, |¢|>|al+|b], i=1,2 ..., N1,  (49)
EXESREEAESY (50)
B atoM cayuae n3 npeanonoxenns |e;l <1 cneayer
le—a| =1 ed—la 1> 0], o <1,
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T. e. Bce Nporonodnbte kophHUHEHTH, HAYHHAS €O BTOPOro, N0 MOMY-
Jio cTporo Menbuie eauHuubl. TTpu 310M | l—wptn| 22 1—| x| |on) =
_‘_:-‘3 l—lar\rl >0

Taxkum 06pa3oM NpKH BHNOAHERHH yenosril (47), (48) (rax xe Kak
# ychaoprfi (49}, (50)) cuctrema (41)—(42) 3KBHBAJEHTHA CHCTEME
(44)—(46). ToaTomy ycaosra (47), (48) (uau ycmosus (49), (50))
TApaHTHPYIOT CYLIECTBOBANHE H €[UHCTBEHHOCTb DEWIGHHS CHCTEMB
(41), (42) ¥ BO3MOMHOCTb HAXOMICHHR ITOTO PEUIeHHS METOAOM TIPO-
rouxkH. Kpome Toro, noxkasanubte HepaBeHersa |oy| =<1, fj=1,2, ..., N,
ofeceynBaloT yeToliuMBOCTb cueTa o peKyppesTHHM dopmynam (46).
TTocaeanee o3nauaer, 4TO NOTPELIHOCTb, BHECEHHAA HA KaKoM-AHGo
uiare BBIYHCAEHHHA, He OYJAeT BO3pacTaTh NPH MEPEXOMie K CASAYIOHM
waraM. [eificTBHTenbHO, NycTh B dhopMyne (46) npu j=j,+ 1 BMecTo
Y5,+1 BHIUHCACHA BEAHYHRA §41 =Y, 41+ 85,4 TOMRA HA CAeayIOIEM LIATE
BHUYHCAEHHH, T. €, NPH j=j,, BMECTO ¥; = s ilficr1+Pisr MOAYIUM Be-
JAHYHHY  §5, = 0op {Yiorr + 8441} + B B TIOTPEUIHOCTE OKAXKETCA PABHOM

61"0 =¥li.,— Y, =af.ua;'.+1.-
Orciofa moayaum, 4to |8;] << [ 18501 ] =< [8444], T. € TOTpemHOCTS
He BO3PACTAET,

OTMeTaM, YTo AJA pa3HocTHON Kpaesoit sagauu (16), aanucanHoM
B BUAE

Y =24y =—h,  j=1,2, ..., N—1,

HMeeM a;=b;=1, ¢;=2, u,= 1, =0. [loaToMy BRINOJHEHH YCIOBUA YCTOiR-

uHBoCTH {47), (48) B pemedue sagaun (16) MOKHO OTHICKHBATL Me-
TOAOM NPOTOHKH.



JACTb I
YHCJHEHHbBIE METOABI AJIFEBPLI B AHAJIH3A

ro7ABA L
APSEMBIE METOAL]I PEIMEHKA
CHCTEM JIHHEHHBLIX ANFEGPAHYECKHX YPABHEHHH

B raasax 1, 2 paccMaTpuBalOTCA YHCIElBe MeTOALI Pellelnns cH-
cTeM JHHEANBIX anreGpanuecKiX ypasleluk

Ax=f{, (1
rae A —wMatpHua mym, x= (X, Xs, ..., Xn) — HCKOMBI BEKTOP, f=
=(fi, [y, -..s fm)T— 320aunntit BextOp. [lpeanomaraercs, uro onpee-

AATeNb MAaTPHUE A OTJIHUEH OT HYJS, TAK UTO PelieHHe ¥ CYLIeCTRYyeT
n eamnncreenno. Jaa GoAblIHHCTBA BRIYHCAATENLHLIX 3ajJa4 XapaKTep-
HLIM siBJseTca OoJabwioit nopanok Matpuun A. M3 kypca aarefpsl H3-
BECTHO, UTO CHCTEMY (1) MOMKHO pelIHTh No Kpafinell Mepe IByM$ Cro-
cobamn: anbo no gopmynam Kpamepa, au6o MeTOIZOM MIOCAEA0BATENb-
HOTO HCKJIOYeHHa HenasecTHHX (Merofom [ayeca). Tpu 6oabwux m
nepeuit cnocof, oCHOBAHHBI{ Ha BLEIYHCAEHHH onpeaesnTeneii, Tpebyer
nopagka m! apugMeTHuecKHX AeftcTeiil, B TO BpeMs Kak metog layc-
ca— 1oapko O(m?®) meiictsnit. TTosToMy MeToR I'aycca B pasanyrbix
BapHaHTaX WHPOKO HCNOJB3YeTCA NpH pewennn na IBM zagay auneii-
HOI anrebpul.

Mertoabt udcaeHHOro pelwerns cucteMsl (1) AeasiTes Ha ABe rpyn-
NE: NpAMBIE METOAL H HTEPAUHOHHLIE MeToAbl. B npsMux {(nav tou-
HBiX) merodax pemenne x cheTeMsl (1) HAXoAHTCA 332 KOHEYHOE UHCAD
apudMeTHYecKrX pelicTBRi. [TpuMepoM NpaMoro MeToka sBIACTCA Me-
tod [aycca. OTMETHM, YTO BCAEACTBHE NOTPEMINOCTeH OKPYITERHS NPA
pelueHnn 3ajxaqd Ha IBM npameie MeTOAB Ha CaMOM JleNe e NPHBOAAT
K TOYHOMY peilleHHI0 CHCTeMB (1) H Ha3bIBaTb WX TOYHbLIMH MOXHO
JHIE OTBJEKAACH OT NorpewHocTell okpyraenna. ConocTaBlente pas-
JAHYHEIX BPAMBIX METOAOB MPOBOAHTCA OGLIYHO MO YHC]Y apHPMeTHUE-
ckux ZeficTBRil (a elle "awe — no acHMNTOTHKE MpH GOALLIHX M YHC-
Ja apupMeTHUecKHX AeHCTBHE), HEOOXOAUMBIX AJs NOJMYYEHHA penle-
nus. [Ipn npoynXx paBHHX YCAOBHAX NPEANOUTEHHE OTIAGTCH METOLY C
MEHBUIHM YHCIOM DeHCTBHH.

Hrepayuonnsie serodst (HX HA3HBAKT TaKKe merodamy nocaedo-
6ATEALKLIX NPUBAUNCCHUT) COCTOAT B TOM, 4TO peluerke X cHeTeMbl (1)
HAXOANTCH KaK NPeaesa NpH A—-00 TOCAENOBATEAbHHX NPUGIHKeHUui
x'"® tne n— yomep urepaunn. Kax npasuio, 3a KoHeyHO® 4HCNO lTe-
paunii 3ToT Npefes He goctHraercs, QOGHYHO 3a1aeTcsa HEKOTOPOE Ma-
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soe ameno £>0 (TouHOCTh) H BBIUHCAEHWS TPOBOIATCA A0 TeX TOP,
NIOKa He 6}’1[81" BLIMGQJHEHa QUeHKa
N —xll < e. (2)

Uneao urepanuit n=n(e}, KOTOPoe HEOOXOAHMO NPOBECTH 117 NO-
Jyuernda 3alaHBOHd TOUHOCTH & (T. € AJf1 BHINOJHENHSA OLENKH (2)),
K75 MHOTKX METOZOB MOMKHO BaHTH M3 TEOPETHYECKHX paccMOTpeHHi.
KayecTBO pasnH4HbiX HTEPalHOHHBIX NPOLECCOB MOKHO CPABHUBATE NG
HeoGXORHMOMY uKcay uTepanuit n(e).

K pemennio cHeTEM JMIHEAHBIX aAreGpanyeckux ypaBHEHH ¢BOIHT-
¢sl ToAABAA0Iee GORbLWIANCTBG 33124 BRIMHCJAMTEABHOH MAaTeMaTHHH.
B nacToRnlee BpeMsi NPSINOKENO KOAOCCANbHOE KOJANFECTBO dATOPHT-
MOB peledns 3a1ay JHHeRHOf aarebpul (cM. [8, 35]), GOABIIMHCTBO
3 KOTOPHX PacCUHTaHO HA MATPHLEL A CNENNAMbHOr0 BHIA (Tpexaua-
ronanpliible, CHMMETpRUHLE, Jentoulibie, §oAblline pa3peRedHbe Mat-
pulk).

[TpsaMble METOIb, KOTOpHE pacCMATpHBAIOTCA B I 1, #e npeano-
JIaTaioT, YTO MATPHIA A HMeeT Kako#-An60 cnenHabHBIR BHA. Ha npak-
THKE OHH NPHMEHANTCS ANS MATPHU YMEPEHHOTo MOopAlKa (nopsaxa
cta). HTepaunonnible METOAE, pacCMOTpemibie B I 2, MOXHO NpHMe-
HITb M JJISl MaTpHIL BHICOKOTO NOPAAKZ, CANAKO HX CXOAHMOCTL HE
ouenr GeicTpan. Dosee cosepuieniie NpAMbE H UTEPALUOHHLIE METO-
Ibl, YUUTEIBAIOMHE CTPYRTYPY MATPHLLI, H3JAATalOTCA B HACTH 1L

§ 1. Merox I'aycca YuCA@HHOTO PELIEHHS
cHCTEM JUHERSIBIX anredpanyecknx ypasHeHH#

1. OcHoBHag HAes Mertofa. B Ganxaiiux ABYX rAaBax paccMar-
PHBAKTCA YHCNEHHBIE METOObl pellchAns CHCTEMEI JHHEAHBIX a_.nreﬁpa_n-

YyecKHX ypasHennH
Ax=f, (1)

roe A-— BeliecTBEHHAR KBajipaTHas MaTpuua nopaaka m, a f—sa-
JIAHHBIA H x — HCKOMBI BeRTOpH. Dyaem mnpeanojarath, 4To onpele-
JAUTedb MATPHIEL A oranyen ot Hyad. Toraa ans KaxAoro BEKTOpa f
cHeTeMa (1) HMeeT eAHACTBEHHOE PELIEHHE.

3anuem cucteMy {1) B pa3pepHyToM BUAE

11X + 10Xy + ‘s ’J[- AmXm =f1t
aglxl + agzxg + L] —l— azmxm = f2t (2)

P T T T I I

puXy + GmeXe + oo+ Gmm¥m = [,

Metox Taycca pemenus cHeTeMEl (2) cocTOWT B MocienoBaTebHOM
HCKAIOHEHUH HEN3BECTHBIX X, Xy, .., Xm H3 9TON cHcTEMBL Ilpeamnosno-
®uM, aTo ¢, 7=0. [Togenue nepeoe VpaBHeHHe HA d, MOJSYUHM

XiFepxet o Fomta=Y, (3)
rae
a »
le="_l£': I=2I'°" m, y1='f_l‘
(ST} an
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PaceMoTpum Teneps ocTaBWHECH YpaBHEHUA cHeTeMH (2):
GuX,+Ootat ... FOmkm=f, i=2,3,...,m. (4)

Yuuoxum (3) Ha a, ¥ BHYTEM MOJAY4YeHHOe ypaBHeHWe H3 {-ro ypas-
Henua cucremet (4), i=2, ..., m. B peayabtaTe noJyyuM CHeAyIOLLYIO
«CHCTeMY YpABHEHUH:
xl + mez + s as + Cl,x, + e + C]‘mxn.;‘:yl,
alxo+ ... Falxr 4 Lo alkm =Y,

(5)
a) (1)
an]égxz + P "'I"' .-r!;;x; + Pae + ::J::iix!ﬂ = ”1:.
Ba1ech 0603HaYeHO
(1} 1} s e
aij =t — 6l [P=fi—yan, i,j=23 ..., m (6)
Marpuua cucremsl (5) UMEeT BHI
1 Cig I Clm
0 al¥ ... b} .
0 o ... dl

‘MarpHubl TaKoil CTPYKTYPH IPHHATO 0603HaYaTh TaK:

I = ... X
0 x ... X

L ]

0 x ... =

¥

‘TAe KpecTHKAMH 0003HaueHsl HeHyJepble 3AeMEHTEL. B cucteme (5) He-
.A3BECTHO® X, COAEPAHUTCA TOMNBKO B TNEDBOM YPaBHeHHH, NO3TOMY B
_llanbEefiueM A0CTATOYHO HMETh A0 C YKOPOUEHHOM CHCTEMOH ypas-
HEHHHA
(1) {1 {1} L
L TE.7 0 alN, o 7% #4 =[(s ’
{1} 1t 1 1
amaxg‘l‘ P +a£n;‘x,f + . "E‘a.-(nlnx:n: m.)-
TeMm caMbelM MBl OCYL(ECTBHAHN mepBHii war mertoxa [aycca. Ecam
g0, TO H3 CHCTEMH (7) coBeplUIeHHO 2HAJNOTHYHO MOXKIO HCKIK-

YUTh HEHABECTHOE X, H NPHATH K CHCTEME, skeHBateHTHON (2) r HMewo-
HIEH MATPHUY CACAYIOIIEH CTPYKTYPHI:

I X = . X
01 X ... X
00 x ... X
00 % ... %

‘Tlpu 3TOM nepeoe ypaBHeHWe cHcTeMsl {5) octaeTcd Ge3 HIMEHEHHA.
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Hekarogas TakHM ke 06pa3oM HeH3BECTHBIE Xy, X, ..., Xm, IPHALM
OKOHYaTelLbMo K CHCTeMe ypaBHeHH{d Buaa

Xy O+ ... Cun¥m = Y1,

X3+ ... b Com¥m = Yy,
Xnmy F Cnmy ™= Yy,
xm=ym|

3KBHBAMEHTHOH HCXOAHOH cUcTeMe (2),
MarTpuua aToll CHCTEMED

C= .. .. . - &
0 Q i ¢
_¢ 0 ... © ] —

CONEPXKHT HYJH BCIOAY HHXe€ IMaBHOA avarOHasd, MaTpuub Takoro
BHJI2 HA3HWBAIOTCA GEPXRUMI TPeyeorshoimu maTpuyantt, Huxned rpe-
YeonbHOI HA3BIBAETCA TAKash MATPHUA, Y KOTOPOW paBHE HYJIO BCe
SJIEMEHTHI, pacnoNDKeH B e BHIIE r1aBHONH THATOHAIH,

Nonyyenue cucteMu (8) cocraBaser npanod x0d meroda laycca.
Obparuoiii x00 3aKA0YACTCH B HAXOKALHHH HEH3BECTHHX X, Xj, .« +, Xom,
na cucremsl (8). INoCKONbKY MATPHLA CHCTEMBI MMEET TPeyrodbHHI:
BRI, MOKHO NIOCAEJ0BATENbHO, HAYHHAA C X, HAUTH BCE HEH3BECTHHE.

HelCTBUTENbHO, Xm="1Ym, Xm—y = Ymey—Cmey m¥m U T. K. OUIHE GopMyTHL
00paTHOTO X0Aa HMEIOT BHA,

m
si=gi— DNoxy, f=m—1, ..,1, Xp=Ym (10)
f=is1

2. Pacyernnie dopMynsl, [Tpu peannsaumn #a 3BM npamoro xoaa
MeToaa [aycca HeT HeOOGXOMHMOCTH aefCTBOBATH ¢ NepeMeHHBIMH
Xy, Xay - ooy Xm. JIOCTATOUHO yKA3aTh AJITOPHTM, COTJAACHO KOTOPOMY HC-
XOfHast MaTpHua A npeo6pasyercs K TpeyroabHoMy Buay (9), H yka-
3aTh COOTBETCTBYWOHIEE MPe0GPAIOBAHHE NPABHX 4aCTel CHeTeMul. [1o-
JAYYAM 3TH obwue popmyael. TlycTs ocywecTelenn nepsrie k—I1 ma-

TOB, T. €. YXe HCKIIOUCHD MepeMeHHEIE X,, Xy, ..., X, TOTZA HMeeM
CHCTEMY

X1 —]—mez-{- e TERXEF L. o CimXm =1,
Xo+ ... - coxe - ... +czmxm=yz.

L T .

Xp-1 F Comr kXt + .00 Cooymdm = Yr-1»

(11
deer) - -
a4 L A o, = T,

L T T

k=1 ke~ E—
43713 ).’Ck + v + af'nn:)xm =f(m 1}-



PaccMoTpuM k-e ypaBHeHHe 3TOH CHCTEME
{f-1) {R=1) &—
(249 x,g"'l" PPN +akm xﬂ‘l=f£€ 1

H NPeANoaoNKuM, uTo a1 £ 0. [Togenus ofs 4acTH 3TOTO ypaBHEUHA HA
%1, noayuuM
X F Const¥ner oo o CxmXm = Yso (12)
rae
ag;—n .
Crf = i=k+ 1, 4+2, ..., m

s =1}
2

k_
fies

yk = .
(h—1}
e

DNanee, ymaoxuM ypasHeuue (12) na a%! u BbluTEM TONYdeHHOe COo-

OTHOIIEHHE H3 {-TO YPaBHEHHA CHCTEMB (1), rae i=k-F1, R+2, ..., m.
B pesynbTate NocNAeHAR FPyNNa YPaBHEHHA CHCTEMB (11) npumMer BHA

Xg + Ch b1 XtrL + e -’(_ CrmXm == by
@) * ()
G prXen + ..o T Gbrm¥o = fii1s

k) 1) (2}
Qi kr1XerL + o GamXm = fm s

& 4 4 & % 8 o+ x o ow = w

rae
aﬁ) ='a?;—1} - a}gd'”ckﬁ f) j: k + l\' k + 2v DI ) ma
£ b R,
= [ gy, i=kA 1, k2, m
TagruM ofpasoM, B MpAMOM Xole MeTOAa Faycca KosdpdHRIEHEHTH
ypaBHeHHi NpeobpasyoTcs No cAeAyoUeMy Npashay:
ag:.’=ﬂk;, k,f=l,2, PR )
ol

Ckfﬁaf:{-ll'i=k+ltk+2!-'-'mt k_'__"I'Q""im' (13)
a) = af™> — ey, (14)
i j=ktl, k+2, ..., m k=12 ..., m—L

BuucleHHe TPaRBIX YacTed CHCTEMB (8) ocymectBaaerca no ¢op-
Mysnam

(a) -
fk "__fk' Yo = @ ' h=1, 2' o (15)
iy
= gy, ==k, B2, L m (16)

KoahduiuneHTsl ¢y M NPaBEe HaCTH i, i=1,2, ...,m j=i+1,i+2, ...
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.., nt, Xxpausitest B TamaTH 3BM u ucnosbayiotes npu 0CYNECTRAEHHRA
o6paTroro xo4a mo gopmyaam (10).
(O CHOBHBIM orpaHuquHeM METOHA HBJIAETCH ]'IPEJELI'IOJIO}KGHHB 0

TOM, HTO BCE SAEMECHTEI af{f{”, Ha KOTOpPLI€ MPpOBOAKTCA O&JIEHHE, OT-

Juuusl oT Hyda. Yucno aff ¥ HA3HBALTCS 8edyuyusm INeMeRTOM Ha k-M
utaee uckarouenuq, Jlame ecn Kakof-To BEAYIUHI »JE€MEHT He paBeH
HYJI0, 2 IPOCTO 6JH30K K HEMY, B NIPOLECCE BEUUCACHHH MOXKET NpOoHC-
XOANTb CUJbHOE HAKOWICHHE NorpeintocTefi. Buixon H3 3Toll CHTYaUHH
COCTOHT B TOM, UTO B KAauecTBe BEAYIIEro dJjeMernta Bhbupaercs He
agt  a apyroe yueno (1. €. Ha £-M WAre HCKJIOYACTCA HE X, a4 APY-
Toe NepeMeHHoe x;, j7=k). Hanbonee noclesosarennpHo TaKas crparte-
rHs BEIGOPa BEAYILHX 3/1EMEHTOB OCYIIeCTBIeHa B MeToAe ['aycea ¢ Bh-
GopoMm rasHoro aneMenta {(cm. § 3).

3. Moacyer uncna peictuii. TTogcunraeM YyHCAO0 apHPMETHUCCKHX
feiicTull, HeoOXONHMBIX AJS PelleHHa cHeTeMul (2} ¢ MOMOLIBI0 MeTo-
na Taycca. TockoasKy BHIOJAHEHUE oNepaudil yMHOXKEHUA U NCJIEHUA
Ha 2BM T1pefiyer ropaiao Goablle BpeMEHH, Y€M BHUOOJAHEHHE CJIOXKE-
HHA M BBIYHTAHHA, OTPAHUYHMCS TIQACUETOM YHCAAa YMHOXEHWH u ne-
Aennii. Untateas No aHAJOTHH MOXET cCaMOCTOATENbIO Hafta Tpebye-
MO€ YHC/10 AefHcTBHH CAQKEHNA H BHIYHTAHHA.

1. Buuuciaenne KoshQuUUHEHTOB Cy, £=1, 2, ..., m, j=k+]1,
k+2, ..., m, no bopmyaam (13) Tpebyer

“ _ _pmm=1
El(m—k)—l+2+...+(m 1y ="

HeNeHui.
2. Betuucaenue Beex koadduunentos 4 no gopmynam (14) Tpe-

Gyer

o m—Nm@m—1)

S k=122 L (m— )= -
k=1

YMHOXKeHUH.
Takum 06pa3oM, BHYHC/EHHE HEHYJIEBLIX SJEMEHTOB €y TPeYTOJbs
Holt MaTprun C Tpedyer

m(m—1)+(m—l)m(2m—l} — (m*—hbm
2 6 3

OnepAaUMil YMHOKEHUR o AeJernst. [IpH GONBIUHX M 3TO YHCILO ACHCTRHA
pasho npubansutensio m*f3.

3. Buukc/eHHe npasbix yacred y, no dopmynram (15) tpebyer m
medeiut, a naxoxaenue [ no popmyaam (16)

fic

__mim—1}
S, (m—f) = 2=

k=1
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yMuoxenufl. CneoBaTeNbHo, BEINACACHHE NPABLIX YacTeft Npectpaso-
BanHOH cHcTeMH (8) Tpelyer

mim—1}y mim+1)
m
L
AelicTBufl YMHOKEHHA u AeJeHRA.

B nTore ana ocywecrsaeHusi npsaMoro xona Meronaa laycea neoGxo-
JHMO BEINOMHHTE

{m?—1) m+m(m+ ) _mim+th@m+1)
3 2 6

neficTei#, B3 KOTOPHIX OCHOBHOE YHCJIO NeficTBHit (Nopaaka m*/3) npa-
XOAHTCA HA BHYHCAEHHE 37eMeHTOB MaTpuun C.

4. daa ocywecteaenuna oGpatnore xoaa meroia [aycca no dop-
mynam (10} TpeGyercs

m—1
S (m— i) = 2=
i=1
YMHOXKCHHEL.
Hrak, ansa peaansauun Meroaa [aycca tpefyerca BHNOJIHHTD

mim4-1) (2m 4 1) 4+ min—1} _ m@m*+43m—1)
G 2 3

neficteuit yMHOXeHHA H Jenennda. [lonuepkueM, 4To OCHOBHOE BpeMA
pacueTa 3aTPpayHBAeTCRA Ha OCYLMeCcTBJeHWe npaMoro xola. llasa
OONBIWIHX M YACAO ACHCTBHE YMHOMEHHA H NE€JEHHR
B MeToae 'ayvecca 6ausko kK m3f3. 1o o3Havaer, 1To0 Ha BH-
YHCJEeHHe (AHOTO HeH3BeCTHOTO TPATHTCA B cpeldeM m*/3 ne#kcTBHA,
Flo aarparaM BpeMerH 1 HeoOXoXuMoR MalMHHON naMATH MeToa Fayce-
Ca NpPHroleH AAA peleHHs cHCTeM ypapHeHHil (2) ofiuero suaa ¢ umc-
JIOM HeH3BeCcTHHIX m nopsaxa 100.

§ 2. YcioBHA NPHMEHHMOCTH MeToda Maycca

1. Cesaab MeToaa Faycca ¢ paznoXendeM MATPHUR HA MHOXKHTEIR,
B npeamaymem naparpade 6HI0 nokasaHo, 9To Meton I'aycca npeos-
pasyeTr HCXOAHYIO CHCTEMY yDaBHEHH I

Ax=f (1)

Cx=y, (2)

rae C — BepXH: TPEyroJbHasn MaTpHUA ¢ eAHKALIAMH Ha TJaBHOH NHa-
roHanu. BrigcnuM tenepb, KaK CBA3AHLI MeXAy cOG0ll BEKTOPH DPABHX
yactet f u y. Jas storo ofparumcs k dopmyaam (16) n3 § 1, u3 Ko-
TOPHIX DOCIEA0BATENLHO NOAYUHM

h=auy, L=anth+aly, ...

B SKBHRAACHTHYIZ CUCTEMY

H BoOOILE
fi=bayi+bpg+ ... +byy,  j=1,2, ..., m, (3)
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rae by— ydcnopble KOSGPHIHEETR, NpHYEM bj,-=a}f}"”. CootHollleBuq
{3) MOKHO 3aMHCaTh B MATPHYHOM BHAEC

f=By, (4)
rae B — HHNKHAA TpeyroabHash MaTpaua c saementamu af™M, f=
=1,2, ..., m (@¥=ga,) uaraasuoi anarodanu. Hanomunm, uto oc-

HOBHOE foNyIueHHE NPH GOPMYAHPOBKe MeToaa [aycca cocTosa0 B TOM,
uto Bee a7V ==0. TlosroMy Ha AHArOHANA MATPUUBL B CTOAT HeHyune-
Bbi¢ 3JAEMEHTHl, H, CAEAOBATENRHO, MATPHLA B BMeer ofpaTiyo.

[Moactasann B ypasuenue (2) BolpaXkenne anst y B Bupe y=B"'f,
NPHXOIHM K YpaBHEHHIO

Cx=B-f,
HAH, YTO TO e camMoe, K YPABHEHHIO
BCx=f. (5)

Conocrasnan (5) ¢ ypasHenueM (1), NpuXOAEM K BHIBOAY, 4T B pe-
3yJbTare NMpHMEeHeHHA MeToAa [aycca nosiyyeHo paanoiKeusHe HCXOA-
Hoi MaTpHubl A B npouseenenue A=BC, rae B — HuXKHAA TPEyrofb-
Hasi MATPHLA ¢ HEeHYJeBBIMH 3JIEMEHTaMH Ha [JaBHOH NKAroHalH H
C — BepXHAA TPEYroNbHAas MaTPHUA C ELHHHYHON [JABHOM AMATO-
HaAbIK.

Tenepe MBI HMeeM NpaBO TPAKTOBATh MeTon laycca cAeAyIOWHM
obpasom. TTycrb 3agansl matpuuel A u Bektop [, CHavana npoBoAKTCS
pasioxeHHe A B NPOM3BEIEHHE ABYX TPeyroabHbix Matpull, A= BC.
3aTeM NOCNENOBATEAbHO PEUIAOTCA ABE CHCTEMB YpaBHERHui

By={, (6)
Cx=y (7)

C TPEeYroNbHBIMH MATPHUAMH, OTKYAA B HAXOAKTCA HCKOMHIA BEKTOP X.
Pasznoxenne A=BC cooTBeTcTByeT NpsiMOMy Xxoay Mertona [aycea,
a peuleHne cucrtembl (6)}—(7) — ofpaTHOMY Xody. 3aMeruM, uTo B
anropuTMme, Hanomendom B § 1, pasnoxkenne A=BC u peuleHue cu-
creMbt (6) NpoBOAMTCS OAHOBPEMEHKO.

Hanee, cienya cTaHAAPTHHIM 0603HAYEHASM, HIDKHHE TPEYTOJhHEIE
MaTpHUL Oyaem 0603nayats GykBoil L (ot aHrauickoro lower — HHXK-
Huil} 0 BepXHHE TpeyroabHble — Gykeoit U (oT auramiickoro upper —
BEPXHMIL),

2. Teopema o6 LU-paznomenun. Ofosnwaunm uepes A, yraoBoil
MHHOpP NOpPAIKA f MAaTPHUH A, T. €.

A, —ay, &2=det[a" "**], oy An =det A,

dy Oz

Teopernueckoe ofocHOBaHHE BOIMOMHOCTH PA3/OMKEHHS MATPHLUH
8 NpoU3BeleHHe ABYX TPEYroJbHHIX MATPHLU COAEPXKHT CIAeAylouas

Teopema 1 (reopema o6 LU-pasnoxenuu). ITycrs sce yeroevre
MuHopor marpuyoer A oTauurer o wyas, A0, f=1, 2, ..., m. Tozda
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MmarTpuyy A MOMHO npedcTagurs, Npiem eOUHCTaeARIM 06PA30M, 6 8U-
e npoussedenus
A=LU, (8)

20e L — RUMCHAR TPey2oAbHAR HATPUUQ ¢ HERY1e86IMU JHALONALLHBITTY
3aemenramy u U — gepxnnn Tpeyeotenan marpuya ¢ eSunu4snoli dua-
20HAA610.

DokasarenbcTro. JJokaxkem chOpMYIHPOBANHOE YTBEDKIEHNE
cHavasa JJa MAaTpHL BTOpOra nopaika. ByieM HMCKaTh pasnomeHue

MATpHIIL!
A= [an am]
0y Qag

A= llu 0 1 tiyg
Iy In]l0 1])°
Ta€ Ly, Ia, L2a, ty— HEH3BECTHBIC MOKA yncaa, s BX HaXoXAHAS NPH-
JeM K cHCTeMe YPaBHeHH#

ly=ay,, lhwe=aa. L, =y,
L3ty ban =@y,

B BHAE

KOTOP&S‘] HMEeT EAHHCTBERIIOE peLLIeHHe
ly=a,, u.=au/ay, lbi=am,

L. — a1y — Ao
=  ~ -
a1

[To npeanonoxenuio TeopeMbl a, =0, 07Uy ly2, CIEIOBATEIbHO,
aNeMeHTH §,, A {,;, OTAHYHE OT HYAA.

Janpreilluee [10KasaTeabCTBO NMPOBEAEM MeTOAOM HHAYKUPH. [Tycrh
YTBEPIKIECHHE TEOPEMbI CTIPABELIIMBO ANS MATPHIL NopsAaKa k—1; HOKa-
HeM, 4T0 OHO CHPABEeRJHBO M AAst MaTpru Nopsaaka k. INpeiacraBnM
Marpuuy A nopsjika £ B Buge

(4571 e al'k_l alk

A e ©)

g1 *++ Bpy 1] Tk

Gy ees Bppy I“&k n

G e B BT
A= ... .. ... |, &=} .. |,

Temyn o r Ty bs L%y b

# obosraynm

b= (@psy -+ 0 s Urp-1)+

Cornacuo UPEILHOJIO}KEIIHIO Hli,[[yKI.lHH CYLL[ECTBYET TPEGyEMOG pa3.‘10-
HeHne MaTpuun A,_,, T. €.
Ak-—l=Lh—-lUk—h

rae L,_,, Ui-,— COOTBETCTBEHHO HHXKHAA U BEPXHAA TPeyroJbHele MaT-
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pul, 06J1alalIHe YKa3aHHBIMA B TEOpeMe CBofdcTBaMi. DyaeM HCKaTs
pasfoKenie MaTpHIE (9) B BuUAE

A — [Lk—l a ] [i!k—l, ufd—l] , (lo)
!k—l !kk 0 1
rae f;,_l, tin—— HEH3BELCTHOLIE NTOKA BEKTOPLI,
Lica= bty by -+ Len=d)y = (tam, tony ooy Baoin}™

TMepemuoxan MaTpuubl B npapoft wactu ypasuenua (10) u yunrbiBan
(9}, npux0aHM K cHCTEMe yYpaBHeHHH

Loattp = apy, (11}
!k—].U k-1 =— bf{—l: (1 2)
Lisltpy + bop = s, (13)

M2 npeano/oweHns HEAYKUMH ¢IeAyeT CyllecTeoBanue mMatpuy Lil,,
Uzt Tlostomy ua (11) u (12) monyunwm

-1 -1
Upy = Ly 1@py, lpa = by U1
#, nanee,
L= — Iy = s ttx- 1.

Taxum obpasom, L{/-pasoxeHue MaTPHUM A nmopfAaxa k cyLrect-
syer. OCTaeTCA A0Ka3ath, uTo l,,7=0. PaccMOTpHM onpeie/HTens MaT-
puusl A. M2 paantoxenun (10) caeayer, uto

detA = (det Lk_,)f,,h(det Uh—l) = (det Lk—])!}zku

[To ycaosuto Teopemu det As£0, caeposatensho, l,7=0. Tem cameiM
HHIYKUHSA 34BEPIIEHa W JOKa3aHa BO3MONKIOCTh TpebyeMaro pasfo-
KEHHA.
[ToxaeM Tenepb, UTO TAK0E pasdodceHue egutscTserHo, [Ipeanono-
UM, 9TO MaTpiuly A MOXHO pasnoXiTh ABYMA cnocoGaMH:
A=L U, =L,U,,
Torpa L,=L,UU u
VU =LT"L,. (14)
MaTpnua B Jesoll yacTh ypasHenus (14) ssaserca pepxueil Tpeyrofib-
Holl, 2 B MPaBoil YacTH — HUKMHeH TpeyroabHol. Takoe paBEHCTBO BO3-
MOXHO Nuuib B cayuae, ecan Matpuus U,\U3' w LT'L, AnarowanbHbie,
Ho wa anarosann matpuust U,U7'  (a caenoBatenbio, W MaTpHU
LT'L,)  cToAT eAMHHUbI, CAEAOBATENLHO, 3TH MATPUUBL ¢IHHHUHLIE:

U Ut =L"L,=E,
Orciona noayuaem U, =U,, L =L, 1. e. pasnoxense (8) eauHcTBeHHO.
Teopema 06 LU-pa3sioxenny NOJHOCTLIO A0KA3aHA.

Jameuanue Eciw xoTqa 6ol OZMH M3 yrAoBHX MUKOPOB MaTpHUsl A paBed
Aymo, T0 vkazaamoe LU-paszfiomenie Heo3MOMHO. DT JNErKo BHAGTL HA NpHMepe
MAaTRHIL BTOPOro NOPAAKA.
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Cnencreue. Merod Faycca moXno npumenars roeda i T0A6K0
10204, K020 6ce yeaoaste Muropo, maTpuyor A OTAuuHbL OT HYAR.

3. daementapnble Tpeyronbible MATPHLEL. Mol yXe BUIEH, UTO Me-
ToA [aycca MpHBOANT K Pa3nNOKEHHIO MCXOAHOH MATPHUE B npoH3ase-
ReHHe ABYX TPeyroJbHbX. Boidee neradbiio onkcate cTpyKTYpy 3THY
TPEYroJbHBIX MAaTPHI MOMHO ¢ NOMOUIBX TAK HA3BIBAEMBX 3;eMEH-
TAPHBIX TPEYTONBHBIX MATPHIL.

Matphua L; HasHBaeTCH a4eMeNTApROD HUNCKET TPeyeo b ol MaT-
puyel, eclii 0Ha MMEET BUJL

L;= 0 ii 0 .
0 e |
Lo ... 4 o0 11

B matpuue L; Bce sneMeHTH r/aBHON AHArOHANN KPOMe [, paBHLL e4H-
Hule, M3 OCTANbHEIX 5J1€MEHTOB OTAHUHEIMU OT HYJS MOTYT GHITh TOJb-
KO 3JeMEHTH j-ro ¢TO/I0UA, pacnonoxedHbe HuKe 1, Ofpatioft k L,
ABJIAETCA MEMEHTAPHAA HUAHSS TPEYToNLHas MaTpHila

— —
i1 0
L-l * . ) ii
pp— - .
I 0 .. _Iffl..flff 1 .
0 ... — "nz,;l?} 0 - |
L0 o =470 0 o001 ]

PaceMoTpuM ANf HarigAHOCTH cHAYana CHCTEMY Ax=]f, cocToamyio
H3 TPEX ypaBHeHM{:
QX+ QiXe + Qg =y,
91Xy + QagXy + AyaXy=f,, (15)
51Xy + A%y + QgyX5 == [,
[locne nmeproro mara uckawdenns no meroay Iaycca npeafpazoBaH-
Has CHCTeMa TIpHHHMaeT BHJ

a3 i3 b
1 + = T Xy =,
a an L1
Qa0 @y)18)3 _ dyg
(00— 1+ (1 — 2282 )y =y ~ 22, (16)
an an ay)
51y G301 - iy
(asm‘—‘ )xz‘l‘(aas—‘——)xs—fs_‘— 1-
an ay a5

Orciora BHAHO, 4TO MaTpuua A, cHcteMbl (16) MOAYYAeTCH H3 HCXOA-
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Holl Matphupl A nyteM yMHEOKeHHA A c/esa Ha 3JEMEHT2PHYI0 MarT-

pruy
1}'{1[1 O 0
le — az fan 1 4], (17)
—agfay 0 |
rak yto A, =LA Tlpu sToM cucremy (16) MOXKHO 3alHCATL B BHAE
L Ax=L\f.
Marpuity (17) 6ynem HasbiBaTh 37eMeHTapHOR TPEYroibHOR MaT-

pRueil, COOTBETCTBYOMEl NepBOMY mary uckilouesns metoaa laycea.
[Mepenuitem cucremy (16) B Buae

Xy~ €19% f CppXy = Y14
aix, +- akiey = ', (18)
alix, + aix, =1
H OCYHISCTBHM BTOPOﬁ mar Meroia Faycca, T. €, HCKAYHM HEeH3BeCTHOE
X, H3 HOCIeTHEr: ypaBHEHHSI. Torﬂ.a NoJIYHHM CHCTEMY BHAZ
X1+ 10X + Cis¥g = b,

Xy Cag¥y = Yas (19)
2y 2)
af];jxa = ‘(j .

Herpyauo suaets, uro nepexosn ot (18) x (19} ocyuwecTsiasercs myTeM
yMHoxenns cacTeMbl (18) wa anemerTapHylo TPeyrodbHylo MaTpHiy

1 0 0
M)
L=[o e of. 20
0 —alllfall) 1
TakuM 06pasoM, NOCAE BTOPOTO L1ara HCKIKQUEHHS Mbl IPHXOLHM

K CcHCTEeME
L.LAx=L,L}, (21)

rie maTpuuel L, u L, onpeaenensl cornacro (17), (20). Haroneu, yMm-

goxad (21) va Marpuny
1 0 ¢
L3=[o L o ]
0 0 1@

Lol L Ax=L,L,LJ, (22)

maTpHa koropoil U=1,L,L A aenferca sepxHeit TpeyroibHOl MATPH-
mefi ¢ eIRHHYHON rIaBHON Anaronanbio. OTcona clelyer, B HaCTUOCTH,
410 A=LU, rne L=LT"L7'L7' — nuxnas TpeyronpHaa marpuud. TaknM
obpasoM, LU-pasnoxenne Marpuupt A moxer Gbl1hb MOAyueHO ¢ Mo~
MOUEBIO HJIEMEHTAPHBIX TPEYroMbHBX MaTPHU: CH2YAN2 CTPOATCHA MAT-
puunt Lo, L;, L, a souncaserca U=L,L,L A n 3aTeMm HaxoanTes L=
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= L7'L7 L . OTveraM, uTo MaTpnuw L' uMeioT npoctoii BHA:

oy 0 0 1 ¢ 07
LI‘=[aQ, i 0]. =0 q of,
ay 0 1 ] ag; l_
10 0 an 0 07
L =[0 1 0 ]' L=|an o 0|,
0 0 a¥ oy al o

NpHUEM HA JHATGHAMH MATPHUE L pacnofoKeH®l BeaylHe 3JeMeHTH
MeTOLa HCKAI0YEHHA.

3anuco merona Iayeca B BuAe (22) eTajbHO OMHCHBAET HPOUECS
HCKJIOYeHRhA.

Bce ckasaHHoe Bbillie NEpeHOCHTCS Ge3 H3MEHEHHS H Ha CHCTEMb
ypaBHeHHH NPOH3BOJLHOTO Mopsiaka (2). [Ipolece HCKIIOUENHA MOKHO
3anhcaTh popMyaoli

LmLm—i e LiAx= LmLm—i Ny Lsf. (23)

rae sJeMeHTapHas HUXKHAA TPeyroibHas MaTpuima L, Ha k-M 1rare
HCKJIIOUEITHA HMEET BHJT

-l . 0 0 N
I 0 ... 1/alet 0 ...
Y
(e=1) ;- th-1)
v T OaalGe 0 1.l
£-1), (k-
0 —diVEY 0 L1

Marpuna L, ocymecTsaseT HCKTIOUEHHE HEHIBECTHOTO X, U3 YPABHEHHI

¢ Homepamu k+1, k42, ..., m. Marpuum L;' cyulecTsyoT u HMeloT
BHI

=l ... 0 0 ... 0]
-
L e 0 ... &% 0 ... 0
. ors S PR
0 a0 ...

§ 3. Merop I'aycca ¢ BHIGOPOM rA2BHOTO aNeMeHTa

1. OcHoBras Haea MeToaa. MoxeT OKa3aTbed, 4TO CHCTEMA
Ag=f (1)

HMEET eAHHCTBEHHOE PElueHHe, XOTS KaKoH-11n60 W3 YIJIOBHX MHHOPOB
Marpuunl A paBed Hymo. KpoMe Toro, 3apaHee oGBIYHO HeH3RecTHO,
BCE JIH YIAOBEIE MUHOPH MATPHUB A OTAHYHBEL OT HYAd. B 97Hx cavua-
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ax o6blyHLl Metod Tavcca MOMKET oKka3aTbCf HETPHTOIHBIM. Hs6e-
KaTh YKA3AHUBIX TPYAHOCTEH MO3BOJAET METOL Faycca ¢ BolGopoM
[NABHOTO 31éMenTa. QCHOBHAS HIEA MeTOLa COCTOMUT B TOM, uToSsl Ha
OuepeHOM IUare HCKNIQYATL He Claeayloliee o HOMEDY HeKaBecTHO.,
a TO HeH3BecTHOe, KoapHUNEHT NPH KOTOPOM ABIACTCA HAHOOIBIINM
no Moayato. Taknm o6pasoM, B KAYECTBE BEAYLIErO 5J1€MEHTA 3]ech BEl-
6upaercd 2AusHbll, T, €. nauGoasuul no modyato saeMeHt. TeM caMelM,
ecnn det A==0, To B nponecce BhlUHCAeHuil He OyileT TPOUCXOIUTL A€-
JeHHe na Hyab.

Pasanunble BapuaHTh MeTona Iaycca ¢ BEIGOPOM TVIBLOTO 3IEMeH-
T2 NPOHANIOCTPHPYEM HA NpHMEPE CHCTeMbl H3 ABYX ypaBEeHHI

al.xl+a12x2=f1, ayX,+ ﬂzzxZ=f2. (2)

[IpennosoKuM, 11O |a,.| > |an|. Torna na nepeoM ware Byaem
HCKMI0UATh epeMertoe x,. Takoli npuem 5KBHBAJENTEN TOMY, HTO CH-
creMa (2} nepenHcHBAeTCa B BHIE

a12x2+a11xl=f1, azzxz'l'azl"ﬁ:fz (3)

u K (3) npuMeHsercs MepBolil war ofbHYIOro MeTo1a Taycca. Ykasan-
HblH clloco6 HCKMIoueHna nashsaercs serodon layeca ¢ 8bi60post 24as-
K020 aaemenTa no crpoxe. O 3KBHBAJCNTEH NpHMelentio obLIYIOTO
metona [aycca K cucTeMe, B KOTOPOi Nla KaxAoM wiare HCKIIOUEHHs
NPOBOANTCS COOTBETCTBYIONIAA NEPeHyMepallis NepeMEHHBIX.

TMpumensietca Takxe meton Iaycca ¢ BeIGOPOM MaBHORO 3J4eMeNTa
no cronbuy. [peanonoiaM, uto |dx] > |a,|. llepennuem cuereMy (2)
B BHAe

g, %, +anx.=f, %+ @i, =,

M K HOBOH CHCTEME NPUMEHHM Ha NMepBOM Iare o0bTHBIA METOL Tayeca.
Takum o6paszoM, serod laycca ¢ 8bl60POM ZAABHOZO BAEMEHTA RO
cToAGUYy SKBUBATIEHTeN NpHMeHennIo obblunoro metoaa laycca K cucre-
Me, B KOTOPOﬁ HAa KaXxapoM liare ACKNw4eitHa NpOBOAHTCA COOTBET-
CTBYIOHLas IEPERYMepalta ypaBHenH.

Huoraa NpHMEHACTCA H METOL I'aycca C Bblf)OpOM TAABHOIQ 3¢~
MEHTa No §ceﬁ MaTpHOe, KOrjda B KayecTBe BeAYWETD Bb:ﬁupaerca MaK-
CHMAJBILIH MO MOAYAD 3JAEMEHT CPCAH BCEX 37E€MENTOB MATPHILL CH-
CTEMBIL.

2. MarpHup nepectanosoK. B mpensliywem maparpade Gula0 mo-
Ka3aHo, 4To OORIYHLIA MeTo] l"aycca MO0 3allHCcaTh B BHIC

LmLm.—j [P L,Ax=L,-,,Lm.., P Lif}

rae L, k=1, 2, ..., m,— 3neMeHTapHble HHKHHE TPEYrOJbHEE MaTPH-
usl. Ytobsl MOAYYHTH aHaNorkulylo 3annch Meroaa [aycca ¢ BHGoOpOM
[1aBHOTO 3JEMENTA, HAM He0OXOJHMO NO3HAKOMHTLCA ¢ MaTpHIlaMi
nepecTaHOBOK.

Onpenenenne 1. Marpuyeii nepecranosos P naspiBaercs Kpaji-
paTHaf MATPHILA, Y KOTOPOH B KaXJOH CTPOKE H B KaX10M CTOA0UE
TONLKO OAHH 3/1IeMeHT OTJHYEH OT HYJ9 M paBel elnlIALe.
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Onpenenenne 2. JaemenTapnol Amarpuldesi nepecTanosor Py,
Ha3BIBAETCA MATPHUA, NONYYEHHAS] H3 €IMHUYHOA MATPHULI TepecTa-
‘HOBROit £-it v [-it cTpoK.

Hanpumep, 3aneMeHTapHBIMH MATPHUAMH NepecTaHOBOK TPETLErD
MopAIKA ABJASIOTCH MATPHIEI

01 0 00 1 [ ¢ 0
P,2=100,P13=010.P23=[00:.
00 | 1 0 0 01 0

OtMetuy credyloulHe cBOHCTBA 3AEMEHTAPHBIX MATPHL NepecTaHo-
BOK, BHITEKAIONHE HEeNOCPEJACTBEHHO H3 HX GnpefeneHuA.

[°. Tlpoussesenne ABYX (a CAef0BATENbHO, H AOGOTO YHCAR) 3Je-
MeHTapHLIX MaTPHL MEePecTaHOBOK SBJNETCH MATPHUEH NepecTaHOBOK
(e 06A3aTe/LHO ATEMEHTAPHOI ),

2°, lna nwoboit keaipaTHo# MaTpuubl A matpuua PuA OTaHYaeTcH
ot A nepectanoBKoit k-it u [-# cTpok.

3° Jlna mwobof kBafgpatuodt MaTpuub A maTpHua AP, oTaHuaeTcs
oT A nepecTaHoBkol £-ro ¢ {-ro cToN6UOB.

3. Mpumep. [ToAcHHM NpHMEHEHHe HNIEMEHTAPHHIX MATPHI NepecTa-
HOBOK 1151 OMHCcaHHA MeToda laycca ¢ Bufopom raaBporo afeMenta
10 cToabuy. PaccMOTPHM CJaeRyIOMUi PHMEp CHCTEMB TPETLEro Mo-

pAaKa:
i+ X n=f,
25, + ¥y =, 4
5%y + 33 =Ff,.

Cucrema uMeer pua (1), rae

111
A=[201}. B)
05 3

MakcuMaLABIE 21eMeHT Nepeoro ctonfuna MaTPHUH A HAXOLHTCR BO
BTOpOit cTpoke. [103ToMy B cHcTeme (4) HanO MOMEHATH MecTaMH nep-
BYI0 U BTOPYIO CTPOKH H NEPEHTH K 5KBHBANEHTHOM CHCTEME

2x, + x=f,
n+ x4 xg=f, (6}
Sxp + 3xy=F.
CHereMy (6) MOMKHO 3aNHCATE B BHJE
PaAx==Pgf, (M

T. €. OHA NMOJYYaeTcs H3 CHCTeMBl (4) myTeMm YMHOMKEHHS Ha MaTpHLY
nepecTaHOROK
0§ 0
Pm=l1 0 o].
0o

Hanee, k cueteme (6) HaZo NpHMeHUTHL mepBHfi War OGEIYHOTO Me-
Toda ucknwuennsd laycea. DToT war, k4K Mbl BHAEJH, SKBHBAJeHTeH
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YMHOXeEHHIO cheTeMbl (7) Ha 3JeMEHTADHYIO HIIKHIOW TPEyrolbHylo
00

.

Matpuny (cM. (17} u3 § 2)
1

2

SR

L =

2
0 0 1-
(8)

B peayabrate oT (7) nepeiiieM K cucreMe
L P Ax=LP,f

HJH, B PAa3BEPHYTOM BRHJE,
1 .
6 Hra=A,
g
f1_ 22 ’ (9)

5).’2 -|"‘ 3.‘:3 el fs-
U3 nocneanux ABYX yPaBHeHHH cHcTeMBl (9) HalA0 Tenepb HCKJIK-
YHTh [ePEMEBHOE X;. [JOCKONbKY MAKCHMA/bHBIM 3JIEMEHTOM NEPBOro

f2
{10y

¥

cronbua yKkopoueHHOH CHCTEMbI
1
X —_— Xy = —
Hpr=h—=

Sxg+3x3=;
ABNSETCA BJIEMEHT BTOPOil cTPoKK, nejaeM B (10) mepecTasoBKY CTPOK
H TeM camblM OT CHCTeME! (%) nepexoAM K 3KBHBANEHTHOH CHCTEME

L2_ '
(11

X+ - X =

5x2+ 3x8=f3v
]

Xy —Xy= 1_%t

(12)

KOTOPYIO MOXKHO 3aMKCATh B MATPHYHOM BHAE KaK
Py L \PpAx="PyuL Pf.
Taxum ofipazoM, cuctema (12) nosyueHa npHUMeHeHHeM 3JeMeliTapHOMA

MATPHIOK NEPECTAHOBOK
I 00
P23 == [0 0 1]
01 0

K cHcTeMe (8).

Hanee, k cucreme (11) Hazo NPUMERHTh BTOPOA LIAT HCKIIOYEHHSH
(11) Ha 3nNeMeHTAPHYIO TPEYTOJNBHYIO MATPHILLY :
0 0]

O0BIYHOrO METORA Faycca. 370 3KBHBANEHTHO YMHOMEHHK) CHCTEMRE

1

2=[0 5 0
0 —15 1
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B pe3vibTaTe NOJY4HM CHECTEMY

L2P2JLtPlle=L2P23Llpl2f (13)
HIH
|
.‘Cl +Ex3=% +
3 [
x,—l—-5-x3-_—' Efm (14)
L VR S SN

]Oxs = fy 9 5 fs-

3aKTI0UATENbHBI! WAr NPAMOro X01a MeTofa [aycca cOCTOHMT B 3a-
MeHe nocaeiHero ypasteHHs cucteMbl (14) ypasnesnHenM

xa=—10(f1—£—ifa).

2 5

4TO 3KBHBAJEHTHO YMHOXeHuw (13) Ha maTpuuy

10 0
Li=]o1 o}.
00 —I0

Takum 00pa3oM, AJAf PACCMOTPEHHOTO MPEMEpPA MPOLECC HCKIOYe-
#ua Caycea ¢ BuIGOPOM IMIaBHOIO 3JMeMeHTA NO CTOAGUY 3ANHCHIBAETCH

# BHAS
LsLZPHL]Pl!Ax:L3L2P23Llplzf- (15)

{To nocTpoenHi0 MaTpHua
U=L:£2P21L1P12A (16)

ABNAeTCA BepXHel TPeyrofbHOH MaTpHUeH C eJHHHYHOW TAaBHOH Ada-
TOHAJBID,

Otangne of oObludoro Metoaa [ayeca cocTOMT B TOM, 4TO B Kaye-
cTBe coMuoXuTeNel B (16) HapAay c aJeMeHTAPHBIMH TPEYroMbHBIMH
MaTpHUAMH L, MOTYT NPACYTCTBOBATb 2JIeMEHTAPHHIE MATPHIL mepe-
CTAaHOBOK Py

[Mokamewm ete, uto w3 (16) creayer pasnomeHHe

PA=LU, (17)
rae L — HUXKHAA TPEyrofbHasg MaTpHUA, uMelomlas obpaThyio, U P —
MaTpHla NMepecTaHOBOK. ﬂ.ﬂﬂ ITOTD Haﬁ,EI,EM MaTpuly

Ei=P23LlP23' (18)

[To caofictey 2° matpuna P,,L, nonyvaercsd n3 matpuus L, mepecra-
HOBKO#l BTOPO#H W TpeTbell CTPOK,

t
E’ o 0
Pali={" 4§ o
—12 1 0
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Martpuna L, coraacho csofictay 3° noaydaercs us Py,L, nepecranosroft
BTOPOro H TpeTkero cTonbuos,

T. e. L\— RUXKHAA TPeyTONbHAS MATPHLA, UMEKLas 06paTHYIO,
W3 (18), yunTeisas papenctso Py = Py, moayaum

Z|P23=P33L1- (19)
Otciona u us (16) puauM, uto
U=L3L2Z1P”P12A=L_1PA,

rae oGosnaueno P=P,Py,, L=L-'[J'L]". Tlockoarky P - mMarpuua
MepecTAHOBOK W L — HMXKHAA TPeYroJibHag MaTpHOa, CBOACTBO (17)
Rokasano. Ouo osnauaer, yto Merod ayeea ¢ swGopom raasnoro sse-
MEHTa MO cTONOUY SKBHBAJEHTeH OfbuHOMY Metony laycca, nphme-
HeHHOMY K MaTpuue PA, T. e. k cHCTeMe, NONTydeHHON H3 HCXOAHON CH-
CTeMH N€PeCTaHOBKOH HEKOTOPHX yPaBHeHHI.

4. O6wuit BuIBOA. Pe3yapTaT, NONydeHHHE 3LeCh NS OYEHb YacT-
HOTO MpHMepa, clpapeAiue 4 B cayyae ofmeil cucTeMn ypasuenuit (1),
A umenno, meron Taycca ¢ BHGOpOM MMIABHOrO 3jeMeHTa 1O cToabuy
MOXHO 3aMHCaTh B BHAE

":mLmﬂPm—L;‘m_le—s cee L,P,_;,LIPL;,AX=
=LmLm—1Pm—1.i,n_le-ﬁ e Lspﬂ.!:LlPl..hfr (20)

rae Py ;,— 3MeMenTapHEE MATPHILE NePECTAHOBOK TAKHE, UTO 2
U Ly— 37eMeHTapHHe TPeyroibHule MaTPHIAL,

OTCIoR2, MCTIONB3YA COOTHOWEHHA NepPecTAHOBOYHOCTH, AHANOIHI-
Hble (19), MOXHO TOKA3aTh, 4TO METOH Faycca ¢ seifopom raassoro
5/IEMEHTAa IKBUBAJNEHTeH OOWYHOMy Metopy [aycca, nphameHeHHOMY K

CHCTeMe
PAx=P}, @n

rxe P — geKoTopasi MaTPULA NEPecTaHOBOK.

Teoperuyecroe o6ocnoBatue metona Taycea ¢ BEISOPOM T/1aBHOTO
SJeMEHTA COLePXKUTCH B Cleldyoweil Teopeme,

Teopema 1. Ecau det A5=0, ro cywyectayer MATPURYO RepecTano-

80k P raxaa, 1«10 marpuya PA usmeer oTauunoe or Hyan yaarogete Miu-
HOpsbl.

HorazatenscTro Teopemsl | npHBefeHo B 1. 5.
Canencteue. Ecau det A0, 10 cyuiecTeyer marpuya nepecra-
HOBOK P Takas, «To cnpagedauso pasronenue

PA=LU, (22)

2de L — nuncHAs Tpey2oaeHan MATPULG C OTAUYHEIML OT wyaa duazo-
Raroroimu 3rementamu u U — gepxnas tpeyzorsnas marpuya ¢ edu-
HUYHOL 2AG8HOG JUAZ0RAALI0,

3 A. A, Camapckufl, A. B, [yanu 85



Cregyer DOAUEpKHYTh, uT0 B MeToAe [aycca ¢ BbiSopoM riasHorO
afleMeHTa MaTpHua P He 3azaercd 3apaHee, a CTPOMTCA B Mpolecce
HCKJIOYEHYUA, KaK 3T0 OuIJ0 NoKasaHo B npuMepe u3 n. 3. Kak mpasa-
70, He TPeOyeTCs 3HATh 3TY MaTPHIY B ABHOM BHe.

5. NoxazareanctBo Teopemnl 1. Jowamewm Teopemy | HAZYRUHed 1m0 YHedy m —
nopaAxy maTprud A. [Myere m=2, 1. e

a i
A =[ 1 12] '

Qg ayy
Ecam a;; 720, T0 yTeep:acHHe TeopeMu | Bunoansiercs npn P=EF, rae E —enn-
HHYHAS MATpHUA BTOPOro nopsiaka. Ecan 4, =0, To a0, Tex kax det As=0. [Tpa
3TOM ¥ MATPHUIH

an an-l

a1 i

PlgA-—"[

Bce yracphle MHBROpE OTAHYHH OT HYyJad.
Mycts l_?rrnepmnenne TeopeMH BepHO LAS MOOHX KBAAPATHHX WMATPHI TNopAA-
ka m—1, [okaXem, UTO OHO BepHo B AAA MATDHL Topsaka #t. PasoGbeM MaTpH-

ry A nopsgka m Ha Grokn
A= [Arn-l am—l} ,
bm—-l amm
By

an R N “
A = a _=|"
=1 - ey a4y = .
Anay o Ga—rma

Lpma,m

rge

bme1=(den 8m2 ..y L, m—1)-

Hocratouro paccmotpers gpa caydaf: det Am—; 70 u det Am_j==0. B nepsom
enydae MO MPelNOJMOMEHHI0 HHMAYKUMH CYIECTBYET MATpHUa MNepecTaHoBOK Pm-—i
nopanKa m—1 Taxas, 4T0 Pp-yAm—_| UMERT OTAUYHHE OT HYJAl Yr/10BHIe MUHODH,
Torsa ANA MATPHOE NepPecTAHOBOK

— 'Pm—l. 0
P‘[ o 1]

PA — ‘VPRI—IAHJ—I Pﬂl—lam—l.] ,
b a

=1 g lers

HMeEeM

npuuem det(PA)=del A5=0, Tem caMblM Bce YLAOBHE MHHOPH MaTpHUN PA
OTJHYHHE OT HYJA.

PaccMoTpiM bTopoli cnyuail, korfa det Am_=0. Tak kak det A0, nafgercs
x0T GH OAHH OTAMUHEL OT HYNH MWHOP NOPAAXA fr=—1 MaTpHuH A, ModygeHHld
BHYEpKHBAHNEM NOCAefnero croafila u kakok-nuGo crpokn. [lycth, Hanpumep:

HL oo By

L Y TR a!—l,m—l *0‘ (23)

a!+1.l - ‘a£+1.m—|.

a

aml N



rae Igarm, [lepecrasaas B maTpRue A cTpoKH ¢ HOMepaMR { H M, MOMYYAM MATPANY
PimA, ¥ KOTOPOR YTACBOR MHHOP MOpHAKA m—1 HMEET BHA

Qg - - - allm_.l

By - &Yy ma
Gy - . 0o, i1
YUt atn,m—l
ﬂ'rn—l.l o am—l,m—l

B oTaH4aeTea of (23) Toanko nepecTaHoBKOA CTPok, CAENOBATENBHO, STOT MHHOP
HE paBeH HY/NI0 H MH NPHXOARM K DPACCMOTPEHHOMY BHIIIE CAYYAND.

6. Boiunicaenne onpepenuwteasi. B GoabmHHCTBE CYHIECTBYIOIIRX
CTAHAAPTHBIX MPOTpaMM OAHOBPEMEHHO ¢ pelIeHHeM CHCTeMH JipHefi-
HHX anreSpanueckux ypapHeHuit (1) BhMHCHAETCA onpefelikTeNs Ma-
TpHUK A. [IycTe B mpouecce HCKAOUeHHA HalAeHO pasnokeHne (22},
T. €. nocTpoensl MaTpunl L 0 U. Torpa

det(PA) =det L det U=det innigg [ [mm,

T. e, IPOH3BeReHKe AHACOHAMBHBIX 3JeMEHTOB MATpuUsl L pasHo ompe-
geaurenio Matpuubl PA. TTockoabky matpuun PA u A oraugawntca
TONLKO NEPECTAHOBKOH CTPOK, ONUpeNeNHTENb MATpHuH PA MOoXeT OT-
JAYATECH OT ONpelennTeNs MATPUIH A TOAbKO 3HAKOM. A HMEHHO,
det(PA)=det A, ecaw uwcno nepecravoBok ueTHo, W det(PA)=
=—det A, ecnn uHcno mepecranoBok HeuetHo, Takkm o6pasom, AnA
BBIMHCJIEHUS OTpejeHTe I HeOOX0IHMO 3HATH, CKOJbKO NEPECTAHOBOK
ORIJIO OCYIIECTBAEHO B NPOIECCE HCKIIOUEHHS,

Ecnu maTprua A BLIPOKAeHa, TO PR HCIOJb3OBaBHK MeToaa layc-
ca ¢ BHIOOPOM IVIABHOrMO 3JeMEeHTAa Mo CTOAOLY HA HEeKOTOPOM are
HCKJIIOUEHHS R BCe 3aAeMeHTH R-ro cToabla, HAaXoASdUIHeCH HUXe rlas-
HOH APWAroHaJ/du M Ha Hell, OKaKYTCsd PABHEIMH HYJIO.

HeficTeHTeNIbHO, paccMOTPHM YKOPOUeHHYIl cHcTeMy (em. (11) us
§ 1), KoTopas noayuaercs Ha R-M IIare HCKJIIOMEHHSR:

o k—1) k=1)
a,{ﬁknxk-l-...-l—a,gmlxm:k l'
A1} o= k—

a +1kak + ...+ a§e+11,1nxm = »(kﬂn, (24)

. - LR T )

k=1 -1} k=13
a}ﬂk }xk+ eon F a}mnl xm=f}n l.

[Mpr peweHnu cucreMW (24) MOCYT BO3HHKHYTH ABa CAydas:

B
1) xoTa OH OAHMH U3 KOIDOHUKEHTOB Ak ™, afy s, ..., %Y OTAHYEH OT
LES Rl -
myas; 2) ag =a§+1,’k= .. .==aez? =0. Ecan ana scex h=— 1,2 ...

~.+y M peanm3yeTca Nepebit caydail, To cucTemy (1) MOXHO pewIHTd
MeTooM [aycca ¢ BHOOPOM MIABHOCG 3MeMeHT2 o CTOABLY, H, CAe0-
patenso, det A=0. Eciu xe det A=0, 10 npu vekoTopoM £ peanuay-
ercqd Bropo# cayuail. [Ipn stoM panbHedwee HCKAIOHEHNE CTAHOBHTCH
HeBO3MOXKHEIM H DPOrpaMma HOJIKHA BHAATH WHGOPMAUHIO O TOM, 9T0
onpeleiHTe b MATPHUE PaBeH HYJNIO,
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§ 4. O6pauteHHe MATPHUBI

Haxoxaenne maTpuitlt, 06patHoit MaTpHlle A, 3KBUBA.TEHTHO peLile-
HHI) MAaTPHYHOrO YpaBHeHHA

AX=E, (1)

rae E— egnHuYHAA M&T?I/Iﬂ,a # X —dckoMas KBajJipaTHas MaTpHIUA,
Mycte A==[a,], X=1[x;]. YpasHenue (l) M0o¥XKHO 3anHCaTh B BHAE CH-
CTeMBl m® ypaBHeHUA

it
Zakak,f=5f;, Li=1,2,...,m, (2)

k=t

rae 8;=1 upH i=j B 8;=0 npn i==|.

Hns paneselilllero paHO 3aMeTHTH, YTO cHeTeMa (2) pacnapaercs
Ha M He3aBHCHMBIX CHCTEM YpaBHeHud ¢ OfHON H Tol e MaTpHued A,
HO ¢ PA3JHYHBIMA NPABRIMH YacTAMH. DTH CUCTEMH HMEIOT BHA

Axh =8, =12 ....m, 3)

rae £ =(xy, X, ..., Xmy)T, ¥ BekTOp2 6’ paBHA enuHHLe -7 KOMIIO-
HEHTa H PABHB HYJIO OCTANbHbIe KOMTOHEHTH.

HanpyMep, 019 MATPHOR BTOpOra NOPAAKA cAcTema (2) pacnagaeTcs Ha ABe
He3ABUCHMBIE CHCTEMH

anxy + @ = [, a6 + Gaxee = 0,
H
an¥y + Guaxa =0 agxyg - dagxae = 1.

Idna pewenns cucteM (3) ucnonnayercs merofl [aycca (oOmuwbi
HJAH ¢ BHGOPOM rAaBHOrO 3MeMeHTa). PaccMOTpHM npruMeHeHHe MeTola
Faycca 6es pwiGopa rnasroro ssneMeHrta. [Tockonbky Bee cucteMbl (3)
HMEIT OAHY H TY e MaTpHuy A, A0CTAaTO4HO OXHH Pa3 COBEPLIHTH
npsAMoit xoa MeTopa I'aycca, T. . NONYYHTh pasnoxenne A =LU u sa-
noMHHTb MaTpuunl L u U. Ilns 3Toro, kak Mbl 3haem (cM. § 1), Tpe-
6yetcs caenath m(m*—1)/3 peficTBUHA YMHOXKEHHS W JeNeHHs.

O6paTHBIl X0 OCYIIECTBASETCS NYTEM PelICHRS CHCTEM yPaBHeHHM

Ly[f} == ‘SU}, y”‘ = (!hf, Yafy - - oy ymf)T| (4)
Uxth =g, j==1,2,...,m, ()

c TpeyroasHuMy MatpHuamin L v U. Pellende cuctemel (5) npu Kax-
noM j tpeSyer 0.5 m{m—1) nmefictenit. JIns pemenns cucremu (4)
HaAo ewle No6aBHTEL M AeNeHHH HAa AMaroHANbHEE 3AeMeHTH MaTPHUH
L, Tak uro 3nech morpebyerca 0,5 m(m-+1) ymHOKeAul » nenenudl,
Bcero npr xamzom j na ofpaTHblfi xon 3aTpaunsaetcsa 0,5(m—I1)m+
+0,5(m+1)m=m® peficrpuii, a Aas7 Bcex j Tpefiverca m' AeiicTBHA.

MoHO cOKpaTHTH yHcao AeficTBUA, NMPUHHMAan BO BHHMaHHe cle-
UHAABHBIA BHA NpaBkiX gacTell cHcTeMu (4). JanuilleM moApolHee nep-
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Bble j—] ypaBHeHHN cucTeMel (4):

Ly =0,
InYy + Lathi =0,

bty +lisatei + oo 0 A Loy jm Y1 =0
YunThiBas REBHIPONKAECRROCTb MATPHUH L, OTCIONA NOAYYRM

Yu=Yu=... =Y. ;==0.
[lpu stom ocTasumecs ypasHeHns cHcTeMH (4) AMenT BHA
Ly =1,

Liyii + Lpadiia,g + ... +buyy=0,
l‘-:f-l-l, f—[—?, vee s M.

Orcioga noc/ie0BaTeNbHO HAXOAATCH HEH3BECTHHE if, MO dopuynam

i-1

R

Eo—, i=jtLit2,.,m (®)
i

Y= Ul )

[ToacyntaeM yHC/I0 yMHOXeHUH B Aefernil, He06XOLHMOE ANS npo-
BELEHHA BRIYHCAeHME nmo dopmyaam (6). IMpw duxcuposaruom i ans
BHYHCAeHkH 10 GopMyae (6) rpeGyeTcd | nenenne 0 i—; YMHOKeHHT.
Buluncaenus no popmyaam (6), (7) npu GpRRCEPOBAHHOM j norpebyior

Y=~

m

I+ N (—j+ D= (m—f—|-2;{m—i+l}

f—f +1

Aedicreril. Hakoueu, pewenne ykasannmm cnocofom cuctem (4) npH
BCeX f=1, 2, ..., m notpebyer

TS =i+ 29— D=L k1) = DOt DE+D
k=3

. 6
=1
aeietsrit, Obuee yucao AeficTBHIE YMHOMENHS U eJIeBHA, HeoGXOMH-
Moe Aasa ofpallleHrd MaTPHUB YKA3aHHBIM CIOCOGOM,
mind —1 mi (m—1 mim4-1)(m4 2
(3 )+ (2 )+ (+)6(+}=

Tem camum ofpaienne MaTprubl TpebyeT He HaMBOro Go.blie Bpe-
MeHH, YeM pelleHHe CHCTeMH yDaBHeHHH.

mé,

§ 5. MeTon KBagpaTHOro KOpHA

1. dakropusauus spMHTOBOH mMaTpuUN. MeToa npeiHasHaueHn Ans
pPelieHHs CHCTEM ypaBHeHHR
Ax=f (1)



¢ CHMMETPHUUHOf (B KOMIJMEKCHOM Caytae — spMuTOBOI) MaTpuuei. Ou
OCHOBAH HA PA3N0KEHHH MaTpHUH A B POH3BEAEHHE

A=8'DS, (2}

rae S — BEPXHAA TPEYrofbHas MATPHUa C MONOKATEALHBIMH 3/EMEH-
TAMHM HA IAABHON JHATrOHaAH, S'— TPAlUCHOHMpOBAHHAA K Hed (maH
KOMIJIEKCHO CONMPAXKeHHAR) MaTpuua, D — AnaroHanbeaa MaTpuna, Ha
JIHAFOHAJH KOTOPOH HAXOAATCA YHCAA, pasHhe *1,

BoaMoKHOCTD NpeacTaBAeHAs (2) MOXHO TNOJYMMTE KaK CAEACTBHE TEOpeMH
06 LU-pasnoxennu (cM. § 2). Tlycts Bee yrAoBHE MHHOPH MATPHIH A oTanuEH
ot nyas. Torza cOpaBefiHBO PasfOMEHHE A=LU, rae L — HHXKHAR TpeyroneHas
MaTpHOa, HWMewulafn oOpaTHYo, H U/ — BepxuAg TpeyroanHad ¢ eAHHNYHOH AHATOD-
HANLIO.

[Ipencrasum maTpuny L 6 BHAC NPOH3BEAEHHS L=MK, rpe M — Huxnag tpe-
YroAmHas MaTpHUA ¢ €NHHHYHOR raaBeofl AHaroHaneio B K — AHArOHAALRAA MaTHH-
1, rIaBHAS AHATOHANb KOTOPO{l COBMAJaeT ¢ raBHOA NHACOHANBIO MATPHIH L te

K=dlag {111, ’22, ey !’mm]- (3}
Ilo YCIOBHIO axarodadpHule 30€MEeHTH MATPHAILK L oTAMYHH OT HYJAA, i, caghoBa-
yeasho, paanoxense L=MK cymecreyer. Toraa
A=MKU, (4)
rie M n U — Tpeyronbhbe MATPHLB ¢ EAHHAYHON rAaBHOA AHArOHanNLK i K — nna-
roHafbHag MaTpHua, Hmewlan obpathyl. Ha ycaosusa A=A noaysaem UK*M =
=MKU n
K-'"M-1URe=UMe-L, (5}
MaTpuila, HAXGAAWAACA B NeBOfl Y4CTH DaBEHCTBA {5), Aeamerca HIMHed Tpe-
yroAsuoi, a B Opaboft yacTH — Bepxued tpeyroansoll. TlosTamy H3 paBencTBa (5)
cnegyer, yto ofe marpunsl UM=—! K-'M-TIr K apafioTcd ARArOHAJBHEIMH,

DNanee, nockodsky matpina UM*—! pmeeT eZHHHYRYIO [N2BHYIO AHATOHANh, OHA
aBnaeTcA eannnusoll matpuned, UM*—1=F, 1. e. U=M*. Otciona x n3 (4} nony-

HaeMm pasﬂon{erme
Amm MEMe. (6)

[pencrabues MATpuuy K, ONPEAcAeHBYI COTVIACHO {3) B BHAe npOUIBEACHHA
Tpex BHATOHANBHHIX MATPHU:
K=|K|*=D|K|*,

(K% = diag [V TTu ] Vel oo Vidas
D=diag [sign Ly, signlam, ..., signlnm].

e ofosHaueHo

Torna ma (6) nmoayunm pasnoxende (2), rge S=|K|["M* — pepxtfa Tpeyroaenasn
MATPHLA C NOJOKHTEAbHEME 3/EMEHTaMH HA [NABHOA AHATOHAN.

2. NMpumep. Ecau pasaoxenne (2) nosyyeHo, 70 peleHHE CHCTEMbI
(1} cBOAHTCA K MOC/IENOBATEAbHOMY PEUIEHHIO ABYX CHCTEM ypaBHEHHM
€ TPEYTOJbHBIME MATPHILAMM

S'Dy=f}, D

Sx=y. (8)

[MokaxeM Ha NpuMepe MaTPUL BTOPOrQ MOPALKA Kak MOXHO noay-
upth pasnoxenne (2). [lyerb A — peficTBHTENbHAA CHMMETPHYHAR

MAaTpHIA
A= [au IIflm]
LT
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Bynem uckats S 1 D B puge

S.— 1 512] D— [dll 0]
0 sm)]’ 0 dyl’

TAe KaXJuoe M3 uHcen d,,, d.». MoXer 6piTh Au60 + 1, AnGo —1. Torza
Sfldl 1 11512 }

2 2
5113120‘]1 Swdu +522d23 ]

S'DS = [

H U3 yCJIoBHA (2) nojydaeMm TP ypPaBHeHHA:
2 2 2
Sudpp = a1, SnSedn =a1s,  Sudy) + Saatlay == Gy,

H3 nepsoro ypaBHeHHA HaxoauMm d,, =sign a,,, su=Y|au|. Hanaee,
ecau a,, %0, 10

Se=an{(sudu),
H, HAKOHEI,

2 z
Saatlay == dyy — Syady),

dyy = sign (@, — S§2dll)| Sps = ]/l lgg — Sigdu |

3. O0wme pacuetnnie dopmyanl. [Toayuum pasaomenne (2) s cay-
Jyae IPMHTOBOA MaTpuun 4 NPOH3BOABHOrO nopagka m. Ecan S= [s4]
u D=diagld,, ..., dn.], TO 20eMenT MaTpuust DS, umewni HEZeK-
col (i, {), pasen

Lo
(DS)I'.; = 2 d,;;SgJ; = dﬁS{;’.
=1
Kpome Toro, $'=[3;], nostomy
m
{S.D'S)ff_-:z SudsiSij,
{=1
fA¢ §,— YMC/0, KOMIJIEKCHO conpAXKeHHoe S;. W3 yenomus (2) nonay-
9aeM ypaBHeHHA

m
D sudus=ay, i j=1,2,..., m. [(9)
f=1

Tak xak matpuna 4 5pMHTOBA, MOXHO, He OrpaHHYHBAA OGLIHOCTH,

CYNTATB, YTO B CHCTEME (9) BHMOJIHAETCA HEPAaBEHCTBO [<j. IMepenn-
uieM (9) B Buge

i-1 m
2 SeiS1per + SuSepdy + 2 Sesydy = agj
=1 =ity

H 3aMETHM, 410 §,=0 ana [>i Takum 06pasoM, noayuum cucreMy
YPaBHeHH
i-1
Susijdii 4+ ) susydy =0y, i=<]. (10)
f=1
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B 4acTHOCTH, NpH i==] MONyuaeM

=1
|sicPdu=aa— ) |sul’du,

=1
T, e
-1 \
dy = sign (a:f— 3 [ET l"‘du) , an
i=1
i1 n
Sy = ( ay— > |su|*du ) . (12)
i=1
Hanee, npu i<<j u53 (10} moaydum
=1
a;— D) Sustidu
s = =L . (13)

S

[lo dopmynam (11)—(13) HaxoAATCS PEKyPPEHTHO BCE HERYJCBHE
aneMeHTH MaTpHL, D u S.

4, Mopacuer uncaa AeitcTenil,. MeTod KBAAPATHONO KOPHA NPHMEHA-
eTcA OGBIYHO K CHCTEMAM C NOJOMHTENbHO ONpellesieHHol IpMHTOBOR
maTpuuelt A. B sToM cayuae H3 (6) caeiyer MOAOXUTENLHOCTE AHArC-
HANBHHX AeMeHTOB Matpuubi K, i TeM caMbiM D=FE B pas/iomeHHH
(2). Ecan npelnojoXHTb AONOJHHTEABHO, 4T0 A — nefiCTBHTEBHAN
MaTpuua, 1o 13 (11)—(13) noayuum caenyiomiHe pacyeTHue GOpMyJILL:

-1

Suﬂv-a' S = aif-_z S?{, t=2) 3) ---sml (14)
=i
sy=aylsy, =23 ....m (15)
-1
a”—z S1sif
s”=-__f=1—' iﬁ2'3,,,,,m, i=2,3,...,f—l. (16)

B
IofcyuTaeM CHAYANA YHCAO YMHOXKeHHH. Bomucaenus no dopmyne
(14) TpebyroT

ml
. m{m— 1)
i—l)y=—

2 =0 »

=3

yumuoxerul, Briuucaenus no gopmyae (16) npr kaxiom (HDUKCHPOBAH-
HOM | TpebyioT

i-1 , .
=34y -—n
%—3(1 Uﬁ 2
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YMHOXKeHuH, a Bcero ageck TpeGyerea

mim— 1) {m—2)
6

m M=l
i=24—0 _ 1 —1) =
> > =3 D kle—1) =
f=2 k=1
yMHOXKeHHH. CNeaoBaTelbHO, 0flLIee YHCAC YMHOMEHAH
m(m—1) + mm—1)(m—2) _ mim—1)
2 6 6 '

Uncno penennii, HeoOXOJHMEX AJf BHYHCAeHHA nmo dopMysam
(14)—(16), coBnagaer ¢ YACAOM HAAAHATOHAJBHBEX 2JIEMEHTOB MATPH-
ual S ¥ pasao mm—1)/2.

Taxum o6paszoM, obmiee uHca0 OeACcTBHA YMHOXKeHHAA B OeJeHud, He-
obxognmoe gan daxropuzanun A=35"S,

mim—1) _ m{m—1)n+4 _m
6 2 6 ]

[Mpu GoapWnX m 3TO YHCJO DPHMepPHO B ABA Pa3a MeHblle 4uCaa
YMHOMKEHHA U AedeHHii B mpAMoM xoae mertofa Iaycca. Takoe cokpa-
meHHe uHeaa peficteHil o0bACHAETCH TeM, uTo A — cuMMerpHunan
MaTpHlLa, 3aMeTHM, 4TO AAHHKA MeTol Tpebyer m onmepauuii H3BJACYE-
HHS KOPHS,

Ecnn marpuna A ¢akropusosana B Buae A=S"S, to obpaTHHfA
X0/l MeTOJAA KBaJPaTHOTO KOPHA COCTOMT B MOC/JSA0BATENLHOM pellie-
HHH ABYX CHCTEM YDaBHeHHH

S'y=[, Sx=y.

PellleHAs 3TUX CHCTEM HaXOAATCA MO PeKyPPeHTHHIM GOpMyaaM

-1
fi— 2 59
yi=—I=1—9 i=2)3! R
St

(17)
y1="F/su,

m
49— 2 Si%¢
== i=m—1,m—2...,1,

S
(18)
xm=ymf'3mm-

Bruiuncaenuna no gaxuoh uz dopmyn (17), (18) rtpebytor m nene-
Hui u 0,5 m(m—1) ymuoxeununit. CienopaTesnpHo, BCEro LA obpaTHoro
xofa Tpebyerca m(m-+1) onepaunit yMHOXEHHA H Aeaednsn, Beero Me-
TOL KBAAPATHOrO KOPHA nph dakropusauumu A=3S"'S tpebyer

— R
min-41) + LSO _wintn s

onepauuii YMROXEeHHS U QeJeHHS H m ONepalui H3BJNeyeHHa Keaapar-
HOTO KOPHA.
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§ 6. OBGYCNOBAEHHOCTL CHCTEM JIMHEAHMX 2AreGpaHYecKHX YPABHEHHH

1. YCTOHYHBOCTR CHCTEMBI JHHEHHBX adrefpantecknx ypasHeHHU.
Tpx HCRO/B30BAHUH YHCAEHHBIX METOA0B AN PEIUCHHA TEX H/IH HHBIX
MAaTEMAaTHUYECKHX 33734 HeoBXOAHMO PasjiMuaTh CBOHCTBA caMmoil 3aja-
9K W CBOHCTBA BEIYHCJAHTEABLHOTO anropHTMa, NpeiHasHadeHHore JJisd
ee pellieHud. [(Ag KaxRok MaTeMaTHISCKOH 3ajaud NPUHHATO paccmMar-
PEBAThL BONPOC ¢ €€ KOppekTHocTd. [OBOpPAT, YTO 3ajava NOCTaB/ACHA
KOPPEKTHO, ecAH ee pelleHHe CYUIECTBYET H eNHHCTBeHHO H eC/lH QHO
HeNpepbLIBHO 34BUCHT OF BXOAHBIX AaHHBIX. [Toc/neaHee CBOHCTBO HA3HL-
BAETCS TAKKe YeTod4u80CTor0 OTHOCHTENBHO BXOAHBIX JAHHBIX. Cdop-
MyJUpOBaHHOe 34ech oOllee H He OYeHb YETKOe ONpeleieHHe KOPPeKT-
HOCTH AO/MKHO YTOUHATBCA NPH NEPEXCAS K H3YYCHHIO KOHKPETHBIX
KJAaCCOB MaTeMaTHYecKHX 3ajad. Tak, Xopollo HIBECTHBI ONpPeAe/NeHHA
B METOAH HCCAEA0BAHHA KOPPEKTHOCTH 3ajaum Kouwlm Asd cHCTEM
06MKHOBEHHHX AnbdepeHunanbHEX YPaBHEHUH, KOPpexTHAsw [OCTA-
HOBKA THIHYHBIX 3344 MaTeMaTHISCKOH (HHIHKH.

KoppeKTHOCTb HCXOAHOA MAaTEMATHYECKOH 3a1a4u elue He rapaHTH-
PYET XOPOIIHX CBOACTB YHC/IEHHOTO MeTOAA e¢ PeleHUs. Tlostomy Aaa
KOPPEKTHO MOCTAB/JEHHBIX 3a4a¥ CBOACTBA YHCAEHHHIX METOL0B AO/K-
Hbl H3ywaThcH 0cobo.

OTMETHM, uTO YacTO BO3HHKAeT HeoOXOAHMOCTH YHCAEHHOTO pelle-
HHA HEKOPPEKTHO MOCTABJIEHHBIX 3afay. JTOT KPYr BOMPOCOB noapo6-
Ho oceellek B Kuure [38].

B uacTosem naparpade BONPOCH KOPPEKTHOCTH HCXOAHON 3a4avH
H YHC/AEHHBIX aJrOPHTMOB e pelledus PACCMATPHBAIOTCA HA npuMepe
CHCTEMBI JUHEAHBX anre6paHyecKnx ypaBHeHHI

Ax=f (1)

¢ KBaipaTHoil MaTtpuieli A nopsiaka . Xopomo H3BeCTHO, uTo AAA
KaXAOro H-MePHOro BeKTOpa | pelleHHe x 3afadu (1) cywecTByeT
Toria # TOAbKO TOraa, xoria det As=0. B atoM caydae MOXKHO Onpe-
JenBTh maTpuny A-', ofpaTHylo MaTpuue A, W 3aMHCaTh peleHue B
BHAE

x=A"f. (2)

Jlns Toro utoGbl y6eAHTECA B KOPPEKTHOCTH 322Ul (1), HeoGxonH-
MO ellle YCTAHOBRTH HEMPepLiBHYI 3aBHCHMOCTb PEUIEHHA OT BXOAHBLIX
N2aHHHX. B cBSA3H ¢ 3THM BO3HHKAeT MO KpafHed Mepe ABa BONpoCca.
[Mepsrifi: YTO CYHTATL BXCAHBIMH AARHBIMH 33/1a4H (1), ¥ pTopoii: B Ka-
KOM CMBIC/E C/edyeT MOHHMATb HEMPEPHIBHYIO 3aBHCHMOCTb? OrseT Ha
nepehifi BONPOC OUEBMAEH: BXOAIBIMH JAHHEIMH SBJIAIOTCA TPARad
4acTh 1 JAEMEHTH ay, §, j=1, 2, ..., m, MaTPHUM A. CoOTBETCTBEHHO
PA3RHYANT YCTOAHUEOCT nO NPasod «acru {(korpa BOZMYLILAETCA TOJb-
0 MpaBas wacth f, a Marpuua A ocTaeTcs HEHIMEHHOH) H K03~
YUEHTHYI0 YCTOHNUE0CTe (KOTAQ BO3MYWIARTCA TOJbKO MATPHUA A,
4 MpaBaA YaCThb [ OCTaeTCA HEH3MEHHOR).

Y1o6bl MOMHO OBLJIO TOBOPHTH O HEMPEPLIBHON 3aBHCHMOCTH, 1i€00-
XONNMO BBECTH KA MHOXECTBE M-MEPHBIX BEeKTOPOB TY WM HHYIO MeT-
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pHKY. DyJeM cuHTaTh, uTO pelleHHe W mpapad wacTb 3azaud (1) npa-
HafgjexaT JMHHeAHOMY NPOCTPAaHCTBY H, cocTofillleMy H3 fM-MepHEIX
BEKTOPOB (BEIeCTBEHHBX HAH KOMIJERCHBIX — Ge3pa3nnyto). Bpenem
B H HopMmy |- Il; koHKpeTHR BHA 3TOH HOPMBI cediyac He MMeeT 3Have-
HHA, BAXKKO NHILE, 4TOGH BHOGIAAINCE BCE AKCHOMBI HOPMHEL;
lxll >0 ana awbore 0%=x=H, ||0]| =0;
lleexll = |ec| lixll man nawdore unena a v nwboro x=H;
e+ gl = lxl + iyl ana mwo6ex x, yeH.
Hopmod marpuyer A, noduuneqnoil dannotd Hopme 8eKTOpa, HA3H-
BAETCH UHCAO
JAf= sep 1A 3
otxsh (x|
HUs onpeaenennit cieayer, uto [[Ax]|<<IAll«x]l ans Bcex x=H,
A+ BI<<IAl+ 1B, 1ABI << | AN BY aaa mo6eix matpuu A, B; [|Ell=
=1, rae E —eanunynas wmatpuua. Hapaay ¢ ocHoBHOR cucreMofi
ypaeHeHH#H (1) PAcCMOTPHM «BO3IMYHICHRYIO CHCTEMY»

Ax=F¥, (4)

KoTOpad oOTAH4aeTrcA oT {1} npasofi wacteio. Byaem npennonararh
noKa, uto B MaTpuuy A Boamyuwennfi He pHocHTed. Hac uuTepecyer,
HACKOJABKO CHJBHO MOMET H3MEHHTBCA DEWIEHHe X B Pe3yJbTaTe H3Me-
HeWna npasofl yvactu. O6o3naunM

dx=%—x, &f=Ff—f.

Fopopsit, uto cucrema (1) ycroduusa no npasod 4actu, ecan Npu
Ao6HX f, f cnpaBeasnBa oueHxa

18211 << M, [I5f 1, (3)

rae M,>0— nocTosiHAad, He 3aBHCALLAN OT NpaBuX yacrei f, f. Ouen-
Ka (3) BbIpakaeT QaKT HeNPePHIBHON 3ABHCUMOCTH PEIUEHHS OT hpa-
BOH vyacTH, T. e. NoKashpeaer, 4to [8xf—0 npn [8fi—0. Hannyue
YCTOHYMBOCTH OYEHb BAXHO NPH YHCJIEHHOM PEUIEHHH CHCTEM ypasHe-
HH, NMOCKOJbKY MOUTH HHKOIOA HEeJb3dA 331aTh NPaBYIo 4acrh | TOUHO,
Ha caMoM lene BMecTo BeKTOpa [ 3ajaercda Rakol-to GAH3KHEE eMmy
Bektop f, [orpewnrocrs §f=f—f BosHukaer, HanpnMep, B peayabTa-
Te NOTrpellHoCcTel OKPYTIEHHS.

Jlerko nokazare, uto ecau det A0, 1o cactema (1) ycroiiynpa no
npasoRk uactu. [eficrsnrensho, us (1} u (4) coegyer ypasHeHne Aaf
NOrpeiHOCTH

A(8x) =6f,
OTKYAA NOAYYaeM
Sdx=A-"(8f),
N6xl <<l A1 I8F 1, (6)
T. €. BHINMOJIHAETCA HepaBeHCTBO (5) c¢ koHcrantofi M,=I[A-'|l. 3ame-

THM, 4TO YeM OJHIKE K HYJIIO ONpeflefnTesb MaTpHUR A, TeM Go.blie
nocrostHHas M, H, cJefoBaTeAbHO, TeM CHAbHee MOTPelIHOCTh NPaBoll
9aCTH MOXKET KCKa3HTh HCKOMOE pellleHHe,
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2. Yncao obycnoBreHAocTH, B omeury (5) BXOAAT abcoaroTHbW nO-
epewnoOCTY pelenns dx=X—x u npaeoit yacth 8f=7—Ff. [Ipu peite-
Han cHetembt (1) ua DBM ¢ nuapawuieit s3anaToil 60/ee ecTecTBEHHB-
MH XapaKTePHCTHKAMU ABASIOTCA OTHOCUTEAbMbOIE HOZPRWNHOCTY

1871 1ox|

(TRt

[MonyanM ouesky, BHPAKAWUYK OTHOCHTEIBHYK NOTPEUHOCTE pe-
leHAs Yepes OTHOCHTEJBHYIO NMOTPeMHOCTb MpaBoi yacTH. Has aroro
HCTIONL3YEM HEPaBEeHCTBO

(HIESIFEY B4 (7)
koropoe caeayer ua (1). Tlepemnoxue (6) n (7}, npuaem k TpeSyemoil
QLEHKE

16xf - g, L8010 8
TR T ®

rae
M.=lA-HHAL. (9)

Uucno M,, Bxolfliee B 3Ty OUEHKY, Ha3HBAETCHA UCAOM O6YCA08-
AGHHOCTY maTpudst A ¥ XapaKTepH3yeT cTeNeHb 3aBUCHMOCTH OTHO-
CHTEJAbHOR NOTPELIHOCTH PeLleHHA OT OTHOCHTEJBLHOH NOTPellHOCTH
npasoit wacTiH, MaTpHun ¢ GoJbIKM ukcaoM ofycaoBaedHocTH M, Ha-
3HBANTCA naoxe obycrodnennsimu marpuyand. Ipy gucieHHOM pe-
IEHHH CHCTEM € MJOX0 O0YC/0BIEHHBMH MAaTPHUAMH BO3MOMKHO CHJb-
HOE HAKOIIEHHE MOTPelIHOCTeH,

OTMeTHM caeAylomue cBoficTBa yucaa 00yCAOBAEHHOCTH:

1° M, =1,

2::. MA.,}-' |lmax(A) g’l"'mln(A) I‘

L€ hmee(A) H Apio(A) — cOOTBETCTBEHHO HaHGOJBIEE U HAHMEHbIIee
Mo MOAYMIO cOBCTBEHHBIE YHC/1a MATPHIL A.

3% MMM,

HokaxeM ceoiictso 2°. Yneno p(A) = |Ana(A) | HasbRaeTCA CrEKT-
paronom paduycom marpuyst A. [lokaxeM cHavania, 4to And moboii
HOPMH BEKTOPA MOAYHHRHHAA efl HOPMA MATPHUM YAOBJETBOPHAET He-

PaBEHCTBY
p(A) <Al (10)

PaccMOTpHM coBCTBeHHBIl BEKTOP ¥ MaTpuun A, oTseqatollnit HaH-
donblIeMy MO MOLYJIO coSCTBeHHOMY 3HaveHuio. CupaBesinBo paBeH-

CTBO
Ay=lmar(A)y)
H3 KOTOPOro CAeAYET, UTO
HAH" = |1'rna:(A) ‘“y"

C npyroft croponsl, [Agll=<<|Altyll, 1, caenoatennbHo, |Ama(A)|=<
<l All, 7. e. noaysaem (10).

Mockoabky Amin(A) ABAAETCA MAKCHMAJBLHEIM MO MOAYMO cobCr-
BEHHHM 3HaueHHeM MaTphubl A~', A1 HEro BHINOAHAETCA HEPaBEHCTBO

A (A) [~ =< IAT.
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Orciona u u3 (10) caeayer csoiicteo 2°. 3ameTuM, 4TO NpaBas HacTb
HepaBeHCTBA 2° He 3aBHCHT OT BLIGOPA HOPMEL,

CyuecTByioT HOPMB B MaTPHUE!, A8 KOTOPHIX 2° BHIOJHAETCS CO
sHakom paperctsa. [lycts H — BelllecTBeHHOE NPOCTPAHCTBO €O CKa-
JAPHBIM NPOH3BEIEHHEM

(9’-0)=2!9‘5U5
fam1
¥ HopMoit llyll=¥(y, y). Torda nopMa cHMMETPHUYHON MaTpn-
U A cOBmAagaeT ¢ €e COCKTPAJBLHHM PAAHYCOM:

All=p(A). (11)
HeftcTRUTENBRO, AYCTh {uk}g;l — OPTOHOPMHPOBAHHMA 6asHc cOGCTBEHHHX
BeKTOpoB MaTpHOW A u r&ff — nwboft Bexrop. Paznaras x no Gasucy {ma}). BO-
RYIHM
m m
£=2 e [xP=D) &
k=1 k=)
H, panee,
- -
Ax = 2 ck}"k!’l'k‘ ]]Ax “"= 2 Czl:.
k=1 k=1

O1crona nmeeM
Bl =0 (A) ],
1. e [All=o(A). ConoctaBasia 10 RepasencTeo ¢ (10), moayuaem (11).

Touno tak xe |A~'|=p(A~') =|Ama{A)|"", u, caesoBaTesBHO,
Ma=[roax (A) |/ [Awin (A) | (12)
AJjisi CHMMETPHUHO# MaTPHUB A M CPelHeKBAaAPATHYHOH HOPME BEKTO-
pa, flxll=v¥(x, x).

CeoiicTBo 1° ciedyer HenmocpeLcTBeHHO H3 2°, a ceolicTBO 3° — u3
AHAJOrHYHOro cBOHCTBA MaTpHUHKLX HOPM, {[AB| <1 A|l| BIl.

3. Moanasi OuUEHKA OTHOCHTENBHOH MOrPelHOCTH. [IpeAnoNoKHM
Tenepb, YTo B cHCTeMe (1) BOSMyIIEHH KaK NpaBas 4acTe, TAK B KO3(-
¢HudenTH. PacemoTpum napany ¢ (1) BoaMylennyio cucreMy

Az=F (13)
u 06o3naunM 3A=4—A, bx=F—x, §f=f—F.
CnpasensnBa curenywomas Teopema (e, [6]).
Teopewma 1. fTycrs marpuya A umeer obparnyro u nycre suinoa-

HERO ycaoaue
NBAR < IIA=HI. (14)

Toada marpuye A=A--8A umeer obparnywo u cnpasedruga caedyro-
an OUeHKa OTHOCUTEAbHOL RO2PEUNOCTY!

Rorl - Ma 1041, 14}
et (m) (m + nfn)‘ t5)
Aiay

[Ipu AoKRa3aTenncTBE GYAST HCIONLIOBAHA
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Nemmua §. Hycre C— ksadparnas marpuya, yooareTsopaouian
yeroswo Cll<<1 u E — edunuunas marpuya. Toeda cywjecrayer mar-
puya (E4+C), npuses

E4+ O ——. 16
lE+O7 <= (16)
JdokasaTeasctso Jag moforc BEKTOPA X HMEEM
I{E+C)all = lx+Caxll = | xll—lICxll 2= = —=NCllxl = (1—=ICN) h<ll =8Il

rie §==1—[C}=-0, Tlostomy onsmopomtoe ypasuexde (E+C)x={ KMeeT TOABKO
nynepoe pewenne: ecad (E+C)e=0, 10 0= lxll u x=0. TMosToMy B HepaeeHCTBe

I (E+C)xliz>blixlk (a7)
g)g:“e&_iﬁc?)aflajﬁrargi;cgggﬁ;mx=(E+C)-'y u nepenacats (17) B Buge [yil=
LE+ Oyl < il =
cleA0OBATEALHO, BrNoAneHo (16).
HokasaTteabcTBo TeopeMbl 1, JlokameM, YTO CyLIECTBYET MAT-
puita, o6paThas maTpune A438A. UmeeM
A=A+8A=A(E}+A'BA)=A(E+C),

rae C=A-"84. o ycaosuio (14) umeeM
ICH=RA-" AN A HIBAL <, (18)

noatoMy cornacko Jemme | cymecrsyer (E+4C)~', a caeroBateqsio,
u A

Ham octanoch modysute ouesky (15). [peacraBum dx=%—x B
page dx=A'f—A-f=A-"(f—f)+ (A-*—A~*)f. Coraacho (1} umeem
f=Ax, nostomy

1
L=lcl

20,

dx=(A*A—E)x+A'8f. (19}

IanbHefilline BHKIAAKH CBA3AHH ¢ OUeHKaMH HOPM Matpun A—'A—E
u A-%. O6oanaunm

A=4'A—E. (20)

Hmeem
A=A 'A—E= (A+6A)"A—E=\A(E+A-'8A)|'A—E=
=(E4C)'—E, C=A"'A4,
A=(E4+C)"(E—(E+C))=—(E4+C)7'C.
Mo nemme 1 noaydum
Al

[fo] < A 64 (21)
(—lc) T —1at L4’

rak kax [|Cl<[|A-']I8A]. Danee,
A= (A+84) = A(E+A'BA) 7' = (E+C) A"

1A

A —
sy
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Boasppamasncs k (19), noayuum
1ox|< 1!A"HH6Allllx + (AN S/ )

—lA764] © L] ATl 84l (41}
_=—— 84 8f 1.
e (1641 + 187D
Cnenaem npeo6pasoBatue
_ L& W87 0y 4,7 < LOF D
jorl =Ly =L acj<bLh a2

Torna NONY4HM HEPABEHCTRO

sl LALEL__ (LoALy 4 L8 Yy
5+ I—IM“IHlﬁAH(IHAﬂn I+ ")'

kotopoe coenagaer ¢ (15). Teopema | pokasana,

4. BauaAHue norpemHoCTed OKPYIJIEHHS TNPH PeIIeHHMK CHCTEM AR-
HedHbIX adrefpanuecknx ypasHeHHik merogom [aycca. Meroa [aycca
OTHOCHTCH K NPAMBIM MeTOAAM pPelleHHd, No3TOMYy OH AoqXeH Ouna Ol
JBABath TOUHOE pelleHRe 3ajgavd (1) 3a KoHevHoe uHCao Aehctuit, On-
HAKO NpH 3afannd Ha IBM ncxopHoft nHpopMaund (MaTpuust A, npa-
BOA yacTH ) HensOeKHO BHOCATCH TOFPeWHOCTH oKpyriekus. [loato-
MY MPH NpPOBefeHHN BRHYHCAeHHE Ha DBM ToYHOe peuleHHe MOYTH HH-
KOTAa He AOCTHTaeTcAi. Pe3yAbTHPYICINAS NOTPeIIHOCTH BHIYHCAEHHH
TeM §oJibllle, YeM BbIlle TOPALOK MATPHIB, KpoMe TOrO, TOYHOCTH BH-
YHCJEHHR 3ABHCHT W OT BHAA MaTpHuel. Hanprmep, Bequka norpetl-
HOCTb NPH pellleHHH CHCTEM YPABHEHHH ¢ onpelennteneM, GAH3KHM K
HYJI0.

He nazo ayMarthk, 0AHAKO, YTO HAKONJEHHE NOTPEIIHOCTENH OKPYI-
JeHHA AeNaeT HeMmpHUroaHeiM MeTof I'aycca WJHM APYTHE UHCJEHHHE Me-
ToAK. Beap o6niyHo TpeSyeTcA 3HATh pellleHHe He aGCONIOTHO TOYHO,
a NHUL ¢ KAKOH-TO CTeleHbd TOUHOCTH. Baxho, uToOH pe3yAbTHPYIO-
LaA MOTPeIlHOCTE BEIUHC/AeHUA HaXodWAack B npelefax 3ajaHHOA TOY-
RocTH. JIasg 3TOro HeoGXOAMMO NPOBOAHTE AHAJH3 BJAHAHHA NMOrpeml-
HOCTEl OKPYTJAEHHA HA TOYHOCTh AJATOPHTMA,

[TockoNbKY MOJHOE NPORENEHHE TAKOPO AHANH3A BEChMa TPYAGEMKO
H BHXOAHT 32 PAMKH A2HHOH KHHIH, OTPaHHYHMCA JHIUIL OCHOBHBEIMH
ceefedunami. [Toapo6Hoe H3jdON(EHHE STOrQ KPYra BONPOCOB MOMKHO
Haitti B kuure [6].

JOna 60AbIIKHHCTBA BHYHCIHTENBHEIX aJrOPHTMOB BJHAHHE NMOrpeu-
HOCTeli OKPYTJeHHA MOXHO y4ecTb, PAaccCMATPHBAs BO3IMYILEHHYIO CH-
cremy (13}, CuntamT, uto pemente cHerembl (1), HCKaXKeHHoe mO-
rpelliHOCTAMH OKPYrJeHHs, COBAAZaeT C TOYHEIM PelleHHeM HeKOTOpoH
cucteMel (13). Huaue roeops, npouecc pedieHHs cHcTeMul (1) ¢ yuae-
TOM NOTpelHHOCTEll OKPYIJEHHA SKBHBAJEHTEH TOUHOMY pELIeHHID He-
KOTOPOil BOIMYILEHHOA cHeTeMEl (13),

[MpeanonoXuM A NPOCTOTH, YTO MpPaBast 4YacCTh [ 3a/2eTCA TOTHO,
[Tyctb B pesydbraTte norpeluHocTell OKPYIJIE€HHA BMECTO TOUHOFO pe-

Fi)




e cucreMu (1) moayueHo TOYHOe pellieHHe BOIMYUIEHHON CHCTEMEL
Az=] (22)

B stoM caydae martpuna 8A=A—A HasuBaerca marpuyed xsu-
8a1eHTHoLx 803Myutenull. KaxaoMy BHUYHCAHTEABHOMY aJIFOPHTMY OT-
BeYaeT CPOA MATPHIA 3KRHBAJEHTHHX BosMyiledHii. Ecan wm3pectna
OUEHKA HOPMEI MaTpuUH §A, TO NMOrpeurHoCTb, BOSHHKIUYI B PE3yib-
TaTe MNOTPeIIHOCTEH OKPYrHIeHHs, MOMXHO OUEHHTh corgacHo {15),
a HMEHHO

I X=xl M,y [84]

Ix§ 1841 1AL "
A4

= (23)
I—M

OTclofla BHAHO, 9T0 Ha TOYHOCTb pelIeHHs BAHSAWT gBa (akTopa:
9HCAO OOYCAOBJEHHOCTH MATPHUM A H 3KBHBAJEHTHOE BO3MYIIEHHE
16A1/IIANl. Yem Gombite uncaa M, u 18AI/)A|l, TeM MeHbiIe TOUHOCTD
pelieHrA. [logueprHeM, UYTO YUCAO OOYCAOBJAEHHOCTH He CBA34HO C Ka-
KHM-JH00 YHC/IEHHHM aJrOPHTMOM, a XapPaKTEPU3VET TONLKO CBOMHCT-
Ba AcxofHo# cucTeMul (1), BeanwnHa 3KBHBaJEHTHOrO BO3MYILEHHS O~
pefenseTcs YHCJAEHHBIM AJrOpUTMOM, TeM CaMBIM {IPH PACCMOTPEHHM
KOHKpPEeTHHX aJIFUpHTMOB H306XOJ1HMO noayu1ath OUEHHKH COOTBETCTRYHO-
MHX SKBHBANCHTHHX BO3MYIICHH.

Tak, B peayanrarte pakropusauny A= LU no merony [aycca peine-
HAe CHCTeMH (1) CROLHTCA X pelleHHI0 JIBYX CHCTEM

Ly=f, Ux=y

¢ TPeyroNbHHMH MAaTPHUAMH. [IOrpellHOCTH OKPYTACHHS HPHBOAAT K
TOMY, 9T0 BMecTO pellieRHs ¥ cHcTeMul Ux=y noaydaeMm peweude X
BOSMYLIeHHOH cHcTeMBl U =§. Touno Tak e BMeCTO pelUeHHA Y CH-
creMbl Ly=f noayyaeM peienve § cucremnt Lf=f. Taxkem o6paszoM,
MOMHO CYHTATh, YTO BMECTO HCXORHOH cHCTeMul (1) TOWHO pewmaercs
BOaMymennan cicrema AF=f, rne A=L7. Urobu nadity matpuny 4,
Hallo BHNHcaTh Bee dopMynn meropa Faycca, BHeCTM B HuX norpell-
HOCTH OKDYTJeHHA H NOJYYHTh TeM caMuM MmatpHod I uw . Jdanee
clefyer OueHHTe HopMmy MaTpuun 8A=LU—LT. Onyckas Bce 3TH
PECHMA TPYILOEMKHe BHIKJAAfIKH, NPHBEAEM JIHIDL OKOHUATEAbHHN pe-
ayastat (cM. [6]).

ITycTs { — 4ueao pazpAzoB MaHTHCCH B AROCHYHOM MpefcTaB/eHHH
qace] Ha IBM ¢ nmaBawuefl sansTofl, Tak 9TO OTHOCHTENMbHAA MO-
rpelliiocTh OKPYTVIEHHA [AeACTBUTEABHOTO YHCAA €CTh BEMHYHHA NI0-

pazka 2-'. Torpa Ans 2KBHBAJEHTHOrO BO3MYIUeHHMs Mertofa [aycca
BEpHA OlleHKa
|4 —A) o —t
—=0(m2
S =02,

e /m — NOPAJOK MATPHLH.
Takum o6pa3zoM, HakKoNAeHHe NOrPeHIHOCTeR OKPYLAEHHS OPH pe-
IIeHHH CHCTEM JIHHeHHBIX aarefpanyecKnX ypasHeHHH MerofioM [aycca
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Ha 3BM c naaparoweli 3anATol NPUBOAAT K TOMY, 9TO HCKOMOE pelile-
HHe onpefensieTcs ¢ OTHOCHTEMBLHON NOTPeLIHOCTbI0

X—x _

=2 oMy om- oY, (24)

J«l

OtmetuM, yto 1as Mawnse BACM-6 uucno 2-' paBHO npHGAH3H-
TeAbHo 1072,

PaccMoTpuM npumep nprmenchus ouenxn (24). ITycTe MeroZoM Koweunux paas
HOCTeR pemraeTcq BEpacpan aajgava

w () =—f(x), O0<<x<l, w{0)=ufl}=0. (25)
BeeseM pabHOMepHYW ceTKY
an=={x;=ih, i=0,1,..., N, AN=1}

# 3aMetdM (25) pasHocTHOH cxeMmoli BTOPOTO NOPAAKA TOYHOETH

L= D .
"“:+1 “u:. + ”:—1

— — =fn i=02..,N=I, w=uy,=0  (26)

Kazanoce Oul, yeM MeHulle BOShbMEM AT A, TeM ¢ OOMLIIER TOYHOCTHIO NOAYIHM pe-
WenHe zagaun (25), Ognake nopaZok m=N-—] cHCTEMH JHHEAHEHX anreGpatue-
ckux ypaprenHRt (26) o6patao npomopuwonaseH ary A 3Haunt, yMedplUeHHe [Ra-
ra i npuBefer cornacko (24) K yBeJHVEHBEO NOrPeIUHOCTEN OKDYrAeHWA, H OpH He-
HOTOPOM 3HA9eHHH /i MOTPEUIHOCTH OKPYFAGHHA MOTYT NDEB3OATA NOrpeliHOCTH
PasHOCTHOTO MeTOAa, NpOnOpuRoHakbHyiw A% Omenxa (24) nossonmer BWGDPAaTH mo-
PAZOK Wara h, npH KOTOPOM MOTPEIIHOCTE OKPYIJIEHHA eme He NPeBOCXOJHT M0+
rpewsocTH MeToga. OcTanOBHMET Ha 3TGM nogpoGuee,

Mockoabxy Marpriza A cnctemu (26) CHMMETPHIHA H NOJOKHTEALHO ofpese-
Jleta, ee YHCNO OOGYCNOBACHHOCTH PAaBHO OTHOWIEHHID MAKCHMAJBHOTO COGCTBERHOrO
3HAYERHA K MHHHMAaALHOMY, T. €.

7Lmax (A
4= i‘min (A} )

Kak nzsectho (cm. n. 4 § 4 w. ), 118 paunoli MaTpHUH

4 nh 4
Apin (A) = h_ﬂs{nz ? v Aqax (A) = ;;cos’ <5

OO3TOMY

AR 4 1

Otciona BHIHO, 970 OpH Madblx h c¢nctema (26) maoxo ofycnoernena, Hanee,
m=0{h""} u

1
MAm=O(h—a) .

Tlostomy npasas sactb paBenctBa {24} ouennpaetes kak O{2-*A~%), [as Toro
YTOOH fIOTPEIIHOCTL OKPYMMEHHA MMeNa TOT Ke MOPAAOK, WTO A NOrpeliHoOCTb pas-
HOCTHOTO MeToa, LocTaTouHo notpefoBaTe 2 A= =0(h?), T. e. A=0(2-'/%).
B gacrwocts, npa 2-¢=10-"? npHXGAHM K BHBOLY O TOM, WTO Hemenecoo6pasHo
Gpatt war h wsedbwe, vem 0,001, Tak Kak B NPOTHBHOM CAYYae HAKOMJeHHe no-
rpemikocTedl OKPYIEHHS MOMeT 0KA3aTheA CAHILKOM BEJHKO,
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rasAaABA 2

UTEPALHOHHBIE METOADI PEUIEHHA
CUCTEM JTHHEAHMX AJNTEBPAHYECKHX YPABHEHHA

§ L. MpaMept! H KAHOWHYECKHH BUA HTEPAUAOHHLIX METOAOB peUleHHA
CHCTeM NHHeHAHbIX aNreGpandecKAX ypaBHenuH

1. Hrepaunonnste meroabl Axobn n 3einens. [lepefinem ® usyue-
HUIO ATEPALHOHHBIX METOAOB PellieHHA CHCTeM JHHEfHBIX anreGpande-
CKHX ypaBHeHn#. ByaeM paccMaTpHBATh CHCTRMY

Ax=f, (1)

rie marpuma A=la,l, i, j=1, 2, ..
= (X, Xo, . -, Xm}T, f= (Foo for o v f) T
PaccMOTPHM CHauaaa [Ba OpHMepa HTeDANHOMIHX MeTonos. s
HX ROCTPOEHHS MpelBapuTeJbHO npeobpasyem chcteMy (1) & suay
i-1 a m s .lF
Xpe=— S — B g
a. :
J=1 W

., m, uMeer oOpaTHYl, XY=

s £=lt2""'m (2)
f=ip1 %
(MpH TOM TPEANOAATraeTcs, 9TO BCE dy OTIAHYHBL OT HYJIA).

YenopuMes, Kak OOBYHO, CMUTATh 3HAUEHHE CYMMBI PABHHM HYJII0,
ecH BepXHUIl Tpefe] CyMMHpPOBaHKS MeHblie HHiKHero. Tak, ypasie-
tHe (2) npu i=1 umeer BHA
mog

1 fi
n=—3—xn+-—.
: a5

a
‘211

B saneuefilem BepXHHH MHAeKC GyAeT yKazblBATH HOMeD HTePallHH,
HanprMep

/] " T
xn=(x1!x2| e ey x;) +
rAe x!— n-n uTEpauus (- KOMIOHEHTH BEKTOPA X.

B merode ko6 MCXOAAT H3 3aRHCH CHCTEMBl B BHAe {2), mpuueM
HTepallHH ONPeJensioTea CReAyOLHM 06pasoM:

=1 m o
xﬂfl.-—-__ aixn_,_ al_'.xn—l—.fi_ (3)
£ ‘.261;,- / 2 Qi f “ff‘
=1 f=iv1
n=0,1,...,0, (=1,2,...,m
Hauansubie sHavenns x?, i=1, 2, ..., m 334al0TC NPOH3BOJIBHO,

OkoHuaHHe HTepallufi onpejensieTcd JAROC 33AaHHEM MAKCHMAJbHOTO
YHCAA MTepauHil n,, Anbo ycaosHem

max |xit— x| < g,

15idm
rae e>>0-—3afanuoe gncao. flozxe B § 2 OyAeT mokazaHo, YTO NPH
onpeAeseHHbX YCAOBHAX Ha MaTpHuy A Metox Slkobu cxoauTes, T. €.
f[x*—x||—~0 npu n-»oo (34ech x— TOUHOE PpeIIEHHE CHCTEMM (1,
a X" — npuIKeHHOe pellleHle, NONyUIeHHoe Ra n-d HTepaliH).
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Hrepaunonuablii merod 3eliderns HMEET BHA

=1 m a. f
xm-l:_z ‘-' xnu 2 _ixq—i-_f'
a, a. ! a,
j=tey T ii
i=ls 2,...,m, n=0v l,u-‘no- (4)

YUTto6m TOHATE, KAK HaXOAATCA OTCIOAA 3Havewus x7, i=1, 2,
.., M, 3anHlleM D0JpoGHEE nepBhle 184 YPaBHCHHN cHCTeMBl (4):

< f
= rz + A (5)
' ; thyy 011
@ S Gy f
2 0y
x:n —_ xm-l. E ln + 2 (6)
25 ;—-aa"

[epsasg womMnoHeHTa X} BEKTOpa X"*' HAXOAHTCA H3 YP4ABHEHHA
(5) ABHEIM 06pa3oM, O ee BEIYHCJCHRA HYXHO 3HATb BeKTOp X" H
anavenne [o. [lpn Baxoxaenuu X% u3 ypasHenns {(6) MCIONB3YOTCH
TOABKO YTO HailleHHOe 3HaueHHe X;*' H H3BECTHLIE 3HAYEHHA X7,
=3, ..., m, ¢ npeapiaymwed urepaunn. TakaM 06pa3oM, KOMIOHEHTH
x31 pexropa x*' Haxogatca M3 ypasneHnsa {(4) NocJe0BaTedAbHO, Ha-
qHHas ¢ i=1.

2. Matpuunan sannce Metonos fikoGn M 3eitaeasn. dna necnegopa-
HHA CXOAHMOCTH HTepallMOHHHX MeTOJ0B yA00Hee 3aMHCHBaTh HX He B
KOOPAMHATHOH, a B MaTpuuHoll ¢opme. [IpeacrasuM MaTpHuy A cH-
crembl (1) B BHAE CYMMHB Tpex MaTpHIL

A=A+D+A4,, (7)

rae D=diaglay, @, ..., Gmm] — AUATOHANBHAA MATPHUA C TOH Xe
rJABHOW AMAroHanblo, 4To W MaTphua A, maTpuna A, — HHKHAA Tpe-
yroJibHas ¥ MaTtpuua A, — BEPXHHS TpeyroJbHad ¢ HYyJCBHMH TJaBHH-
MH JHATOHAJAMH.

Hanpuwmep, npn m=3 matpanu A,, 4;, D umeior sug

0 0 0 0 a 12 gy &4y 0 0
Al = a‘Z], 0 0 + A 3= 0 0 Qag |+ D =10 aaa 1] N
dy ag O 00 ¢ 0 0 g

Mpeacrapaenne cucteMul (1) B ¢opme (2) sKBUBAJNIEHTHO €2 34MH-
CH B BHJAE MATPHYHOTO YPABHEHHA

x=—D""Ax—D A, x+D-Y.

Orcioga Bugno, yro metol Axobu (3) B BEKTOPHOH 3aNHMCH BHTASAKT
ciaeayoluM ofpasom:
x““=—D_1A1.UR—D_IA2xE+D*1f,
HJIH, YTO TO e camoe,
Dxr+td (Ay4-A)x" =1 {(8)
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Mertoa 3eitgena (4} zanHceIBaeTCH B BHAE
xn+1=_D—lAlxn+l_D—lA2xn+D—lf

(DA ) xr - Aum=f, (9}

Yyurueaa (7}, meroana (8) m (9) MOMHO nepemHcaTk COOTBETCT-
BEHHO B BHIE

HJIH

D (xm —x™) 4 Ax" =, (10)
(D4 Ay (xr1 — xm) - Axr =, ()

H3 31ofi 3a0HCH BHAHO, YTO ec/H HTEPALHOHHBIL MeTOA CXOAHTCS,
TO OH CXOLHTCA K PeleHMIO HCXOAHON CHCTEMB YPABHEHHH,

OueHb Y4CTO AN YCKOPEHHS CXOAHMOCTH B HTEPallHOHHHE METOAH
BBOAAT UYHCJOBble TapaMeTphl, KOTOpPHE 3aBHCAT, BOOGLLE TOBOPH, OT
Homepa nrtepaunn, Hampumep, B meroam (10), (I1) MOXHO BBECTH
UTEPORYUOHHbIE NAPAMETPYE Ta, CACLYIOILAM 06pa3oM:

LT57 n
X — X
DY—= 4+ Axr =,
i+l
xf1+l_xrl
{(D+A)—— + Ax" =],

i+l

Cnocof sbIfOpa HTEPAUMOHHBEIX NAPAMETPOB BBISICHAETCS TPH HC-
CNEAOBAHMH CXCAHMOCTH. B TeopuH HTepPAaUHOHHBIX METOAOB CYULECT-
BYeT ABa Kpyra BOMPOCOB: a) NPH KAKHX 3HAYEHHAX TapaMeTpOB Me-
TOA CXOguTCs, 6) NMPH KAKUX 3HAYEHHSX MAP2METPOB CXOAHMOCThL Oy-
ger Haubonee GuiCTPOl (COOTBETCTBYWOIMME OAPAMETPH HAa3HIBAKTCA
onTHManbHLIME). B nanbreitmem {(cM. § 4) Mbr nogpobHee ocTaHOBHM-
CA HA 3THX BOMPOCAX B CBA3H ¢ KOHKPETHEIMH HTePaLHOHHBIMH METO-
LaMH.

[IpuBegenkvie Beile MeToABl SIKoGM W 3efiZenst OTHOCATCA K OJdMO-
w2086t UTEPAYUOHHBIM METOAM, KOTAA AN HaXomOeHHA x"*' Tpe-
6yeTcAa NOMHNHTB TOJABKO OAHY NpeAbBZYiyo HTepanuio x*. Huorga wnc-
NOAB3YIOTCA H MHO20WQ208bIe HTePAYNOHHbIe MeTOOb!, B KOTOPBIX X"T!
onpedesieTcs Yepes 3HayeHHR x* HA IBYX H GoJee NpelmAyil{HX HTe:
pauMax, T. e. X" =Flx®, 2, ..., ),

3. Kanonnyeckas ¢opma o0AROWArOBHIX HTEPAUHOHHMX METOAOB,
Ha npumepe meroaoe Skobu ® 3efiiens BWAHO, 4TO OAHH H TOT Ke
HTePaLHOHHBIA METOA MOMHO 3aTHCATD MHOTHMH Pa3NHYHBIMH CNOCO-
6amu. [Toatomy uenecoofpasHo BBECTH KAKYIO-TO CTAHLAPTHYIO dopMY
S4NACH WTEPALNOHHBIX METOIOB, ¥YCJNOBHMCA OpeXJe BCere 3anuce
BAaTh HTEPAUHOHHEI MeTOL He B KOOPJAHHATHON (dopMe, a B MATPHYHOH,
Tenepp x. Gyaer 0603HAUATH BEKTOP, MOJYUeHHBIA B peaysbTare n-if
HTEepalmH,

Kanonuueckoi @oprnoil 00x0a208020 UTLPAYUONKO20 METOGA pe-
IeHHA cHcTeMbl (1) HasHIBAETCA €T0 34IHCH B BHAE

Fapy — %p
BII+1—+Axr|=f, n=0,1, ..., . (12)

T +1
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3aece B.,,— MaTpuua, 3ajawlIas TOT HIM HHON WTepPaLHOHHBII
METOM, Tn. — MTEPALHOHHWIN mapamerp. [Ipeanonaraercs, 4ro 3afa-

HO HauaJbHOe OpHOJAHMKEeHHe X, W 1UTO CYIIECTBYIOT MATPHIE B,
n=1, 2, ..., i,—1. Toraa us ypaBaenns {12} MOMHO NOCAEAOBATENAb-
HO OOpPeAeNHTb BCe Xn, i=1, 2, ..., n,. N9 naxomaenus x,,, 0o us-
BeCTHLIM f U ¥, AOCTaTOYHO PEIUUTH CHCTEMY YPABHEHUI

Bn+lxn+i = 'Fm

rae F,= (Bn+1—Tn+1A)xu+Tﬂ+if-

Hrepaunonunii MeTo[ Ha3HBAOT f6r6tM (Heaswoim), ecin B,=E
(B.#<L), rne E —eaunndanas marpuua, Kak npaeuao, HesiBHBE HTE-
PAaiuHOHHBIEe MeTOAL HMeeT CMEIC,] NPUMEHATh JHIL B TOM clyuae,
KOrda Kaxaylo Martpruy B, o6paTHTb Jerye, 4em HCXOAHYH MATPH-
uy A (T. e. Koraa pemenne cHCTeMH ypasHeuwi ¢ maTpuleid B, Tpe-
6yeT Menbille MAWIMHHON MAMATH WIH BPEMEHH WJH AJTOPHTMHUECKH
npoue, 4eM petllenye HCXoAHOH cuctembl). Hanpumep, B Merodse 3efi-
IeNs MOPHXOAWTCA ofpallaTh TPevroAbHYO MaTpHOy. B nanbHefimem
(cM. § 4) GyneT NOKa3aHO, YTO MPEUMYILECTBOM HeSBHHX METOLOB AB-
asercs Gosee GHICTPAA CXOAHMOCTD.

Hrepaunonumit Merong (12) HasbBaeTca CTAYUOHAPHOIM, €CTH
Bnyy=B U Tpe =7 He 3aBUCAT OT HOMEPA WTEPALWH, U HECTAHUONAD~
HEIM ~— B TPOTHRBOOOJOA(HOM cay4ae,

HPHBEH.EM €M HECKOABLKG TNPHMEpOB HTEPAUHOHHEIX METDAOB. Merodos npo-
£rofl uTepayun Ha3ILBAIOT ABHEIR METOA

X X

oy —
%‘. A Ax, = f 13
¢ NOCTOARNHM NnapamerpoM T. SIBRWR Meton
Xnpy — %
— -+ A, = (14)
TRH.

¢ MepeMeEHBIM MADAMETPOM Tny4t HAZWBARTCA HTEPAUHUONAMM MeTodom Puwapdcona,
HAan smeronos (13), {14) wussecren cnocof BRGOPA ONTHMAMLHEX WTEPANKOHHHIX
TapamMerpoB B TOM CAiyYae, Korfa A — CHMMETPHYRAA NONOMHTENBRO ONpeAcAenRan
matprna (cM. § 6).

O6oGwennem meroga 3efigens (11) sBAReTes #erTod gepxned perakcatjun

Xnp1 — *p
(D 4- wd) — + Ax, =, (15)

rae o>>0--sapanpul wnenosol mapamerp. B § 2 Gyzer noxaszadwo, 9TC B cay9ae
gnumergnunoﬂ MONOKHTENBHO Onpenenentoil MarTpeiun A meron (15) cxoautcs Hp®
<m<l2,

Has noayuenss pacueTHHX dopmyn nepenmmem (15) B BHIe

(Et+aD='A))xa 1= ((1—@) E—aD-43) x» +aD-1f.

B noxoMnoHEHTHOR 3amucH noAywHM
=1
+ %j
‘!‘l 1+m2 ._xf;H. —
1= %u
=(l—a) Lm0 > a‘—x;‘-i-ma— . i=1,2 .., m

j=ir1 U i



OTci0fa NOCALLOBATENERO, HAYHNAS ¢ (=1, HAXOAHM BCe x"t1:

m
a
1/ f1
£ =(I-—-m)xf—m2 — X te-—,
- 011 M
f=2
"
an a2f fﬁ
x?“:-—m;—xf“-{-«(l—-m)x:—mz —x?—|—m—
11 iza s

HT O
§ 2. Hcenenoeanne CXONHMOCTH HTEPALHOHHBIX METOAOB

PacemMoTpHM cHCTeMy JiHHefiHbix airefpandeckux ypasHeHuH
Ax=f (1)

¢ HeBEIPOKAEHHON AeficTBHTEALHON MaTpHued A u OiHOWIArOBHIT cTa-
IHOHAPHBIH UTEPALHOHHBI METOJ, 3aNHCAHHBIA B KAHOHHYECKOM BHAE
X
;]

ann: LA, =f, n=0,1,..., (2)

rie X, 3alaH.

I'oBopAT, uTo HTepaumonHbill MeToA (2) cxodurcs, echn [lx,—xll—
—0 npu n—oo, [loa HOpMO#H BeKTOpa x GyleM NOHUMATEH CeAdac cpel-
HEKBAAPATHUHYIO HOPMY

m N4
Hxli=(§lx?) .

Petlenne x cHCTeMB {1) OyleM paccMaTpHBaTh KdK SJ€MeHT
H-MEpHOTO EBKJHAOBA MNPOCTPAHCTBA H co CKA.TAPHBIM npoH3BeoE-
HHEeM

mn
(u, 1) == > ujv;.

i=1

[IpH QopMyJIHPOBKE YC/IOBHA CXOAMMOCTH OyayT HCNOJBIOBATHCA
MaTPHYHBEIE HepaBeHCTBa, Jlna AefCTBUTENBHOR MaTPHILH C Hepapen-
ctBo C>>0 o3Hauaer, uro {Cx, x) >0 naa Bcex x=H, x5=0. 13 Hepa-
penctBa C>>0 caeAyeT, 9To cyllecTByeT KoHcTanTa §>>0 rakas, 4T0
(Cx, x) = olixl™

HeficteuTedkHo, eciu C>>0— cHMMETPHYHaA MaTpHua, TO BCe ee
COGCTBEHHEE 3HAYEHNA MOJOMKHTENbHH H B KauyecTBe & MOXHO B3ATb
MHHHMAJbHOe cobcTBenHoe 3Hauende, Ecan C>>0 — HecnMMeTpHYHAA
MaTpuna, 1o Ads dioboro xe=H, x£0 umeem

(€%, 9= [Cx, )+ (x, 1] >0,

rae C'— MmaTpuua, TpaHncnonnposansas K C. [lostoMy B KauectBe §
MOMHO B3ATh MHHHMAJBHOE COGCTBEHHOe 3HAauetHe matTpuun C,=
=05(C+C"). U3 ouenkn (Cx, x)=06lx[*> caenyer, uTo cylrecTsyer
matpuua C-'. Hepageicteo C3=0 osHauaer, aro (Cx, x) z=0 1411 Beex
xeH. Ecan €0, 1o C~' MOXKeET d He CyIeCTBOBATE.
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TMepefigeM K HCCJAEJOBAHHIO CXOIMMOCTH HTEPALHOHHORO METOAA
(2). Mozpeutnocts meroda na n-ff urepayui XapakrepusyeTcs BEKTO-
poM 2,=X.—X, KOTOpHlit cormacko (1), (2) yAoBneTBOpsieT OfHOPON-
HOMY ypaBHelHHID

B z"+l:zn +A2n=0) n=0‘ l| LR | 20=x0_x' (3)

Teopema 1. AycTo A— CUMMETDUYHAR NOAOIUTEALHO Onpede-
ReHHaA Marpuya, 1=>0 1 nycTe 8aHOAHEHO HEPAALHCTBO

B—0,5tA>0. (4)
Toeda utepayuonsstid merod (2) cxodures.
Jorxazarteaberso. JoctaTouno mokazaThk, 4TO CpeAHexsBaapa-
THYHAS HOpMa peWleHusi 2, ypaBHeHHss (3) cTpeMHTCA K HYJAO NPH
f#i—>oco ¥ ApH N0GOH HauadbHOt NMOrpellHOCTH 2,. [IokaXeM cHavana,

9TO NpH ycaosuu (4) udcaosag mnocdenosatensHocTh .= (AZa, 2a)
ABaAeTCs HeBoapactatomedt, M3 ypasHerna (3) naiigem

2op1=(E—1B'A)2,, A2pyy= (A—1AB~'A} 2,
OTKYAA NOJYHHM
(Azppi, 2ap) = (A2, 2,) —Tt(AB~'Az,, 2,)—
—1{Az,, B~'Az,)+1*(AB'Az,, AB~'Az,).
BenrecTBue CHMMETPHYHOCTH MATPHUE A UMeeM

(AB-1Az,, z.) = (Az,, B~'Az,),
No3TOMY

(Azn-Ht zrt-H) = (Azm Zn)—QT((B—O,E}TA)B_lAZm B_iAZ“) " (5)
Otcrona, yUHTHBARA YCAOBHe (4), monydaeM HepaBeHCTBO
(Azn+lv zn+l) = (AZ,;, zn)-

Takum 00padoMm, YHCAOBAA NOCAEA0BATEABHOCTL [, = (AZ,, 2.) MO-
HOTOHHA W OrpaHHYeHa CHH3Y HyJeM. CJaeJ0BATE/bHO, CYLIECTBYET

tim Jy =1 (6}

M=o

Hanee, H3a nNoaOMHTENLHON oOnpefefcddoctH MaTpunwm B—0,5tA
¢lefiyeT CyLIECTBOBAHHE KOHCTAHTH &> 0 Tako#, uro

({(B—0,5tA) B~'Az,, B~'Az,) = 81 B~'Az,|".
Orciona H #3 (5) noAy4yaeM HepaBelCcTBO
Jnri—da+28711B-' Az, |1 =<0,

[Mepexonn B 3TOM HEpaBEHCTBE K NPEAEaY OPH n—-oo i yuHThBaa (6),
y6exnaeMca B TOM, UTO CYLUECTBYET

lim [w,]=0,

00
rae w,=B-tAz,. Hakouen, saMeuasn, ytro A — NOJOKUTENLHO ONpene
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AeHHAS H, C/IENOBATENBHO, 06paTHMAn MATPHILA, TONYIUM
2 =A"Bw,, |z ll<<[IA~Blll|zw.l
H TEM CaMBIM
lim [z, =0.
=

Teopema 1 pokazana,
Jamegaune Kag nokasanmo » [32, ¢ 5271, HPH YycnopHax TeopeMul 1 anA
NOTPEUHOCTA 2y =Xn=—X HTEDANBOWHOTO MeTofa (2) cnpaBeAsypa OmeHKa
lznlla ssp™lzoll a,

rae p&E(0, 1), |zufam(Az,, 2,)"% 3Ta oueHKa 03HAYaeT, YTO MeTOA CXOABTCA CO
CKOPACTEIO renmewfuqecxoﬁ nporpeccHH co sHaMenaseneM p. Koncrauta pem
= {I—218§.5/I8112)'%, rae 8 — MuHRMAABHOE CcOGCTBéHHOe SHaugHAe MaTpAoH A B
8. — muHMManBHDE cobeTPeHHOE 3HAveHBe MaTpaRK 0,5 (B4 B—1A).

[Tpumenum TeopeMy 1 K KOHKPETHBLIM HTEPAUHOHHBM METOAAM, pac-
CMOTPEHHBIM B Tpefblaymiem naparpade. Meroa frofu umeer caeayio-
Uit KAHOHHYECKHE BHA:

D(xep—xa)FAx, =], (7)
rae D=diag [a\s, g, ..., @mm]. Takum 06pasom, B 1aHHOM caydae
B=D, =1.

Caencreue 1. [lycre A — cummerpuunas noroNUTEABHO Onpe-
desennas marpuya ¢ QuacoRasbHbIM npe0tiadanien, 1. e.

ass>21aef =12, ..., m (8)
ji

Tozda merod Axobu cxodurca,

HdokazareAwcTBo. YcnoBHe CXonHMoCTH (4) B TaHHOM cJy4ae
uMeer BHA A<2D. [loxkamkeM, UTO 3TO MaTpPHYHOE HEPABEHCTBO CJe-
Ayer ua uepaeeHcTB (8). PaccMOTpPHM NOJOKHTENBHO ONPRAC/IEHHYIO
KBalpaTuuHY QOopMy

m
(Ax, x) = Z AyXiXy
if=1
H BOCMONIB3YEMCH QLUEeHKAMH

1 it l it
(Ax,x)éz N |ﬂ£!|x§+3 2 laylv=

fi=1 Lf=1
1 < i
=3 > lay |+ 5 X Vo
L= f.f=1

H3 ycnopuit CHMMETPHUHOCTH M DNOJIOKHTENBHON ONMpefeeHKOCTH MaT-

pHun A uMeeM ay=ay, a.>>0, {, j=1, 2, ..., m, ¥ N03TOMY npeaHAy-
Mas OLEeHKa NPHBOAUT K HEPaBEHCTRY
" i
A, )< 3 lay|e=3 x}‘(z |a(-,-|+al-,-). (9)
fi=1 i=1 fasi
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[lepennwem ycnopue (8) B pHAE

aii+210if|<2au. i=1,2, ..., m
IES

Torga n3 HepapeHCTBa (9) MOAYUHM

m
(Ax, x) < 2D aux? =2 (Dx, x},
i=i
YTO H TpeGOBaNOCD.
CnencrteHe 2. flycre A — cuMMeTpusHAR NONOKUTENBHO Onpe-
deaennan marpuga. Tozda merod eepxned perakxcayuu

(D—I—mA,)x"“m——x“-+Ax,,=f

cxodurca npu yeaosuu 0<Zw<<2, B wacrnocru, merod Jeddesrn (ow=1)
cxoduTca.

JdoxazarteascTso, MeToj BepXHeil pelakcaldd npHBOAHTCS K
KaHoHH4YecKoMy BHAY (2) ¢ B=D+wA,, t=0. HauoMuuM, 9T0 HCXOA-
Hag MartpHna A npejcramasercs B Bufie ¢cyMMu A=D+A,4+ A4, roe
A~ HHXHAS TpeyroawsHas, A,— BepXHAA TpeyronbHas u D — auaro-
HaAbHas Matpuubl (cM. (7) n3 § 1). Hdaa cuMMerpuuHoi MaTrpHup A
MaTpHUa A, ABASCTCA TPaHCNOHHPOBARKOHA K A,, nosToMy

{Ax, x) = (Dx, x) 4 (Ax, ©)+(A.x, x} = (Dx, x)+2(A,x, x).
Yenosre cxoxuMocTH (4) OpHHHMAET BHI
(Bx, x)—0,5m(Ax, x) =
=({(D+o0d,)x, )—0,50((Dx, ¥)+2(Ax, x))=(1—0,50) (Dx, x})>0
H BLINOJHAETCA NPpH (0 <Z@ < 2.
PaccMOTpUM ellle BONPOC O CXOAKMOCTH METORA MPOCTOH HTEpaLHA
X

el *n +‘Axn=f (10)

T

€ CHMMETPHUNON NMONOXKHUTENBHO onpedenenHoll Matpuuest 4. CornacHo
(4) MeTon CXOHHTCH MPH YCJAOBHH

E—0,5tA >0, (11)

Kakde orpaHH4eHAR Ha NapaMeTp T HakJaAmBaer ychosume (11)?
[Iyerb Ay i=1, 2, ..., m,— cobcTBeHHBIE 3HAaYeHHA MATpHOH A, pac-
noJoXkeHHEe B NOPAAKe BO3pacraHud. Yenoewe (l1) 3KBHBAJEHTHO
TOMY, 4TO Bee cOBCTBeHHbIE 3HaueHns MaTpuus E—0,51A NON0MHATEb-
HB, [locTaTouHo noTpeSoBaTh MOJOKHTENBLHOCTH MHHHMAJAbHOTO co0-
CTBEHHOrO yHCI2 3TO# MaTpHUn, paBroro 1—0,5th,. TaxuM o06pasoM,
HTepanHOHHHA MeToa (10) cxoanTed, ecan

T<2/?\-man (12)
rae lm“ — MaKCHMaJbpHOe cO8cTBEHHOE YHCN0 MaTpHOH A.
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Ycnosue (12) v HeoOGXoauMO A1s cxoAuMocTH meroga (10), T. e.
ecan (12) HapyweHo, TO HafiieTcs HauadbHOe NPUGAHNEHHE X, BPH
kKoTOpoM [lx,—x|l 0 npu n—oco.

Jdokaxem mocnefiHee yTBepxaenue. BoseMeM B KauecTBe Hauallb-
HOro MpHOAMKEHHA BEKTOP X,=X-}-, [Jleé ¥ — TOYHOE pelleHHe 3afa-
ug (1), a p — coberBeHHBIR BekTOp MaTpuubl A, orBevalomuit cober-
BEHHOMY 9HCTY Agar=Am, T. €. Ap=>Ai,n. [Ipy Takom BhbOpe Havajb-
HOTO NMPHOBARKEHHS HMeeM Z,=X,—x=. U3 ypasHerss (3) npu B=E
MOAYUHM

2o=(E—1A)"2z,= (E—1d)™n

H, CEROBATENBHO, 2, = (1—TAu) U, [12.0[=|1—1thu|"[lul).

Fenn 1= 2., 10 ||2all={lpll 70 npu n—oco. Ecau xke 1> 24,
10 |1=1hu|>1 ¥ ||2,ll>00 npH n—o00, Takum o6pasom, yeaosue {12)
HeoOXOMIHMO M JA0CTATOYHO AN CXOAMMOCTH MeTOAa NpocToll HTepa-
ouu (10},

B saknouenne naparpacga QTMETHM, YTC TEOPHA UTEPAUHOHHBIX Me-
TOJOB He 3AKAHUMBARTCA HCCAEIOBAHMEM CXOAHMOCTH, llpH Haanupu
X0TA OH IBYX HTePALHOHHHIX METOJAOB BO3HHKAET BONPOC O TOM, KAKOM
H3 3THX MeTOIOB CXOAHTCA OHCTpee, T. €. AAA KAKOTO MeTOHa Norpell-
HOCTh [x,—x| cTaHeT MeHble 33JaHHOTO UHCAA £ TPH MeHblIEeM UHC-
Jie utepaunfi n. Cloaa Ke NPUMBIKAET BOOPOC O HAXOMJIEHHH uTepa-
HHOHHLIX NAPAMETPOB, MUHHMH3HPYIOLEHX YHCAO HTepallii, Heo6xolu-
MEIX JAJA NOJYYEHHA 33JaHHOH TOYHOCTH. DTOT KPyr BONPOCOB Gyler
noapoGHO paccMOTPEH B CeAyiOM KX naparpadax.

§ 3. HeoGXoAHMOE N HOCTATOMHOE YCAOBHE CXOANMOCTH
CTAUHOHAPHBIX HTCPAUHOHHEHX METOAOB

1. Beenenne. HeKoTOpEe UTEPAUHOHHBIE METOAbl PEIUIEHHS CHCTEM
JUHEHARBX adrefpaHdecKux ypaBileHHAi YKe paccMaTpuBaaunch B § 1, 2,
Hanomuum HeobxoauMele pas Aanblieldero ceeaenns,

[Tyete nana cucrema ypasueHu#

Ax={, (1)
roe A=lagl, i, j=1,2, ..., m,~ BemecTBeHHan KBaJAPaTHAA MaTPHLA,
uMewan obpatHyo, # x=(x,, X, ..., %a)", f={fs, 2, .. ., f=)T. KaHo-

HHYeCKO#l (OPMOA OAHOIIATOBOrO HTEPAINHMOHHOTQ METOAA HA3HWBAETCH
€ro 3aNKCh B BUle
Xpyy — X
Bﬂ'l—lﬂ-'——&-'_Axﬁﬁ‘fr .ﬂ=0,],.,., (2)
sl
TAe n— HOMep HTepalHH, X,— 33I1aHHOE HauaJbHOE MpHOJIKEHMHE,
ta= (x5, X2, ..., xm)T.  Marpuubl B, H UHCAZ Tn,;>>0 3aLaOT TOT
HJIH HHOH HOHRKPETHHH HTepalHOHHKIA MeTox,
B nacrosuem naparpacde noppo6Ho paccMaTpHBAIOTCA CTALNOHAP-
HHE HTePAUHOHHEIE METOARI

BL:’"—“— + Ax, =, (3)
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B KOTOPBIX MaTpuia B u YHCRAOBOR mapaMeTp 1 He 3aBHCAT OT HOMEpa
HTEpalHA .

[MorpetHOCT HTEPALNOHHOTO METOAA (3) v,=x,—x, e X —TO4-
HOe petienne cucteMut (1), yOBAETROPAET YPaBHEHHIO

BU“*—‘:-&‘+AU,,=0, n=0,1, ..., U,=r%—%, @)

KOTOPOe OTIHYAETCS OT ypaBHeHHs (3) JHIIL TeM, YTO ABAAETCA ORHO-
POIHBIM,

CXORHMOCTb HTEPALKOHHOTO MeTOAa (3) O3HauyaeT, UTO v.—0 B He-
KoTopoil HOpMe npu n—oco. [lepenucbiBas ypaBHeHHE (4) ® pazpellieH-
HOfl OTHOCHTEMABHO U,y HOPME

Uppy=SUa, (5)
e
S=E—1B~'A, (6)

BHIKM, YTO CBOHCTBO CXOAHMOCTH HTE€PALHOHHOTO MeTola NeJHKOM Of-
penensetcs mMatpuneli S. HeoGxonumbie B ROCTATOUHBIE YCJAOBHA CXO-
RUMOCTH B TepMHHAX MaTpHubl S NpuBegedsl Auxe B 0. 3. MaTtpuua S
HasbIBaeTcA marpuyed nepexoda ot n-i urepaguu & (n-+1)-i.

2. Hopma matpunbi. [Tpn HccaexoBadHK CXOAHMOCTH GyneM pac-
CMATPUBATL BEKTOPH X, H X KAK HMEMEHTH M-MEPHOro JHHEHHOro Npo-
cTpanctea H, B koTopoM BBefeHa HopMa x| pexTopa x. Hopmod mart-
pAOE A, nogudHeHHOW NaHHOA HOPME BEKTOPA, HA3BBALTCS YHC/IO

jA]=sup =L
xo fx})
HopMmy BekTOpa B MpocTpaHcTBe H MOMHO BBECTH PAa3/HYHBIM 00pa-
3oM. Ham npexue Beero norpebyerca Hopma

“le:_—-*L‘t;n(_aécm]xi[.

[MonruuneHHAN eff HOPMa MATPHUH A BHPaxKaerca yepes 3JEMEHTE MaT-
puittl A coeayrounm obpasom:

j Al = max i -

=SS i=1
Hoxaxem aTo yreepwAcure, Aas moforo BekTopa X CnPAapeilIRBO HEPABERCTBO

n m
Ax|- = max TriX ; max |x;] max a;:| =
b Axle = max § | < max k) max Eln i |

=(225 3 et it
L -
o g, ol !



Yrofu saBepliNTh A0K23ATE/BCTBO, AQCTATONHO NOCTPOHTL BEKTOpP  Xo=
=1, £ -0y xfn}r. A9 KOTOPOro BHINOJIHSETCS PABEHCTBO

nt
| Axalic = (lgfzgmélla” |) lIx6 - &)

IMycte dyrrUHR
L1}
o= legl  i=12...,m,
=1

HOCTHraeT MakCHMYMa MpH {=§, T. &,
i m
max S |ay | =) lag|. @
lsham =1 f=t
PaccMOTPHM BEKTOpP X, HMEWOWIHA KOOPRHHATH
1, ecne ay; >0,
&= ! (10)
— 1, ecan ay; << 0.

QueBnAHO, 910 (2ol o= 1. Ouennn cHHay BHpamenue AaR ||Axq)l ¢. Hmeem
L

2 8%

=1

m
> 2y
=1

Jaxee, ncxoan ns onpesenedns {10) BekTopa xo, MOAYIRM

m m
2 a0

ki
=1

| Ay |, = max
 E=E7

=D g =D lay |,

i=1 F=x

H, CHSNOBATENLHO,
nm

i
lAxic 3 D) 1y | = max 3 Jay .
- d 1 iemm
=1 =1
Mocaennee parerctBo cupasesaneo B cuay (9). TeM cambiM HALLIN BEKTOD X,
1AA KOTOPOro
m
JAx > max > lay || %l
i
1sgiem ™
i=1
HOCKOJH:KY ANA KEamgorg BeKTopa X CTIPABESNABG N PITHBMIOND M HOE Hepapel~
cTBO {7), aaxmouaes, 9T0 IR Xp CHPABEATHBO PABEHCTBO (8),

3. Teopema 0 CXOAWMOCTH MTEPALHOHHOrO MeToAd. CrpaBei HBA

Teopema [. Hrepaguonnwii merod (3) cxodurca npu awbom
HawaavHom npubauscenuu To20a u Toabke To20a, Ko2da ace coBcTaen-
Hote 3nawenus marpiuyosr S=E—1B'A no modyso menoute eQunuist.

Hokasateascrtso. [IpencrarnM ypaBHeHHe (4) ana norpew-
HOCTH U,=x,—x B BUAe (5)—(6}. HokameM cHavala HeoOXOAHMOCTh
ycaosuit teopeMul 1. [peanonoxum, 4T0 MaTpHua S HMeeT COGCTBEH-
HOE YHCAO S, AAA KOToporo |s|>>1, H mokaKeM, UT0 B 3TOM caydae
MOXHO Tak Moa0o6paTe HAYaJAbHOE NPHOMHIKeHHe X,, UTOGH norpets-
HOCTb Up=X,—X HEOIpPAHHYEHHO BO3pACTana OpH H—=oo. [lycTh p—
cOOCTBeHHEH BEKTOp MATPHUB S, OTBeYaloUIHi COBCTBEHHOMY YHCAY
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$, |s|>>1. BosbMeM B KauecTBe HaYaNbHOrO UDHOJMIKEHHA BEKTOD
X,=x+|, Tak 4T0 Haya/ibHasw norpeurHocth v,=pn. Toraa us ypasge-
HRA (D) OOAyYHM

0, =S"y,=5"y,=5"

u o= |s|"fpll-»co npu n—oco. Ecau |s|=1, T0 {o ll=|jull+0 npu
=00,

JokasatenncTBO AOCTATOYHOCTH YCAOBHA Teopembt | mnpoeenem
CHAYAJA B HPEANGJIOMEHHH, YTO MaTphua S HMeeT rr JAHelHO Hesa-
BHCHMbIX COOCTBEHRHEIX BeKTopoR. [lycth 5, k=1, 2, ..., m,— cobeCT-
BeHHBle 9uCAa MaTpHUB S H W, k=1, 2, ..., m,— OoTBeUaIOIHE HM
AnHefiHO He3aBHCHMble cOOCTBEHHEIE BEKTOPH. PasjoXuUM HaYaAbHYIO
MOTPEIIHOCTD Uy =Xy—X [0 BEKTOPAM i,

Lid )
Ug == D) Celle.
A=l
Torza noayunm

]
Uy = Snvo = 2 CkS':_j.lk.
k=1
B nmo6oft HopMe cnpaBesIHBa OlEHKA
m
Joal<<p” S, Lo lus (1
k=1
TIe 0 == MaxX |sy| —cmexTpajbHbiil paixyc MaTpuabsl S. Vs oueHKH
L=kt
(11) B cany npeanonoxeHus TeopeMu 1 o ToM, wro p<Zl, H caeayer
CXOAHMOCTb METOAA.

4. Mpononxenne N0Ka3aTeabcTBA. B 0o0uiem cayuae, Korga cucre-
Ma cOOCTBeHHHIX BEKTOPOB MaTpHLB S He SBAAETCS NMOAHONA, A0Kasa-
TeJbCTBO AOCTATOYHOCTH YC/IOBHII TeopeMB | MPOBOAMTCS € MOMOUIBIO
npusenenus S K xopaanoBoit popme. Hanomuum (em. [12], crp. 147),
YTO AJA JM060fi KBagpaTHOR MaTpHUE S NOpSAKa M CYLECTBYET HEBH-
poXAeHHas MaTpHla P takas, yto Matprua S=P-'SP uMmeer mopaa-
HOBY KaHOHHYecKylo dopMy

5,0 ...0
g0 .0
0o 0 ...§

rae 8, 1160 coBCTBEHHOE YHCAO MAaTPHUH S, Mo KOpLAHOBA KJeTKa,

T. €. MaTpHUa BHOA
s 1 0 0.0

a §, — coGCTBeHHBIE YHCAA MATPHUM S.
93



MomuMo oBuwuHOd KopAaHoBoft dopmbl HaM noTpebyercs ellle Tak
HasuBaeMas MOIHGUUHPOBAHHAR >KOpAaHOBa (opMa MAaTpHUB S.
Oua cTpouTes caeAyIOIIHM 06pasoM.

MMpumenuM k Matpuue S npeodpasopanne noaobns D—'5D ¢ mua-

ronanpHoil MaTpunes D=diag[l, e, ..., e™'], rae & — mofoe noso-
xATeabHoe yHeno. Herpyano ybelHTheA, YTO MaTpHLLA
S=D-'3D

HMEET TY Xe GJOYHO-IHaroHaNbHYHO CTPYKTYPY, YTO H MaTpHLa 5,
OJHAKO XOpPAAHOBLL KNeTKH HMEWT Tenephb CAeAYIOWHT BHA!
s, 8 0O 0...0-
. 0 s, ¢ 0...0

Matprusl S u S cBA3aHB paBEHCTBOM
S=018Q, Q==PD. (12)

Martpuna S uMeeT B kax goll cTpoke He Gojiee ABYX OTAHUHBIX OT HYJAA
3JeMeHTOB, AOTOMY

ISke<<o(S)+e, (13)
rie p(S) — cuekTpaNbHHHA pajHyc MATPHIH S, T. €.
p(S)= max ISkl.
1=kasm
HamoMuum, aTto coraacuo (10} u3 § 6 ra. 1 nopyuwHeHHas HopMa
MATPHILH YAOBASTBOPSET HEPaBeHCTBY

ISl ==p(S). (14)

TloxaxeMm Tenepb, YTO MOXHO HaAfTH TAKYHd HOPMY BEKTODa, JJs
KOTOPOH TOAYMHENHass HOPMa MATPHIEl CTAHET CKOJb yroaxo GiH3Kof
K ee CuekTpajbHoMy paadycy. TouHee, cnpapeisiuso CleAyiollee
YTBEpK/CHHE.

Nemma 1. Jaa awbozo £>0 cywecrayer nopma |-|l. sexropa
TaKan, 470 O4a NOGUUNEHHOE HOPMbL MATPUYLL CrPpasedaugo Hepasek-

cT80
ISt =<p(S)+e. (15)

HokazareabcTBo. Bocmoabayemcs npeoBpasosanuem (12) u
onpegennM HOpMy BexTopa |- |l. paBencTeomM

lgll.=1Q-"¢lle

s moboro Bektopa ye=H. Jlas nomunHeHHON HOPMEL MaTpHUE S
HMeeM

N
L= supu—syn*=su 1978wl

“S L]
g ol vz Q7o
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O6o3nayana Q~'y=x » yuurwiean (12), (13), noayuaM oTCIOAa
| Q1SQx 1, 18 1 a
S|, =sup ————= = sup ——— = Sle=<p(S)+-=,
ISh =320 "~ ¥ Ik =e®

4yTo ¥ TpefoBanOch.

3aBepwHM ACKa3aTeAbCTBO TeopeMbt 1. HMa ypaBuenna (5) moay-
uuM

v.=S"0,, n=0,1,... (16)

[ycts (|- Il.— Hopma, ans xoTopoill BHRodHeHo HepabeHctBo (15).
Mo ycaoerio Teopemn p(S) << 1, mosToMy cymecTsyer g =>0 Takoe, 4TO
IS <p(S) +escg<< 1. 3 (16) noayuum oueHky

[oal, <<EST 0 << g2, (17

H3 KOTOPOll cnedyet, 4To [|lv.ll.—0 Apu NOGEX HAYAABHBEIX TPHOTHKE-
HEAX.

§ 4. OUenKH CKOPOCTH CXOAHMOCTH
CTAUHOHAPHBIX HTEPAUHOHHBIX METOLOB

1. CKOpOCTE CXOANMOCTH HTepauHoMHOre metoaa. [IpH npakThue-
CKOM MCNOJB30BAHHH HTEPALHONHBIX METOAOB BaixeH He TOJAbKO CaM
¢$aKT CXOAHMOCTH, HO H CKOPOCTh, C KOTOPOH NprONHKEHHOE pelieHHe
CXOOMTCH K TouHOMY. Tak Kak NpH YHCAEHHOM peIUEHHH BCcerza ocy-
IIECTBAAETCA KOHEHHOe YHCAO HTepaumii, HeoOX0AHMO 3HATh, BO CKOJb-
KO pa3 yMeHbIaeTcA HAYadbHas NOTPRUIHOCTh NOCJE NPOBENEHHA 3a-
Jannoro yacha wrepatfi. OTBeTHTh HAa 3TH BONPOCH NO3BOJAET aHa-
JIH3 OLUEHOK MOTPeUIHOCTH HTEPaLMOHHOrO MeTola.

B npeaniayiuem naparpadre npu AoKasaTelbCTBE TeopeMbl | Guna
noJsyyera oueHka (17}, KOTOPYIO MOKHO NepENUCaTh B BHIE

le—sxll.< g lco—sl., n=0, 1, ..., (1)

rae g=(0, 1). Ecap 119 norpeuinocTA HTePAlHOHHOrO MeTONAA BHIION-
HAWTCA olleHKH BuZa (1), TO roBOpAT, YTO METOA CXOAMTCA CO CKO-
POCTBIC TEOMETPRUECKOM TIPOTPECcCHH CO 3HaMeHaTeNeM 4.

Hcnoapaya ouenky (1), MoxHO onpeledHTh YHCNO HTepaluli, fo-
CTATOUHOE AJA TOro, uto0H HAYAaJbRAd MOCPElIHOCTh YMeHLUIHJAch B
3agannoe wncao pas. eficTBuTenbHo, 3alaluM NpOH3BOAbHOE &0
H notpebyeM, 4T0OW g"<Ze, T. €. 4TOOH

In{l/e)
nzn,(e)=-——. (2)
ln (1/9)
Torma pa (1) nonyuuu, 4to
lxn—xll. < ellzg—xlk,
T. €. NOcNe NpoBefeHHA n,(e} HTepauri HavadbHaA TNOTPELIHOCTD
llxs—xll. ymennmnAacy B e~ pas. [lenas yacTb yncna n,(e) HasblBa-

ETCA MUHIMAAGHLIN YUCAOM uTepayid, Heobxo0uMoM B3 NOAYLeRUS
sadanroil TOYHOCTI €.
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Buipaxenue In(1/g), naxoidileeca B 3HaMeHATENe YHCAA n,(e),
HA3HBALTCH CKOPOCTLIO CXOOUMOCTIL UTEPAyUONMO20 meToda. CKo-
POCTb CXOAHMOCTH LEAHKOM Ofpefefsercs CBONCTBAMH MATPHUB ne-
pexofa S ¥ He 3aBHCHT HH OT HOMepa HTEePAalHH #, HH OT BHGOpa Ha-
YaJbHOrO UpPHOAHMKEHAA X, HH OT 3afaBaeMoil TouHoCTH e. Kauecrso
Pa3NHYHEX HTEPALHOHHKX MEeTOA0B CPABHHBAIOT OGHIYHO MO HX CKOPO-
CTH CXORHMOCTH: Y€M BRILIE CKOPOCTb CXOAHMOCTH, TEM Jyylle METOA.

2. OQueHKH CKOPOCTH ¢XORHMOCTH B CAYYae CHMMETPHYHBIX MATPHLU
A n B. TIpomonkum usydeHHe HTePAUHOHHHX METOLOB pelieHus CH-
CTeM JHHEAHbIX afrefipanyeckux ypaBHenHi

Ax=f. (3)

Byaem no-mpexueMy paccMaTpHBATb CTAUMOHAPHBE OAHOMIArOBHIE
HTePALHOHHBIE METOAH

B——X“”:x" - Axn =, 4

Teopema © cxoammocTH, AokasaHHas B npeasiAyunlem naparpade,
HMECT MPHHUHNMHANbHOE TEOPeTHYECKOE 3HaYeHHe H HaK/JaiLBaeT MH-
HUMaABHREIC OrpaHHUYeHHs Ha MaTpulsl A u B. OnHako ee Henocpeact-
BEHHOE MpUMEeHeHWe K KOHKDeTHHM HTePAUHOHHEIM METORAaM He Beer-
A4 BOSMOXHO, TAK KK OTHICKAHHE HAM HCC/EIOBAHHE CNEKTPA MaTpH-
U S=E—1B~'A sBnseTcs, KaK Npasuio, Godee TPyAHoNl 3apauef:,
YeM pelieHHe cHCTeMBbl (3).

B uacroswem naparpage 6ymer xzoxazana TeOpeMa, B KOTOpOH
YC/IOBUSL CXOAHMOCTH (opMyJHpYIOTCS B BHAE JIEFKQ MAPOBEpAEMKIX
MATPHYHBIX HEPaBEHCTB, CBA3HBAIOIKHX MaTpuus A H B. A”anornu-
Hada TeopeMa O CXOHNHMOCTH 6blia A0Ka3aHa B § 2, oAHako TaMm He GHI-
JIM IOAYYeHEl OLIEHKH CKOPOCTH CXOAHMOCTH, ‘

Byaem paccmartpuBaTh petleHde x cHcreMul (3} H Toc/egoBaTesb-
Hble MPHONHMERAHs X, KaK 3JeMeHTHl KOHEYHOMEPHOTO JHHefIHOTo npo-
cTpactBa f, a maTpuub A, B H ApyrHe — KaK ONEpaTopH, AeficTBYIO-
wue B npocrpancree f1. [lpeamosoxum, yro B H BBeleHB ckansp-

Hoe mnpouseenewne (y, v) n HopMa |lyll=¥(y, y). Oaa aByx cummer-
pHuHbIX MaTpHU A u B HepaBencreo A= B osnauaer, yto (Ax, x) 2=
== (Bx, x) ang Bcex x=H. B cayuae cuMMeTpHuHON NONOMKHTENBHO

onpepeneHHOR MaTphuet D O6yaem obosuavate |ylla=¥ (Dy, y).
Teopema 1. fTycre A u B — cummerpuunsie ROAOKCUTEADHO
onpederenubie MaTpUybl, GAR KOTOPHIX Cnpasedausst HEPABERCTEN

TlB“(-;-.A "-<-.T2Bs (5)

TR Y¢, Yo ROAQHUTEAOHOLE ROCTOAHKGIE, Y2 2> Y,. [Tpu
T=2/(11 Y2} (6)

utrepayuonnoti merod (4) cxodurca u dar nozpewnocry cnpasedausos
OyerKH
|[x,,——x|]4£p"||xo—-xil,4, n=0’ lv ey (7)
[2n —xla<<p*|x,—xla, n=0,1,..., @)



2de |loll .=V (Av, v}, lells=V¥(Bv, v) «
Nl

=15 = 9
1“|"§' T2 ()

Iokazatenncteo TeopeMul | Gyaer aHo B n. 4. Cpenaem neofxo-
AHMMble 3aMeYaHNA ¥ APUBEAEM CARACTBHA H3 3TOH TeopeMsl.
Paccmorpum ofo8mennyo 3aaauy Ha cOGCTBEHHEIE 3HAYCHHA

Ap=rBpu. (10)

Ecau nas matpuiy A u B seinonuensl nepasenctsa (5), o uz (10)
Ana JIK6oro COﬁCTB&HHOI‘O BEKTOpaA MOJYYHM HEDABCHCTBA

Y1(Bp, p) << (Ap, p) =1 (B, n) <<12(Bp, p).
Orciona caepyer, yto

Yiglmin(B-lA)‘ "{z,:?-?\‘maz(B'tA)s (“)

i

e

TAe Amin(B™'A) H Apm(B~'A) — MUHHMAJIBHOE H MaKcHMalbHOe COf.
CTBeHHBle udeaa safnaun (10).

Takum ofGpasoM, HauGonee TOYHBIMH KOHCTRHTAMH, ¢ KOTOPHMH
BBINOJHAKTCA EepaBeHcTBa (5), ABIAIOTCH KOHCTAHTEL

'],'l=lmln(B_1A): Tz=lmax(B_!A)‘
B 3ToM cayyae napamerp

2
At (B7YAY R (B4}

Ty =

HY3HBAETCA OATHMAJLHLIM HTEPAUHOHHHM HApAMETPOM, TAaK KaK OH
MUHHMH3HPYET BEJHYHHY

1—¢& £ Y
145’ Yz
Ha MHOMECTBE BCeX TMOJONKHTENbHBIX ¥,, ¥, YAOBJETBOPAOWHUX YCA0-
gusm (11).

IMyets Amin (A) B Apae(A) — cOOTBETCTBEHHO MHHHMANLHOE H MAK-
CUMaJibHOe COOCTBEHHbIE 3HaUeHHA MaTpHUBl A.

Cnencreue 1. Ecau AT=A>>0, 10 dan meroda npocroti uTe-
payuu

p=

"'m-l_xn_!_Axﬂ:f 12
T
2
fT= T, = Jausa oyenka
npu T="T, T E ST cnpaeeds )
fan— xS 0] | X — x|, (13)

)
1+8° Aanax (A)

4 4. A Cawmanckiit, A. B, T'yann 97
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Crnencreue 2. [Jas cummerpuwnod marputpr A 4 1,=
=2/(Amin (A) +4no (A)) cnpased.auso pasencrao

lE—1,All=p0,

ade py e =5 g tuin @)
14§ Anax (A)

B npunoxenuax yacto BeTpeualTes 3ajauH ¢ MAOX0 0G6YCIOBACH-
HOHl MaTpuueli A, KOrfa OTHOWEHHE Amar(A)/Awia{A) Beanko. B sToMm
cayyae uNCAO P, OJIM3KO K eQHHHIE H MeTON NpOCToil HTEPALHH cXo-
AUTCS MeAJleHHO. QUeHHM YHCTO urepaunit ny(e), KOTopoe Tpedyercs
B CayHae Maablx % AT HOCTHXEHHS 3aJaHHOM TOYHOCTH g, T. . AJad
NoJaVYeHHS OHeHKH

e, —xli << ellxa—xll.

W3 yea0BHA p," <€ n0ayYaeM, 4o n=n.(e), roe
In (1/€}

n’O (?) = Il'l (]fpn} v

H NpH MANEIX £ HMeeM

1, (€) ::M’.=o(i) . (14)
2 3

Takum o6pasoM, Meron npoctoil nrepauns (12) B clygae Maaelx &
ABAAETCS MEAJNEHHO CXOAALHMCH MEeTOLOM. YCKOPHTh CXOIHMOCTh
HTEPALHOHHBIX METONOB MOXHO ABYMA chnocofamu: BO-epaEBIX, 3a
CUET NPHMEHEHNR HeABHBIX HTEpaUHOHHHX MeTonoB (4}, Korga B=~E,
H, BO-BTOPBIX, OCTaBadACk B KJacce ABHBIX MeTONOB, MOXKHO BHGpaTb
T=T, 3aBHCAMHM OT HOMepa HTEpalUHH H TaKHM, YTOGH YMEHBIIHTh
obniee ukcao Hrepanufi. TIpuMensercd W KOMOHHAUMA 3THX ABYX CIO-
c000B, T. €. HCNOJAR3YIOTCA HefIBHHIE MTEPALHOHHLIC METOAH ¢ nepe-
MEHHBIMH HTEPALHOHHBIMH NapaMeTpaMH.

HMcnonb3oraHne HessBHBIX WTEPALHOWHHX Metofoe (4) obbacHAer-
Csl TEM, YTO TIPH COOTBETCTBYIOIteM BuOOpe MaTpRuW B oTHOUIenHe

Amin (B714) .
= NI ana ofobuenHoll 3apavd Ha cOBCTBEHHLIE 3IHAYEHHS
‘“max
Ao g (A)
(10) GyneT Gonblue, UeM OTROWENHE —b
}‘rnax ("4}

3. TNipasuna peilctBMA ¢ MaTpHYHBIMH HepaBencTsamu. [Ipexiae
ueM PepexoiHTh K BOKa3aTeahCTBY TeopeMbl 1, mpuBesieM HeOGXOAH-
MBI A4S ZaNbHEAIIEro CBeeHHs U3 JHHEAHON anrebpeL.

1} Ecau A — eewiecraennan CumMMeTpu4nan Marpuya, 1o cyuiect-
Byer oprozonarsnas marpuye Q (1. e. Q= Q') rakas, uto A=Q AQ,
2de A — Ouazonaronan marpuya. Ha 2aaenoil duazonaau marpuyst A
Haxodarcs cobeTaennote sradenus marpuist A. JloKa3aTelsCTBO CM.
B [12, c. 156].

2) Has cummerpuunci marpuyst A Hepaasencrso AZz0 (A>0)
IKAUBAAEHTHO HEOTPUUATEALROCTH (NOAQNUTEALHOCTI) 8Cex ee €0B-
CTAEHKbIX 3HAHEHUE,
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Howasarenscrso. Menoasaya ceoficrso 1), noayuam Ans mio-
6oro xeH, uto

(Ax, ) = (Q"AQx, x) = (A\Qx, Q) = 3| Ay,

rae h; — coGcTBeHHble YHeda MaTpHUB A W g, — -9 KOMNOHEHTA BeK-
Topa y=Qx. OTtciofa cpasy caeayer, yro ecau sce A:>=0 (A>>0), T0
(Ax, ) =0 aaa mwboro x=H ((Ax, x) >0 pna awbore x==0). O6-
paTtHo, moycTh A;— aw06oe cofcTBenHoe yucao matpHusl A. 3agaguwm
BEKTOP Y, ¥ KOTOPOro Bce KOMNOHEHTH Kpome j-it paBHH HYIIO, 3 y;=
=1. Tax xak marpuua Q-'=Q" cywmecTByer, A7 3aAaHHOMO BEKTODA
i HafifleTcA BekTOp X H TaKoi, yro Qx=y. Ho roraa
0= (A, x) = (Ay, ¥} =M;,
T. €. 3;=0.
8) Ecau AT=A>0, 1o cywecrayer A-'.
HJokasateabctso. CormacHo 2) Bce coficTReHHBI@ yHC/JIa MAaT-
pulst A NMOJACKATEABHH, caefoBaTedbro, det A==0 u cymecrtsyer A",
4) Han cummerpusnod marpuyst S u 4106020 qucaa p>>0 sxsuea-
ACHTHY C220Yrouftie MATPHUHNE HPABEHCTBA:
—pE <L S<pE, (15)
St piE, (16)
Hoxkasateavctso. CoraacHo coificrsy 2) yenosue (15) 3kBu-
BaJeHTHQ HEPABEHCTBAM

|Sli£_-p, k=1;2,--.,m,

rhe s, — cofcTBetinble wicna matpuust S, OTcioaa nodydaem s3 <Cpt,
k=1,2,..., m, 4TO B CBOK ouepedb 3xBUBaJdeHTHO (16).
5) Ecau A7=A u Az=0 (A>>0), o cyujecrsyer marpuya B, 06-
2000104408 CALOYIOUUMY COOLICTRAMUL:
B*=A, B'™=B, Bz=0 (B>0). (17)

JT1a MaTpHLLA Ha3LIBaeTes KeadpaTHoIM KOpHem u3 marpuyst A u
ofo3uauaerca AV

Hokaszareawctso [lycts h— COGCTBEHHBIE 4YHCNA MATPHEE
A, i=1,2, ..., m CornacHo cBoficTBy 1) cyllecTBYeT OpTOroH2JbHAS
Marpuna Q Takas, 4to

QAQ"=A=diaglr, A, ...\ Anl.

TlockoabKy Bce A; HEOTPUUATENBHBEI, MOXKHO ONpele/NHTh MaTpULy A'?

KaK
AP =diag[Vii Vg ..., Vil
Torpa marpuia B=QTAV*Q obnagaer coiicrsamu (17).

6) Mycre AT=A u L — nesvipomdennas marpuya. To2da 3xsusa-
AEHTHbL HEPUBEHCTSA

Az0, LTAL>0.
4 9



AH.(I.!!OEM‘!HO, AKEBUBAACHTHEL crpoeue HEpaeeHITaq
A=0, LTAL=0.

Hoxasareascrro. daa awboro x=H umeeM (LTALx, Xj=

= (ALx, Lx). 3naunr, LTAL=0, ecan A=0. Nokaxem ofpatroe. Tak
Kak L' cynrectsyer, mo6oit xH MOXKHO NpeicTaeuTb B BHAE Xx=Ly,
rie y=L-'x. Torna noayunm

(Ax, x) = (LTALy, y} =0,
T.e. A=0.
7) Ecau A u B — cummerpuantte u L — Heantpoxwdennas marpu-
Ybi, TO 3KEUBAACHTHOL HEPABLHCTBA

A=B, L'AL=1"BL.

JlokasatenbeTBO chenyeT HeMeATeHHo H3 (6).
T "
8) Mycro C'=C>=>0 u «, p— arobote Jeticrauressusie wucsa. Toe-
3a IKBUBAACHTHY Hepaaercraa
aC=pE, aE=pC-t

Hokasarteanctno. CornacHo 5) cywecTeyeT MaTpuua Cii=
= (€¥*y7 =0. Ucnoansya ceoficteo 7), nepefineM oT MepPBOTO HepaBeH-
CTBAa KO BTOPOMY C NOMOIIBIO CJAEAYIONIeH IeNOYKH 3KBHBAJEeHTHBIX
HepaBeHCTB:

_I§ 1r'§ _’i IS
@ (CTC(CTH ZpCTHC™,
a(CTHCH) (CHCTH) = BCH,
of =fC,

9y flycre AT=4 =0, B =B>0, « u p— arwcbsie Qeticrauresbrnie
qucaa. Toeda akeusaienTHbL HEpABERLTEA

aAz=pB, aB-tz=pA-\.
HoxazaTenecTBO. YMHOMKAT NEPBOE HEPABEHCTBO ClieBa H
cnpaBa Ha B~'?, nepeitieM K 3KBHBAJIEHTHOMY HEepaBEHCTBY
aCz=pE, C=B-'*AB-'7
Cornacao 8) nochennee HepaBeHCTBO SKBUBAJEHTHO HePaBeHCTRY
aE=pC, 1. €.
aE;BBh’ZA—!Bi.ﬂ,
YMHOKas KOTOPOE CleBa N copaBa Ha B~'2, noayunm aB-'Z=pA-\.

4. JokrazateabcTso Teopembl 1. YpaBheHHe AN DOTPELIHOCTH U, =
=X,—X HMEeT BAL

B"nu:t'ﬂ + Ay, =0, n=01,..., (]8)

t"):xg_x‘
OTKYHa NOAVYUM
Uny =S50, S=E—1B-'A, (19)
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JNemma 1. Hycre A u B — cummeTpuunste nOAOKUTELLRO Onpe-
Oeaentible marpuysr u p=>0— wucao. Marpuunbie HepasercTan

l_—pB-:éAé["'LTpB (20)
T

readxodumse 1 docTarodiel 8as To20, 4TobBl npu abouix v,.=H daa
pewenus 3adaqwu (18) goinoanasace oyenxka

lv.ellapollvalls, n=0,1, ... (21)
JdorxazarteabcTBo. OQueHky (21) MoKHO 3anucaTh B Biie
@l < pllwll (22)

Tie Wa=A""0,, |w.l=V(w, w.). U3 {19) nonyunm, uro pyHKLHA
W, YAOBAECTBOPSET YPABHEHHIO

wn+,=gwn, (23)

rae §=ASA-1t=F—1C, C=AYB~'AY? [lna pelleHus 3TOrC ypaB-
HeHHA B CHJY CHMMETDHUYHOCTH MATPHIE S RMeeM

[@Wnssll? = (Sws, Sw,) = ($*wn, w,).
Tem camuim ouenka (22) sKBHRAJIEHTHA HepAREHCTBY
St=Zp*F (24)
H OCTAETCH AOKA3aTb 3KBHUBa/leHTHGCTR HepaBencTs (20) m (24).

Cornacuo ceoitcTey 4) ns n. 3, HepaBeHCTBO (24) SKBHBaJeHTHO
JABYM MATDHYHHM HepaBeHCTBAM

—pEcS<oE
HAH

l—lpccglteg
T T

Tak xak C=AY*B-'AY? —cuMMeTpHUHAS NOAONKHTEJBHO ClpeseNeH-
Ha# MaTpALa, COTJAcHO cBOHCTBY 8) H3 m. 3, B 3THX HepaBeHCTBaX
MOXKHO nepefiTH K o6paTHHM MATpHLAM, T. €. 3ANHCATh, 4TO

Uy Yoy el o}
T T

Moacrasaas cioaa peipakenue ana C, noayynm

l""'PA-'/:BA—'fis:hEg1+9A—'ABA'-!4'
) T

YMuoxKasa nocienHHe HePaBEHCTBA CJeBa W cnpaBa Ha AY* (cMm. cBOA#-
¢rBo 6) m3 n. 3), mpuxoaum K HepaBenctBaM (20). JIeMma 1 gokasana.

Jlemma 2. fIpu rex xme ycaosuax «10 1 & Aemme |, HePABERCTHA
(20) HeoBxodumsl i GOCTATOUND! (AR BBINOAHERNA OUeKH

"vn-fl"liép”vn",ﬁ’ n__-o’ I; ) (25)
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IIOoKa3aTeIbCTBO TIPOBOJAHTCA [OYTH TaK 3Ke, KaK H B Jemme },
TONBKO B KayecTBe W, Halo B3fATb BeKTop B'?w,, a B KavectBe C—
MaTpHuy B-'*AB-Y:

,HJIH AOKa3aTeNbCTRAa TeOpEMbI 1 Tenepb AOCTATOUYHO 3aMeTHTh,
YTC MaTpuyHble HepaBeHcTsa (5) MOXKHO nependcarte 8 BHAe (20}, rle

p=1T8 gl oo 2
148 Y W+ Ve

[Tocne sroro aaMevanus yTeepieHHe Teopemsl | chaegyer 43
aemMm 1w 2,

5. QuenKa NOTPEIIHOCTH B CAyYae HeCHMMeTPHMHOH marpuus B.
[Tyctb 2agana nio6as cHMMeTPUUHAA MNOAOCXKHTEJIBHO ONpeAeieHHanA
matpuna D. O6o3znauum uepes S MATpHUY Nepexora HTEPaLHOHHOTO
metoga {(4), 1. e. S=E—tB-'A, U uepea v, — NOTpeIIHOCTE METONA,
Up=X,—X. JIAT HCCACAOBAHMA CXOAHMOCTH HTRpAaUHOHHEX METOAOB B
chyyae HeCHMMeTpHUHBIX MaTpHuU A H B momer oxasathcd N0/€3HOM
cneaymollas npocTas

JdJemma 3. Ecau B~ cyujecrayer, T0 GAn 8bLNOAHERUR OYEHOK

foarddlospllvalls, n=0,1,... (26)
ReoOX00UMO 1 JOCTATOUNO BBINOAHERIE MATPUYHOZ0 HEPAEHCTEA
0*D=S"DS. @7

JdoxazaTeancTBO. YuuTHBAA YpaBHeHHe AJA [OTPeLIHOCTH
(19), nepennuieM (26) B Buje

(DSv,, Suv,) =p*(Dv,, v.)
HAH
p*(Du,, v.) = (STDSU,., v.), r=0,1,...

Tak xaK v, NpOU3BOJbLHO, OTCIONA cleryeT (27).
O6parho, ecau Bunoauero (27), To

I Uru-l'FD = (DVns1, Vnn) = (STDSUPI; Ua) <= p* (Do, v0) = P2 ﬂﬂ,—. H?J,

T. e. npHxXoauM ¥ (26).
B caenyioiueit Teopeme cHOpMYJHPOBAHHW JOCTATOUHHIE YCJIOBAA
cxofHMocTH MeToaa (4) B ciyvyae HecHMMeTpH4HOH MaTpHUH B.
Teopema 2. [Tycre A— cumMmeTpuunas ROA0OXCUTEAbHO onpede-
AERHAA moTpuya u B — nesotponcOennan marpuya. Ecaun ssinoaneno
MATPUYHOE HEPABERCTEO

BB Tps =0 prap @28)
2 2 2T

¢ xoncrantoi pe=(0, 1), e sasucaujeis oT n, T0 UTEPAYUORKLIL METOD
(4) cx00uTch & 0A8 NO2PEUHOCTI CRPABLOALBL OYCHKL

!txn_x]1.a--<._9n||«\'u_x{1a- (29)

JdorkasatreapcTro, JlocTaTouHo MNOKa3aTh, YTO BHINOJHEHH
ycnoBusg demMel 3 npu D=A. 3anuwey HepamenctBo (27) ana D=A
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B BHje
p'Az= (E—1ABT-Y A (E—~<B-'4).
Packpripas ckOGKH B NpaBoil HacTH 3TOro HepaBeHCTBA, NOAYYHM
TABT +B7) Az (1—p*) A+ AB™ g 14, (30

CornacHo cBoficTBY 7) MATPHUHBIX HEPABEHCTB MOKHO YMHOMHTD
KamxAyw 4acth Hepapenctpa (30) cnpasa na matpuuy L=A"'B u oa-

HOBpEMERRO caeBa — Ha matpuny L7=BTA-'. Toraa MOJy4HM 3KBHBA-
nerntroe (30) HepaBeHCTBO

(B+BT) = (1—p*) BTA-B+14,

KoTopoe coBnagaer ¢ {28). Takum ob6pasom, u3z (28) caenyer (27) n
cornacHo Jemme 3 — onenka (29). TTockonbry p=(0, 1), ua ouenxu
(29) noayvaeM, uto (|x,—xll.—~0 npu n—oo0, 1. . MeTox (4) cxoaures.
Teopema 2 aokasana.

3JamevanHe Jiemma 3 u TeopeMa 2 ocTalOTCA CIpaBeNHBHMH
H B cayvyae KOMNJeKCHBIx Matpu A u B, eclu TOALKO 3aMeHHTDb s7

T L]
H B’ Ha marpuunt S' u B', KOMIJEKCHO CONpsiXKeHHBIE ¢ MATPHUAMH
S n B. B yactdocTu, yenosre (28) nmpuuaMaeT Bui

By, —0,5tA ‘;‘—f B*A7B, @31)
rae B,=0,5(8+B").
§ 5. Muorouaens YeGuimersa

1. Mnorounen Yedsiwena wa orpeske [—1, 1]. B pane mompocos
YHCJEHHOTO aHaNH3a, CBA3aHHHIX ¢ NpobieMoli MHHAMH3AUHH TOTpell-
HOCTH BRIYHCJHTEJALHOrD ajrOpHTMAa, HAILJIH NPHMEHeHHe MHOTOYJEHH,
HaHMeHee YRAOHSIOWHeCH OT HYJR.

PaccmoTpuM caeayiomylo 3ajayy: cpeiH BCeX MHOTOQWIEHOB CTe-
neHy n co crapmuM koadduuuentom 1 nafttn rakofi Muorounen T,(x),
IASi KOTOPOTO BERHUHHA

max |Ta(x}}

x=[-1.1]
ABJIAETCA MHHHMaNbHOI, Muorounen, obnagamwwiuii 3THM CBOUCTBOM,
HA3HBaeTC MHO204ALHOM, HAUMEHEE YKRAOHAUOUWUMCR OT HYAR HA OT-
peake [—1, 1] uan muocounenom Hebotwesa. B stoM naparpade Gy-
JAET MOK&3aHo, YT QYHKIHA

T, (x} =2"-" cos(n arccos x) )]

sipngerca MHorounenom YeGuiesa.
Paccmorpum cHavana QyHKUAIO

P.(x) =cos(n arccos x), (2)

koTopas otaauaercs ot T,(x) TOABKO TOCTONHHEIM MHOMKHTENEM,
[Mposons npeofpasoBaHue

cos{{n+1)arccos x)+cos({n—1)arccosx) =
=2cos(n arccos x)cos(arccos x) =2xP,(x),
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yOeRIaeMed B TOM, YTO CMPRBEeINHBO PEKYDPPEHTHOE COOTHOUIEHHE
P () —24P, (x)+P,_, (x) =0. (3)

Kpome Toro, cornacHo {2} umeem P (x)}=1, P,(x)=x. Orcioga n u3
(3) no HHAYKUHH JIETKO A0KA3aTh, 4TO P,(X) — MHOTOUNEH CTEOeHH I
co crapwHuM Koapduunenrom 27~ an=1, 2, ... CuaeaoparenbHo,
T.(x) — MHOFOQNEH CTeHOEeHH A CO CTapiliMM KozddHuHeHTOM 1.
3amevanawe Jlna BellecTBeHRWX ¥ Mpapas uyacTh Buipaxenus (1} onpeze-

neHa toabko npH |x| =51, Ecnn |x|2=1, o Muorounen I'n(x} noonpeneamerca dop-
Mynodt

T (0} =2"({x+ VB -1+ (x —V T~ D"

BoaMOXHOCTE TAKOMO JoonpeleAeHH OOBACHARTCA TEM, YTO AAA A1060r0 KOMIASKC.
8Or0 YHCAA 2 COPABEIAHRO TOXKISCTBO

cos (rarceos2) = 0,5 ((z 4 V22— DN - (z =V 22— 1)").

Kopru muorounena 7,(x) pacnoioixesbl B TOYKaX

xk=cos£-2-’%, k=01, ..., n—1, )
8 IKCTPEMYMB — B TOYKaX
x,;=coski, E=0,1,..., n, (5)
I
TpHYEM
Tal(xg)=(—1}"2""", k=0, 1, ..., n (6)
CnenoBatenbHo,
max |T,(x)|=2"". (7
xeE[-1.11]

JokaxeM termepb, 4TO CpeAH BCeX MHOTOWICHOB CTeNeHU # Co
crapuwum koshduunentom | Muorounen T,(x) HauMeHee YKJOHAeTcH
ot Hyaa #a orpeake [—1, 1]. TTycts Q.{(x) — moGoit MHOro4YAeH cTe-
nexd 7 ¢o crapwuM xosdduuuentom 1. O6o3HaunM

Q= mas [Quta)l.

JTemma 1. Hycro cyujecrayer cucrema rouex
— i< <y, <.y <= ®)
TaKaA, uTo

|Q:x) 1 =1Ql, &=0,1, ..., n 9

npues 4ucaa Q. (xx) umeror wepedyrowyuecs swaxu. Tozda cpedu
8CeX MHOZ0UACHOS CTCREHI N €O CTAQwUM KOAdduyuenrom 1 muozo-
qaen Q. (x) naumenee YKAOHACTLR OT RYAA.

JokasarveabcTBo. [Ipeamonoxum obpaTHoe, T, e. 4TO Cylie-
ctByeT MHorousen (.(x) crenmeHn a co crapmuM xospduuHentom I,
1aa kotopore | Q.0 <<l Q. |l n, caegoBatennto,

[ @ (x)} | <I1Qull (10)
104

€ KORCTARTOU p= (U, L), He 3asuchiyent OT 1, TO UTEPAYHONRNbIL MeTod
(4) exodurea v 8z nospewnocty enpasediusd oyeuxa
“xn_x"_lq,-.'(___p""xo_x“‘&- (29)

Hoxasateabctso. JlOCTATOYHO MOKA3ATh, HTO BHIAONHEHHE
yCa0BHA JeMMul 3 ApH D=A. 3anuwuem wepasenctso (27) ana D=A
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Ras Beex xe[—1, 1]. Pacemorpum dynkunio R(x)=Q.(x)—{q.(x),
KOTOpast SBMSETC MHOTOUNEHOM CTelleHH n—l, OTIHYHBIM OT TOXAe-
CTBeHHOro Hyas. COracHo yc/noBHIO NeMMbl uncaa Q, (x;) HMeloT ye-

peayomnecs snaku. [yets ana onpesenennoctn
Qi) =(—1)*|Qu], k=0,1,...,n

'%c.nyqaﬁ, goraa Q.(x) = (—1)*""11Q.] paccmatpusaerca ananoruguo).
oraa

Ry =(—1"1Qu]|—Tquxs), £=0,1,..., n

W cornacHo (10) monyyum, uro MHorouwjen R(x) Wa oTpeske [—1, 1}
MEHSIET 3HAK A pas, T. €. nMeeT n KopHell. Ho 3To HeBO3MOKHO HOTO-
My, 4T0 R(x} — MHOrOW/IeH CremeHH m—], OTJHUYHBI OT TOMKIECTBEH-
HOro Hysis. [Toryuennoe mpoTHBOpeUHe W AOKA3HIBAET JeMMy .

Jameuadde Cnpapeainpo yTBEPNWIeRHe, 06paTHOE MeMMe 1: ecay Qr{x) —
MHQTOYAEH CO CTApWWM KoapguunentoMm 1, HanMeHee YkAOHMOMMACE oT HyAA Ha
[—1, 1), To wailaerca cuctema Touew (8), ana KOTOpPOH BLIIQJHAKTCA pABEHCTEA
(9}, apiuem uHena @a(xa’) HMEIOT YepeaYIOUIHECH 3HAKM,

Ha poxazatenbcTBe »TOro yTBepMAEGHHA OCTAHABJHBATLCR He 6yaeM.

Cornacuo (6), (7) muorounen T.(x) yZomReTBOpfeT BeeM yeJa0-
BHAM JIeMMBI l, No3TOMY OH HauMEHee YKJAQHAETCHA OT HYJA Ha OoTpes-
ke [-—1, 1] cpelnn Bcex MHOTOUAEHOB CTENEHH 7 CO CTapluM Koshdu-
maeaToM 1.

2. Cayuaii nponssoabHoro orpeska. Huoraa tpeGyercs maiiTH muo-
TouseH, HAHMeHee YKJIOHAIOMWMICA OT HYJA Ha 3aaHHOM OTpesKe
[a, b], cpenn BCcex MHOTOUNEHOB CTENEHH A CO CTAPIIHNM KoxphHLHeH-
ToM 1. DTa 3apaua ceoANTCA K NPeABAYILEll ¢ MOMOMIBKD 3aMEHBI

2 b a

f=-"x—

b—a b—u

NMepeBOARIREH OTPe3OK asx< b B oTpeaok —1=Sf<:). [lpn Takol sa-
MeHe mMHeorounen Yebnmera

T,({)=2"""cos(n arccos {) (11
npecOpasyercss K BHAY

Fo(x)=2""cos ( 1 arccos

\

nprueM KOSQOHUHEHT NpH X" OKa3biBaercst paBHbM 2°/(b—a)". Cure-
AOBaTeNLHO, MHOTOYIEHOM, RauMeHee YKAOHSIOWHMCA OT HYJA Ha
[a, ], epean Bcex MROroYTEeHOB CTENeHH 1 €O CTapWiM KoxdpHIuen-
TOM | ABNAETCA MHOMOYAEH

2x-—(b+a))
b—a ’

—a® Ay —
To () =8=2 cos (n arccosﬁi‘_’)) . (12)
92n=1 b—a
KopHu sToro MEOroYsena pacnofiokeHbl B TOUKax
— ]
xp=2T0 4 0—a,, Gt O k=0,1,..., n—1, (13)
2 2 2n
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A ero MaKCHMAaJIbHOE OTK A0HeHHE OT HYJA PaBHO

(o —a)"
X |Ta = .
xlgﬁ:,b} 172 () gt

(14)
3. Opyran HopmHpoBka mHorounenoB YeGniimepa. B Teopun nTe-
PAUHOHRKBIX METOMOB BO3HHKAET CAECAYIOMAA 3afjaya: HalTH MHOrO-
gaeH P,(x) cTeneHW n, HanMeuee YKIAOHAIOMMAcA oT HyJA Ha [a, bl,
CPeIN BCEX MHOTOWIEHOB CTENEeHH H, NPWKHHMAKMHX nmpH x={ 3Hade-
Hue 1. flcHO, 4TO HCKOMBELE MHOTOUYJEH OTIHYaeTCA OT MHOrOYJIeHa
{12} roabKo HOPpMHpPOBKOH, T. €.
T, (£}
Po{x) =——— . (15
T, (0)

ByneM cuntath B AaabHefimem, uro T, (0)5=0.

Ecamt To(0)=0, To 3283493 He HMEeT pellleRHEA B KAacCe MHOTOWISHOB 34NaH-
polt crenenm n. Hanpumep, pam muorowsena iepBod crenenm P(«)==ax+1 nueeM

max %P (x)] =1+]al
x=[-1,1]

H MHHEMYM focTRArsercs opA a=0. Ho npm stom P, (x) nepecraer GulTb MEOrQTNe-
HOM MepBOf CcTenenn.

Ha (12), (15) moayunm npu b >a>>0, 410

P, (x) = pacos (n arecos Z— 0+ ) . {16}
—a
riac
. b4 ayyt
Pa= (COS (n arccos P b)) .
Ob6ozHazan
2 =1=£
E=2, m=i¢ (i7)
MoJ1YYUM
‘ -1
Pa = (cos (n arecos (— L))) . (18)
Po

Ina nanpuefinx npeoGpa3oBaniil BOCNOMB3YEMCR TOXKIECTBAMMU
cos (n arecos (— 2)) = (— 1)* cos (narccos 2) ==

=(—1"05(c+V2—1"+E—V2—1". (19

Tipu 2=p;* umeenM

H, NOACTABAAA CIOAA BHpPAXKEHHE ARS P, U3 (17), nosyyuu

z—1/’z=*—1=-1—_VE z+fﬁ=—lj—ﬂ

1+ VE 1—VE

N
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Orcrona 1 uz (18), (19) noaygaem
af 1 1T n 207
Pr= (= 1) [— p:+—” =1 ,
2 ( Pr

4 L+ o7

rae o= (1~ VE/(l + VE. Takum o6pasom, IPAXOANM K clefyiolie-
MY BHIBGLY: CPpEIH BCeX MHOIOYJEHOB CTeNeHH A, MPHHHMAaKIHX npn
x=0 3nayeHne I, HauMeHee YKMNOHSeTCS OT HYJAA Ha oTpe3ke [a, )
MHOTOYNEH

Pa(x) = (— 1)" gq cos (n arccos "%{—’) . (20)
rae

207 1— VE
G = lmv = V% ' §=%! (21)

1 p} I+ VE

b>>a>>0.
Koprn Muorounena (20} pacnonoxeHbl B TOUKax
_a+#b, b—a (Zk— 1) .

=" + 5 Cos——=—m, k=1,2,...,n (22)

4. MpaMeprl npAMeHendn MHOroyAeHos Yedumepa.
[Tpumep 1. B Teopnn AHTepPNOMMPOBAHHS BO3HHKAET CJelyio-
was safaua. PaccMoTpuM MHOrousen

@ (x) = (x—x,) (x—x,) -« (x—x.)

crenenn n+1. TpeGyerca rak MojoGparh yHeNa x, (CpelH KOTOPHIX HeT
COBM2JaI0MHX YHCeN), NMPHHANMEHKAIUHE 3afLaHHOMY oTpesky [a, &),
aTo6H MHHH MHIHPOBATE BETHYHHY

max | o (x}|,
r=[a,h]

[Tockoabky crapuuii KoshdHUHEHT MHOrOYMeHA w(x) paBed 1,
AAA pelleHHs AaHHOA 3afaud JNOCTATOYHO MOTpeGOBaTb, 4TO6H @ (x}
coBNan ¢ MHorowaeHom Yelmmena

b — a)"*t . 2x— (b
T,.+1(x}=(—~—)—-cos ((n+ 1) arccos i~—(+—“)]
22.I'l+1 —_
(em. (12)). Yenoenwe |o(x) |=|T,.,(x)| Oyser BHIOAHEHO TOTAA H
TONBKO TOTZA, KOrZa COBMajAYT BCe KOPHH MHOFOWICHOB ®(x) W
Tavi{x). KopusiMu MuorOuNeHa @(X) ABIAIOTCH YHCAA Xo, X4, ..., Xn

a XopHH T,+,{x) onpenenntorca coraacHo (13} dopmynamu

~ _a+b b—a 244 1)n _
BE T S ey F0Ln @Y

TaxumM 06pa3oM, ecan 3a1aTh TOUKH X, N0 NPABUAY

a+b | b—a A+ )= =
= - =S cos Tatn k=0,1,...,n, (29

Xp=

107



TO BEJHYHHA OTHKAOHEHUA MHOTOUJEHA o (x) OT HYJNA OKAXKeTCH MHHH-
MaabHOA U paBHOH

(b o a}.IH-].

max I(l] (.’C) I = 22u+].

x=la.H
3ameTnM, u4TO AAA MUHHMH3AUMA OTKJOHEHUS MHOrOWIena (X}
OT HyAfl He 06A3aTeJbHO TOUKH X, k=0, 1, ..., n, pacnonarate B TOM
nopsAke, KoTopsiil ykasam dopmymamu (24). Baxno jutb, uTOGH
MIIOJKECTBO TOUCK {X¢}i—o COBMANO ¢ MHONMECTBOM {Xi}p—s KOPHEH MHO-
rounena YeGonmesa. Takoe MHOMKECTBO TOUYEK {Xe}i=s €CTECTBRHHO
HAIBATH ONTHMAMLHEIM, ECJAH MHOKECTBO {Xstk=p ONTHMANLHOE, TO
JMo6ad NepecTaHoBKa ero 3JeMeHTOB NPHBOAUT TaKXe K ONTHMajb-
HOMY MHoMecTBY, [TotpeGyeM, HanpHmep, uTOGB BHAOMHANOCH YCIO-
BHE
an{xo<x|{"'<xn£b'

Toraa AR ONTHMANBHOCTH MHOMKECTBA {€i}t=¢ LOCTATOUNO MOJOKHTEH
Yo=K, =0, 1,...,,T. e
a--b b—a 2k+)m
=t cos (22 D , k=0,1,...,n
2 2 2n4 1}

TipuMep 2 IIpd NOCTPOEHHH ONTHMAJBHHX HTepaUHOHHBIX Ka-
paMeTpoB paccma‘rpunae'rca caefyias 3ajada. ,[l.J'Iﬂ MHOrouJieHa

Xn

fald)=(1—1ta) (1—1h) ... (I-—1.}) (256)
nogo6pate napaMetphl T,2>0, k=1, 2, ..., n, TaK, 47066l MUHUMHSHU-
POBATh BEJNHYHHY

max | f. (A}
[P Tk

Muorouned (25) yrosaersopser yeaosuio f,(0) =1. I[lostomy aaH-
Has sajada pemraercd ¢ NoMoulblo MEorounena HeGuuesa (20). Kop-
HH MHOrouneHa (25)

=1, k=12 ...,n,
AOMKHE COBIAAATh ¢ KOPHAMH MHOrOY/eHa
P. (M) =(—1)"g,cos (n arccos w) , (26)
Ya— T
Tae
207 1—VE "
= ——, T e —— ' _—— 27
=T T TEvE T @

Corpacuo (22) KopHu MiuoroyaeHa (26) pacmogoxeHbl B TOYKax
o b¥e | VoW o@D py 9 (28)
2 2 2n
CrnenoBaTeNbHO, €CNH BHIGPaTh

-1 __ TtV YT (2. —)n
BT, e ST

., kB=1,2...,8 (29
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TO OTKAOHEeHHUE f, (L) OT HY/AA OKAXKETCH MHHHMAIhHHM H PaBHBIM
rmax | | fo (R) | == qn,

AVt

rae ¢, onpefelenc cornacHo (27), 3neck ocTaeTcA B cHJe 3aMeyaHue,
cle/laHHOE B KOHIE NPeIBAYILEero NpHMeEpa. A WMEHHO, ANA ONTHM2Mh-
HocTH HaBopa napaMetpoB {Te}i—, He obn3aTenbHO BEIGHpATh T, CO-
rracio (29), ZOCTAaTOYHO, YTOGH MHOMECTRG {T; Ji=i COBMANAND C
MHOKECTBOM {he )y KopHel MuorouneHa Yebuiuiena (26).

§ 6. Hrepaunounbie MeTotl ¢ yeGuilueBCKAM HAGOPOM NapaMeTPOR

1. ABHBIA HTEPALHOHHBIA METON. PaccMOTPUM CHCTeMY JIHHERHBIX
ypaBHeHRAi

Ax=Ff (1)

€ CHMMETPHYHOR NOJNOKUTENLHO onpefenenoll Matpnueit A. Bynem

PEIIaTh 3TY CHCTEMY C MOMQHILI) ABHOTO HeCTAUHOHAPHOTO HTEpAUH-
OHHOTC MeTOAA

TR L Al k=0,1, .., @

LT%)
rie x, sajgaH.
[ToctasAm 3anauy 06 ONTHMANbLHOM BHIGOPE HTEPAUHOHHHIX mapa-
METPOB, T. €. ¢ HAXOXASHHH NMONOKHTEeABHBIX YH e Tisy Try v vy Ty LA
KOTOPBIX HOPMa NOTPEWIHOCTH X,—X¥ HA - MTepalldl MHAAMAJbHA.

B naneHeiiiem B 3TOM maparpadee Gyoem HCIOJb30BATH CPEAHEKBAA-
PATHYHYIO HOPMY

m
|1-’C||=l-/(x- X) == 2 Ix'flit
=1
rfie ¥' — -9 KOOpAHRATA BEKTOPA X.
Toanast $hopMy/upoBKa K pellleHHe 331aYH ONTHMHU3AUHH HTEpALH-
OHHOTO MeTo/la (2) ComepKaTCs B ClleAyIOlel Teopeme.
Teopema 1. [Tycts A — cummeTpusnas nosomuressno onpede-
ACHHAR MATPULG, Aoin(A) >0 8 Ay (A) >0 — e naumenowee u nau-
Bonouee coboTgennsie snaxenud. Ilycre sadano «ucao urepayud n,

Cpedu merodos suda (2) naumenviuyro nozpetunocto ||x,—x|| umeer
MeTod, 048 KOTOPO2O

Ty
tk—m, k=12 ..., 1, {3)
2de
T= 2 v Pp= 1_5’ = Znin () ¥
Amin (A) + Aoy (4) 1+ Aax (A)
4)
f, =rc0s -M' k=12, ,

2n
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Ecau saibpars 1, cozaacno (3}, {4}, To das nozpewnoctu Gyder cnpa-
aedausa oyerxa

l¢,—x1 << gl —xll, (5)
ade
201 1—VE Fmin (4)
—3 » = = 3 —_——_—. 6
= ren TR : Fmax (A) ®)

Hoxasateanctso. Jlaa mnorpemisocTd z,=x,— MNOAyYaeM
ypasHeHHe

2 —2
M_I_Azk:O! k=0, l, .“,n_-.._l’ Zo"-_"—«"'xo-"—x. (7)
LI

U3 ypashenna (7) moay4am, 4To
z=(E—uA) (E—ts-,A) ... (E—T:A)2,

aaa k=1,2, ..., n R, B 4aCTHOCTA,
z2,=Taz,,

To=(E—1A) (E—1.,A).. . (E—T1,4). (8)

[Tockoapky T,— chMMerpuuiasg MAaTpHLA, €e HOPMA COBNAMAET C ee
CAEKTpaJLHEM pagnycoM (cM. § 6 ra. 1} H BHIORHAETCSA OLURHKA

lIzall <z [vIlzall, (9

rfe v — MaKkcHMaJdbHoe o MOLYIIO COOCTReHHO® 3HAYeHHe MATPHUK T,
Ouenka (9) HeysnydwaeMma, T. €. HAHIRTCA BEKTOP 2, AJAA KOTOPOro
OHa BHIMOJHAGTCA ¢O 3HaKOM paBencTBa. [ KOKASaTENBCTBA TEOPEMH
ocTaeTcA nono6path NapaMerpsl T, Tz, --., T TAK, YUTOGH MHHUMH3H-
poBaTh |v|.

MyeTs A k=1, 2, ..., m,—cobcTBeHane yucna matputst A. He
orpanuuusasg o6HOCTH, MOXKHO CYHTATh, UTO

rae

0<Zhnin (A) =M KA - - The=Aaae (4). (10)

CoraacHo (8) umeeMm
|v]= max [(I —vda) (1 —Toha) ... (1 —The)l. (11)

1Shem

QueBHAHO, YTO
Ivi=< max G
o mial AVCAE) mar(A)
rae fo(A) = (1—3 A} (1—1A) ... (1—7.h).
Takum 06pa3oM, IpUXOAHM K 3ajlaue O HAXOKAEHRH

min max Vs )],
T, T2, ... 1Ty Aqin(AlSheshmayt A

yie paccmorpentoft B npuMepe 2 u3 n. 4 § 5. [loayuennsie B TOM
npuMepe hopMyan (29} AN napaMeTpoB T, COBNAAAIOT ¢ GopMynaMH
(3), (4), a BenuyuHa OTKJOHEHHS NPH JNAHHEIX [apaMeTpax paBHa
|v] =¢a, TRE g, Onpenensercs corNacio (6). TeopeMma | noxkasada.
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Hrepauuonnnt meton (2) ¢ napamerpamu t,, onpeeeHHLIMA CO-
raacao (3), (4), HASHIBACTCR ASHOIM UTEPALUOHROIM MeTOd0M ¢ yebbt-
LescKUM RABOPOM NAPAMETPOS.

3aueuznune B cayyae n=1 mevon (2)—(1) cosnagser ¢ meroaoM npacToft
HTEepanRy

Xy, —X
i ]
_T__+Axk =f,

rie
2

lmin (A) + lmax (A)

T=Ty =

Hz Teopemut 1 caepyer, yTo T==T, SBARETCA ONTHMAMLHEIM SHAYEHHEM OapaMeTpa <
B meroge npocroft mrepausn. Onenka (5), (6) » caywae n==1 npuunamaer sua

e —xl << poll eo—xil.
Toutio Tak xe nna MoGoft HTepAUHH & COPABELNHBA OleHKA

12k 14—l << poll xa—2l,
OTKYAA

Lxg —x1 <5 o2l — x|

372 oUeHKAa MOFPEIOHOCTH METORA MPOCTOR WTepamuH GWAa MOAYueHa APYrAM COO-
cofiom B § 4 (ouenra (13) us § 4).

MoncynraeM yHcIO HYEpAUHA, XOCTATOUHOE HAA MOJYYEHHs 3a]aH-
HOM TOYHOCTH & TIpH HCIOJL3ORAHKHE ABHOIO MeTORA ¢ yeOBIeBCKHM Ha-
6opom napamerpos. H3 ouerku (5) noayuum, uto

llx,—x ) << giixe—xll,

eClIH §,<g, [Ae ¢, onpeaenero coraacHo (6). Takum o6pasoM npuxo-
AHM K HEDABEHCTBY

14 p* >2
I i)

o7 €
pelias KoTOpoe OTHOCHTENBHO 2= p;" > |, noay4yAaM

1 >_1-1-V|—rs2

ot £ )
lMocnenuee nepaseHcTBO GyAeT BHINOAHEHO, €CH noTpeboBaTh lipt >
=2e, T.e.

In {2/¢)

nz=n,(e) = In (o) (12)

B HauBosee HeSJIarONPHATHOM cAydYae, KOTAA OTHOUIEHHE ==
=Aun (A) Anax (A) MaJ0, HMeeM

! t+VE £
=] _~
ll'lpl ﬂ( V-) 2VE

l—



H 43 (12) moayuns clenyiomee NMPUOIHKEHNOE BHPAXEHHe AR YHLAA
HTEpauHnil:
__In(2/E)
ny o) =72 (13)

Takum 06pa3oM, NpH Manbix E ABHBIT HTEPAUHOHHBI METOA C ye-
GbuineBcknM HabopoM napaMerpos Tpeﬁye'r:mﬁ MOCTHHESHNA 3aJatIoi
TOYHOCTH ¢ uHcaa uTepauni #,(E) =0(1/¥E). HMenHo B 3TOM COCTOHT
€r0 TNPEHMYNIECTBO NEpel METOAOM NPOCTOH HTEpPaUHH, AAA KOTOPOIQ
coraacuo (14) us § 4 umeem n, (E) =O(1/E).

2. YucneHHAA YCTOHYUBOCTL HTEPALHORHOTO MeTOJA ¢ ueGblwes-
ckuM Hafiopom mapamerpos. Kak yxke 0TMeuaJioch B npaMepe 2 u3 . 4
§ 5 ouenka norpewnoctn (5) ocTaeTes oAHOW H TOA e IPH pasiHy-
HOM ynopsioueHns Hadopa HTepauHonHLIX napamerpos (3), Teopern-
YecKH 3TH MapaMeTphl MOKHO HCMOJb30BaTh B J060M nopsiike. Hanpn-
Mep, MOXKH(G B3iTh HX B TOM NOPARKE, KAK 3TO YKa3aHo B dopMyne (3).
MoxHO Hecnoab30BaTh NAapaMeTpsl B o6paTHOM MOPAZKE, T. €. MOJO-
MHTh

T

1+ pufﬂ—kd-l

Onnaxo npH APAaKTHYECKOM NPHMEHEHHH MeTofa Guig olHapyKe-
HO, 9TO NOPAACK BEIGOPA NAapaMeTpOB CYLIECTBEHNO BJAHSET HA YHCNEH-
Hylo ycroftunsocTb MeToa. Oxasanoch, ¥TC HCNOAL30BAHHE NapaMer-
POB B NPOH3BOJAbHOM TMOPAAKE MOMKET NPHBECTH K HELONYCTHMO CHIlL-
HOMY BO3PACTAHHIO BHYHC/AHTENAbHLIX morpewnocTel. Jejo B ToM, uTo
paccMaTpHBaeMbLIl MeTol, BoOoOWIE TeBOPH, HE TAPANTHPYET MOHOTOH-
HOI'O yOBIBAHHA TNOTPEIIHOCTH OT HTEpPAalHH K HTepaukd. 3anHinem
ypaBHeHMe AJs norpemHecty (7) 8 BHAe

Zyy = (E—1s ) 2.

Tk , k=12 ..., n

Hopma omeparopa nepexona E—rt,,,A RanHoro HTEPAUHOKHOTG METO-
14 MOMKeT 0Ka3aThcA GoJblle AHHHUE AJS HECKOIbKHX COCeAHHX HTe-
paunii, uTo H NPHBEAET K BO3PACTAHMIO MorpeitHocTH. MHorga BeluHe-
JAHTENbHAN TNOTPEUIHOCTD BO3PACTAET HACTOMBKO CHJABHO, YTO NMPORCXO-
JAHT MepenciHenHe apudMeTHyecKoro yerpofictea 3BM.

3Aeck MOXKHO TpOBECTH aHaJNOFHIO ¢ BHYHCJAEHHEM NPON3BeAeRHs
HeCKOJMBKHX unuces. Pacemorpum cienyroust npuMep. Tlyers na nexo-
Topoii 2BM MamunubiM Hynem ssasietcs yacno M,=10-7, a mawwnu-
Holl BeckoHeyHoICTbI0 — uneo M. = 10°, rae p >0, [TonelTaeMmen BbIYHC-
AuTh Ha »tolt 3BM npoussenenne natTh uyucem 10#72, 1084, 10-#7,
10%#/4, 10-%#/*, 1o npoussesenne pasro 10** u NpHHANJIEKHT lony-
CTHMOMY HHTepBaNy uncen (M,, M..).

Onnako pesyaAbTaT BhiuuciaeHHAa Ha 3BM 6yner saBucers ot Toro,
B KAKOM NOPAAKE NEPEeMHOKAITCA faHHbIe yHeaa, [IpH nepeMHoKeHun
B nopaike yOLIBaHUA

Q3R 1572, QP4 . 1Q-PE. | (3074
e BLHINOJHERHE NEePBOrO YMHOMKEHHA NPHBORHT K NepenonneHiio, TaK
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Kar 10%%>M,. [Mocae sroro pHuHCIEHHS NPEKPAMAKTCA, H MbL NIPO-

CTO He CMOXeM BBIYHCJIHTH BCE NpPOH3BegeHHe. [IpH NEpEeMHONKEHHH B
NOpPsiAKe BO3PACTAHHS

10-30/%. [ Q-pr2. [ (Joss. 10872 . 1(j3r/s

NI0CE NEPBOTO YMHOKEHHA NOJyYaeM uMco 10-5%/4< M, koropoe no-
Jaraercs paBHbEIM HYJMO, CAEAGBATENLHO, PABHEIM HYJAK0 OKA3bIBACTCH
H BC& NpoH3IReIcHRE. Ecay e PACTIOIGHHTE COMHOMHTENH B TAKOM
nopaaKe:

IO_JP“ IOP':IO:‘;‘N lO—pf.ZlOpN,

TO YAAE€TCs NOBECTH BLIYHC/EHHA A0 KOHHUA U NOAYYHTL DNpaBHILMHI
pesyJbTar.

B Hactosmee Bpems u3BecTen aaroputm NOCTPOEHMs TAaKOTO yIo-
PALOYEHHOrO HaGopa HTEPAUHOHHBIX NapaMeTpos (3), asis KOTOpPOro
HTEPAUHOHHENT MeTOA (2) sirasercs yeToluuBeiM. [ToapoGHOe Hanoxe-
HHE 3TOro aJlrOpUTMa MOXHO HafiTn B [32].

3. HenBHbiii veGuIMEBCKU HTEPALUMONHBIA MeToX. CropocTs cxo-
AHMOCTH AIBHOTO Meroda (2), (3) 3aBHCHT, KAK MK BHIENH, OT OTHO-
WeHAA E=4min{A) /Ao (A) MHHHMAABHOrO cOBCTBEHHOIO YHENAE MAaTpH-
ubl A K MakcUMaJNbHOMY: yeMm Goablue £, TeM Bhilie CKOPOCTE CXOIH-
MOCTH. PaccMOTPHM Teneph HesBHLIH HTEPAUHOEUBI MeTo

BM+Axk=f, k=0,1, ..., x, sagan, (14)

Ter1
C CUMMETPHYHON NMOJOMHTENBHO ONpPefeleHHON MaTpuueli B u nepe-
MCHHBIMH DApaMeTpaMH T,.,. Kag H B ciiyuae cTallHOHAPHEIX METOAOB
{cM. § 4), CKOPOCTE CXOAMMOCTH METOAA (14) 6ynmer onpepensTtbes
Y€ He OTHOUICHHEM COOCTBEHHBIX 4HCce/n MATPHUM A, a oTHOMEHHEM

E=Amin(B7'A) [Amar (B~'A) MHHHMAALIOrO M MaKCHMANBHOrG COGCTREH-
HBIX yhces o6obumennof 3agaun

Ap=21r8p. (15)

IIpa cooTBercTRyWOWEM BEIGOpPE MATPHUE B 3T0 OTHOIIEHHE 6yner
GoJibIe YeM Apmiu (A) fAmac(A), a clegoBaTenbHo, HTEPAUHOHHEIR MeTof,
(14) GyneT cxOxHThCS GRICTPEE, YeM ABHBIHA METON (2).

Teopusn HeABHBIX HTEPRUHOHHEIX METOLOB JETKO CBOAUTCA K TEOPHH
ABHOTO MeToA2. [nA HeABHOro ueBhIIEBCKOrO MeToHa cnpaeeaNuBa

Teopema 2. Mycto A u B — cummeTpussvie noA0KUTEADHO onpe-
Jenetitvie MATPULDL, @ Ay (B-1A), Amge (B—*A) — cooraercTaento wau-
Mcrowee 1 Hauboavuiee cobersennsie 3navenusn sadauu (15). ITycre
sadano wucro urepayuil n. Merod (14) umeer MURUMAABHIIO NOSPEIU-

HoeTs llx.—xlle, ecan napamerpor v, onpedeauts cocaacto {3, 4,
ede

Anin (B14)
Pomax (B714)
Hpu atom chpasedausa oyenxa
lxn—%ll5 < galiXo—xli s, (16)
13
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2de
20} I —VE
BT T TE

T
,[l 0Ka3aTeJbCTRBO, nOrpel[lHOCTh 2= X }'}lOBJ’[ETBOpﬂeT Gh-
HOPOAHOMY ypaBHEHHIO

Apia (B1A)

TV

(17)

BT 4 a0, k=01, ..., z=x,—x  (18)
Tav1
YMuoxum ypasuerue (18) Ha MaTpHuy B~'? u ofosnaunm v,= B!z,
Toraa noAy4yuM yparHeHHE

Zen % L Cop=0, k=0,1,..., u=B"%(x,—x), (19)

Ty

rage C=B-"2AB-'* Ypasuenue (19) orauyaercs TtoAbko oGo3Haue-
HHAMH OT ypaBHeHHA (7), KOTOPOMY YROBJETBOPSET NOrpeuIHOCTL AB-
HOTO HTepauHOHHOTO MeToAa. [TosToMy HaM ocTaercs JHIEL MPOBEPHTH
BHINOJIHEHHE YC/IO0BHE TeopeMEl | o oTHOWeHH 0 K MaTpHue C.

Matpuua C sBAfeTcs CHMMETPHUHOR K MOAOXKHTEAbLHO OnpefeseH-
HOfl, MpHYEM €€ CNEeKTP COBNAafaeT co cNeKTpOoM oG00menHol 2a8aud Ha
cofcTBeHHble 3HaYeHHs (15). B 4acTHOCTH, Amo(B~'A) ABAACTCH MH-
HHMAaJbHBIM COOCTRERHEIM YHCAOM Amn(C) MaTpHUB C, 2 An. (B'A)—
MakcHMaabHEIM. Cnenys TeopeMe 1, suifepeM mapaMerphl 1, COMMACHO
(3}, (4), rae E=hmnin{C) fAn:(C). Toraa ans pewenns ypasuenns (19)
Oyaer BRIMOMHATHCH OUSHKA

"Un""-<-...q“|i00“-
[Toacrasaas ciopa v,= B2z, k=0, n, nonyuns
Bzalls<< gallzolls,

T. e. npuaeM k TpeSyemoft ouenke (16). Teopema 2 goxazaHa.
Jamevanue Tlpn ycnosuax Teopemu 2 Mapaay ¢ ouenkod (16) cnpases-
ANBa B OUeRKa
ln—x[ 4 S<qallto—xl a.

daa poxazaTedkCTRA AOCTATOUHO TepenAcarth ypaeueHue (18) B Buae (19}, rie
oy=A%zy, C=A"B=1A%, # NOBTOPRTHL paccy#ALHEA TeoPemul 2.

Tak xe Kak H B cJyuae ABHOTO MeTOAA, UHCJIEHHAA YCTOAYHBOCTh
HEeABHOro HTEPALHOHHOIO METOAa 3aBHCHT OT cnocofa ynopsaaoyeHHs
HTEPAlUHOHHEIX MAPAMETPOB. AATOPHTM NOCTPOEHHA YCTOHUHBOLO Ha-
f6opa HTEpAUHOHHBIX NApaMeTPOB TOT KE, HTO H AJA ABHOTO METOAA.

4. Cayuaii, Korga TOYHHe IPAHAIL CNEKTPa HeH3BeCTHW. B Teope-
Max | H 2 QHrypHPYIOT TOUHBIE IpaHuUUb chekTpa Matpun A w B—'A
cooTBeTCTBeHHO, OUYeHs YaCTO MHHHMAMLHKE H MAKCHMA/bHEe cofCT-
BeHHBIe 3HAYEHHA HE HABECTHH TOYHO, 4 H3BECTHM JHIb OMEHKH NJA
wux. Hanpumep, ec/iH BLINONHEHH MaTPHUHEE HEPABEHCTBA

LB<A<TB (20)
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C HEKOTOPBIME KOHCTAHTaMH ¥,>>v,>0, TO MOXKHO YTBEPHKAATH, YTO
Awin (B4} 2241, Ao (B'A) <1

[IpuBeneM TeopeMy O CXOLHMOCTH HTEpPaUHOHROTO MeToga (14) mpm
ycrosuax (20).

Teopema 3. Mlycre A u B — cummerpusnoie nosomureaso onpe-
Geaennvie Marpuyo, ydosaersopaowue ycaoswo (20). Hycre aadano
wtcro urepayui n. Ecaw napamerpet 1, onpedesurs cozaacro (3), (4),
20e §=4y,/v,, TO Bag noepewnocTu 6yder cnpasediusa oyeHka

lxa—xla22 gulixe—xlla, (21)
2de
2p7 1-VE Py
=—, =, _— —=, 2
n +ei ' T s T2 22)

HoxasarenwcTrso. Kak u npu aoxazateancise Teopemm 2, 3a-
THILEM ypaBHeHHe ANA morpemuoctd B buie (19). Ha (19) nonyuum

Uﬂ = T“”OJ

rae Tp= (E—1,C) (E—1._,C} ... (E—1,C). Otciona cnenyer ||v.ll=<<
S T,llllo, .

Ilyets ¢;— j-e coBetBenroe yueao matpuum C, j=1, 2, ..., m. Tak
KaK T,— cHMMeTpHuHas MatpHlua, HopMa ||T,| coBnamaer ¢ MakcHMy-
MOM 3 MoayJielt ee coGeTBeRHBIX 3HAULHUI

max {1 —T.e (1 — Tmp) ... (1 —wep)]
L4 fem

H H¢ NPEBOCXOCIHT BeMHYHHEI

max (1 — ) (1 — Taad) ... (1 — 10 (23)
VPR CE

Bubupasa 7, k=1, 2, ..., n--1, cornacuo (3), (4) npu E=y,/y,, MH
MHHHMH3HpYeM Beauudny (23) ® npuxoanM K oueuge ||T,l|=lg,, rie
. oupeneneno coraacno (22). Haxkoneil, aaMeqas, uto [|z.)l =l x.—x|ls,
npuxoArM K Tpebyemofi ouenxe (21},

Sameuanne, XoTA Teopema 3 N He CaDaHTHDYeT ONTUMANLHOCTH WTEPaLN-
OHHOTO MeToR4, 13 oueHkH (21) crenyeT CXQEHMOCTB METOAA, NpHYeM NpH Maawx §

YHCAOQ HTepaT.l}[ﬂ, ZOCTATOMHBIX ANR ROCTHMIKEHHA 3ajaHuofi TouHOCTH g, QUEHHBALTCA
HdK

' In (2
30(5]";11{_';%)-

§ 7. HTepaunonnsie METOIH BAPHALUHOHHOTT THNA *)

B npearaymux naparpacdax paccMaTpPHBA/JMCh TAKHE HTEpalHOH-

Hbl€ METOJEL PEHIeHHST CHCTEMB
Ax=f{, (n

*} ITpu neppoOM UTeHHM 5TOT Naparpad MOMKHO NPONYCTHTD.
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B KOTODPHIX AMA 3a4aHKA UTePALHOHHBIX NapaMETPOB TPeGOBANOCH 3HATH
rpanuust ¥, U ¥, cOOCTBEHHBIX 3Hayenuili MaTpunu A. PaccMorpum Te-
Nepb HTEPALHOHHbIE METOAB! BUAA

BT 4 Ay =, @

Teyy

B KOTOPHX TIApaMeTPH T,y BHIOHPAIOTICA H3 YCJAOBHA MUHHMYMAa [0-
rpewrnocT [y, —xilp UpH 3agaudoli norpewRocTH |lx,—x(p. 3aech
D —3agannas cHMMeTpHuHAR NMOJNOMHTENbHO ONpefeNeHHas MaTpHIA,
lollo=¥ (Do, v}. B 3apHcuMocTH o1 BHGopa Marpui D v B nosayuum
pasiiyHble UTepalHoHHBe MeToab. CKOPOCTE CXOXHMOCTH TAKHX MeTo-
JA0B He BhIe, yeM y YeObILIEBCKOTO HTEpALHOHHOTO Meroda. [Tpenmy-
LECTBOM HX SBJIAETCH TO, YTO OHH He TPeOYI0T 3HAHHA FPAHHIL CMEKTPa
MaTpuos A.

I. Merox MUHHMaAkHBIX HEBA3OK. Pacemotpum cuetemy (1) ¢ cum-
METDHYHOR NOJOKATEeNBHO onpedelenuoll maTtpuueit A. OfosHavam
yepes

rn=Ax,—f (3)

HesA3KY, KOTOPAS NOJYUYAeTCH NPH NO/JACTAHOBKE DPUGTHIKEHHOrO 3Ha-

9eHHS X, MOAYYEHHOTO Ha &-H MTepaluy, 8 ypasHeHue (1}. 3amerun,

YTO NOrPEWINOCTh 2, = X,—X H HeBA3KA 7, CBA3AHH PABEHCTBOM A2, =r,.
PaccMoTpiM fIBHBIH HTEPALHONHENT METOX

Kpwg ™ g
Sk Y P @
Tor
H NepenuuleM €ro B BHAE
Xpt1 = Xp——Tnt1lg. ()

Merodom MUNUMOAbHOIX HEBA30K HASBIBACTCS HTEPALUHOHHBIN Me-
ToA {4}, B KOTOPOM RNAPAMETD 1., BHIGHPAETCA H3 YCAOBHA MHHHMYMA
(l7os: ' mpu 33n28HO# HOpMe [|r.|l. FlofiyuuM siBHOE BHIpamKEHUe AN HTE-
PALHCHHOTO MAPAMETPa Ty, M3 (5) moayuaem

Ax = Ax—rAry
H, CJAeI0BATENBHO,
rk-t-t:rh_"l-'k-i-iArh, (6)
T. €. HEBA3KA f, YAOBJETBOPAET TOMY K€ YPABEEHHI), YTO W NOTper-
HOCTB 2= X;—X.
Bossoas ofe uactu ypaBueHHsi (6) ckanapHO B KBAAPAT, NOAYYUM

” L "2 = " re “2 - 21:k+1 (rk‘ Ar-‘e) + Tﬁﬂ I‘Ark I]?'- (T)
OTciona BUAHO, UTO [|ry.dl AOCTHIAET MHHHMYMA, €CAH
(Ary, £2)
Ty = —2 2 (8)
| Ar, 12

Takum o6pas3oM, B METOAe MHHHMAJbHLEIX HeBA3OK Iepexoi oT k-
utepauun kK (k- [)-ff ocymwecrsagercs caegyiomum obpaszoM. Mo uaii-
NEeHHOMY 3Ha4eHHIO X, BHLIYUCIIAETCS BeKTOP HeBA3KH ry=Axy—f H 0o
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dopmyne (8) HAXOAHTCA NAPAMETP Th.. 3aTeM N0 dopMmynae (5) no-
CUHTHIBAETCH BEKTOP Xy, .

MeTton MuuuMansupix nespasox (5), (8) cxoaMTCA ¢ TOH Ke CKO-
POCTBIO, UTO W METOA MPOCTOH NTEPALHH ¢ ONMTHMAJbHLIM NapaMeTpoM
1. Cnpaeegntuea

Teopema 1. Hycro A — cummerpuunas noaoxurelvno onpede-
Aennas marpuya. JIag noepewnocty meroda MUHUMAABROLX HEBAI0K
BbINOAHACTCS OYEHKN

"A (xn__'x) || gp’; ”A (xD-_x) ” ¥ n=0a 1: R | (g)
2de
[ _E J"min (A)
—t=f g oD 10
=T ST @ (1o

HokasareanctBo. Paccmorpum Ttomnecteo (7). Tlpu zanax-
HOM BEKTOPE 7, NpaBan 4acTh 3TOCO TOXKAECTBA AOCTHraeT MHHHMYMA,
€CJIH Ty, BbIGpaTh corsiacHo (8). Ilpu A0GoOM APYroM 3HAYEHHH Ty
npasaf yacTh ToxAecTBa (7) Moxer ToMbKo yBeauuHTbes, [loaTomy,
noaarad B (7) 144 =7, rAe

2
Ty = . Ii
0T hin (A) A Ay (4) ()

MONMY4YHM HepaBeHCTBO
MraeilP=S | (E—ToA)rall?
i, CAeA0BATENbHO, _
lirss ot S HE—, Al il (12}

Cornacho caeacTBHio 2 teopeMot | u3 § 4 umeem [[E—t,All=p,, no-
ITOMY NIPH BCEX k CMpaBRcAMHBO HEPABCHCTBO

i17as [l s paiiradl, (13)
HJIH, 9TO TO K€ caMoe, HepABEHCTBO
1A (e —2) |l ﬂpa"A {x—x) L.
OTtciona n caeayer oueHka (9).

3ameuvanue Henoaesys AokaszaTesscTRO Teopembl |, MOXKHO NOAYYHTE [0
Jeanoe HepaBeHCTHO

I - 1 2
H] ’é A A_l r s‘_ =T 1 "
& 91 < (Ags 4) (A7, 5) 4(V§+ V‘g)“’ 5 (149
CMpaBefIHBOS IS CHMMETPHUHBIX NOMOMHTEALRO OnNpefeleHublx MaTpul A M Rio-

Goro sektopa y7=0. JlaA poxaszateascTea (14) sannwes TomaecTBo (7) NPH Tayr,
onpexenchiom coraacHe (8). Torra noayuum

(Arg, rg)
[ lB=1rel2— =
| Arg
Yaurolean HepaBeHeTBo {13), noayuaewm
(Ary, ry)?
0 hrelP— < pglrel?

I Arg {2
uiaa
(Arg, rk}2 = {rk- rk) (Afk. -'k);

{Arg, i’k]‘}(l —pﬁl (ry, r4) (Afk: A-'k)-
17



Crenas sameny A'trp=y u yuutHBasm, 910 1—po=4E/(1+§)2, nmoayusM cooTet-
CTBEHHO HEPABEHCTBA

(5 YR < (A7, 9) (A9, 1),

4 -
> T (A7, 1) (Ay, 9).

KoTophle coBnafawT ¢ (14). O6paTHo, ecny HeMOCPeACTEEHHO AOKZ34ThH HEPABEHCTEA
{14), TO K3 HUX MOXKHO BHEECTH YTBeDMKAEHHE TeopemH 1.

2. MeToa MHEMMAABHBIX HOAPABOK, 3afHilleM HEABHLA HTEPALUOH-
HHlt MeTon (2) B BHIe
Xp=X—1B7'r, (15)

rae ry=Ax,~—f — neesasxa. Bekrop
W= B_‘-‘rh

RaswiBaerca nonpaskol wa (k-+1)-it nrepaund, Tlonpapka w, yaonJe-
TBOPAET TOMY e YpaBHENHIO, YTO W NOTPEWHOCTh 2, = t,—X HEABHOTO
METOA4, T. €. YPABHEHHIO

B—"’*—:fﬂ + Aw, =0. (16)
Rl

Bynem npeanosaraib, uto B -- CHMMETPHYHAS NONQKHTEILHO ONpE-
neneHuan MaTphita. MeTodom MuUHUMGALHbIX NONPABOK HASKHBAETCA He-
AIBHR{A HTePauHOHNBIl MeToA (2), B KOTOPOM NapaMeTp .., BbifHpa-
eTcfl H3 YCJAOBHA MHHHMYMA HOPMEI [Ew.,.HfJE-——(BwH., W) * OPA S2-
JAHHOM BekTope w,. B ciyvae B=L wMetos MPUHHMaNBHHX DONpPaBOK
COBAaNaeT ¢ METOAOM MUHHMAMABHLIX HEBA3OK.

Hafinem BulpaxeRrHe AN UTEPaUHOHHOTO NAPaMETPa Th.,. llepe-
nuieM (16} B BuOe

Wy =W—Ths B A,
H BHYHUCIHM

tetess [ == | @[5 — 2Tasgg{Aws, We} + Thay (B 1A, Auwy).
Otcioaa caeayer, 410 |[way, [} OyAeT MHHHMAABHON, €CAH MOJNOKHTDH

(Aw,, w)
—— 1
T =B Ay, Ay (7

Ias peannzauHu MeTola MHHHMAJBHHIX [ONPaBoK TpedyeTcs Ha
KamOoii uTepaldd peuluTh CHCTEMY ypaBHeHHii Bw,=r,, otkyaa Hai-
IOeM TOOPABKY W, H PelINTb CHCTeMY ypaBHeduit Bu,=Aw,, 0TKyda
HalizeM BekTOp v,=B~'Aw,, HCOOXOARMBI 219 BBHIUHCAEHHA TapaMer-
Pa Tats:

CKOpOCTh CXOAHMOCTH METOZA MHHMMAJBEBIX FAQNPaBOK oNpepeds-
eTcd TpaHHuaMu cinekTpa ofabuieHHoll 3aza9yn Ha colCTBeHHEIE 3HA-
yenyd

Ax=3)Bx. (18)

Teopema 2. Tycre A, B — cummeTpuuneie nosoxuressno onpe-
CeAeHHble MATPULSE U hmyn (B~'A), Apa (B™'A) — Raumerewee u sau-

118



Boabuiee coberaentvie 3nauenun sadaqn (18). Han nozpewnoctu me-
100G MUKUMAAOROIX HORPABOK BOINOAHILTCA OUEHKA

VA G — D) g < O A — Dlger =0, 1, ... (19)
20e
1’min (B~'4)
A (B71)

— 1__
(+t

ofre

o * §=

Jdokasareawctro. [TepenuueM ypanHenne ang nonpaexu (16)
B BHAE

Zen 7% 4 oy, (20)

Tera

rne v,=B'"*w, C=B-'"?AB-"* Bupaxeuue (17} ANA HTEPAUHOHHOTO
03apaMeTpa Ty NPHUHHMAET BAL

_ (oo )

=or @1)

Ten

Ypapuenns (20) u (21) —aro Te e camuie ypasHenus (6), (8),
KOTOPbi€ BO3HHKAIOT B METONE MHHHMANbHHX HeBA30K. TToaToMy MOXK-

HO BOCNONb30BaThCA TeopeMoii | u sanucarte ouenky (13), koropasn Te-
nepb OPHMET BHA

”Uh-H"gPoHUh", (22)
rae
o=zt p e
(4] 1+§ ] ‘s lmax(C} .

3aMeTuM, UTO Auw(C) =Ana(B~'4) H Apu(C)=2a,. (B-'4). Kpome
TOTO,

foeh=1B"%wef =| B %re) =| ralg. =| A (s — 9l

OTcrona u cienyer ouenxa (19).
3. Meron ckopeiiwero cnycka. PaccMoTpum sBHHE MeTox (4) u
BEIGEpeM HTEPAUHOHHBIR NAPAMETP Tpyy HI YCAOBHA MHHAMYMA | 24y .lla

NPH 3aXaHHOM BEKTODE 2y, '€ Zpi(=Xpi—X. [TOCKOJBKY MOTpPeHIHOCTD
2, YAOBJICTBOPSHET YPaBHEHHIO

L= 22— e Az,
HMeen

I ze0a s =1 2 V% — 2701 (A2s, Az} + Tory (A%, A2).
CnenoBatenbno, |2 4 6yaeT MHHUMAIBHORH, €CN NONOKHTE

(Azk, A!’k)

Thep —
T (A, Az,



Tak Kaxk BeaHUHHA Zy=Xp—XxX HCH3BECTHA (HOCKOJ’Ibe HEeH3IBECTHO
TOYHOE pelieHHe X}, HARO yuecTb, 4To Az,=r,=Ax,~—f, U BHUUC/IEHHE
Tr++ DPOBOAHTD N0 GOpMYSe

(rk' rk)

Thoy = 23

{Ary, 1)

Tak e, kak n B Teopeme 1, 10Ka3BIBAETCH, YTO MeTOA CKopeiimero
CNYCKAa CXONHTCA € TOH Ke CKOPOCTBI), MTO H METOHA NPOCTOH HTEpPAIHH
C ONTUMAJBHEIM NapaMeTpoM t=r1, JAA NOrpemHoOCcTH Metoaa CcKo-
peiliiero cnycka crnpaseliHBa OLERKa

lta—xlaZpflixe—xlls, n=0,1,.., (24)

1+§ ’ ?Lmax (A)
Hesaanoim merodom cropedweeo cnycka nasmsaerca Metox (2), B

KOTOPOM NapaMeTp T,., BHIOHpaeTcs M3 YCAOBHA MHHHMYMA (2,4l
Tak Kak NarpemHocTb 2y =X,—X YROBHCTBOPHCT YPAaBHEHHIO

rae p,

B =8 —T B 1Az,
NONYYHM

N Zean I = || 22 [fa — 2Tess (A2, B A2 + th,, (AB 1Az, B142,),
HJH
" Zhs1 "2A = “ 2k HJA — 2Tp4 (re, wn) + Tg-u (Am'k, Wy).

Caenosatenvto, |2e \ﬁq 6yJeT MUHHMAMABHOMN, €l NOJOKHTD

Ty = — (25)

[Mpu atoMm Ans uesBHOTO MeToda cKopefilliero CriycKa cnpapeaanBa
oueHka (24), rae

Amin (B724)
Moy (B74)

£=
4. MeTon conpaXeHHBIX TPAAHEHTOB, MeTOL COMPAMEHHKIX TpaiH-
€HTOB ABNACTCH ABYXWIATOBBHIM HTEPALMOHHLIM METOJOM, T. €. AJi Ha-
XOXJeRusl HOBOM HTEPALHH X,,, HCNOAB3YIOTCH ABE NPEeABIYUIHE HTE-
PaUHH X, Y X._,. CnenomaTeNpHO, 3eck Bo3pacTaeT TpedyeMulll ofneM
naMaTH, HYKHO TIOMIHTbL He TOJbKO BEKTOP X,, HO W X,_,. [I[pHMeHenue
ABYXIIATOBHX METOJOB GNPABALIBACTCH TEM, UTO NMPU NPABUJIBHOM BEI-
6ope HTEPaLHOHHEIX NAPAMETPOB CKOPOCTH CXOAHMOCTH Gy/eT BHILe,
YeM Yy OJHOWIAroBbIX MeToA0B, Hanpumep, paccMaTpHBaeMblil Zalfee
METOJ, CONPAXEHHLIX IPAAHEHTOR NPH J1000M HAYAABHOM NPHOIRAKERHH
CXOJAHTCA 334 KOHeUHOe YHCA0 HTEPALH.
Tycte A— martpuna cucteMmu (1) B B — CHMMETPHUHAS NOJONH-
TeJbHO onpefenexnas MaTtpuua. PaceMoTpum cleayomuii kimace He-
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ABHBIX OBYXIHATOBBIX HTEPAUHOHHBIX METOLOB;

B (xkﬂ e xk) + (1 — 'xkﬂ) {xﬁ, - xk—k)

+AG=f k=1,2, ... (26)

To%ep
31ech ayy i, Troy— HTEPALHOHHEIC MAPAMETPE, KOTOPHIE GyayT onpene-
Jdedb nanee. Ilag nadana cueta HeoBXOANMO 344aTh ABA HAYAJABIBIX
NpHOAHMEHHs ¥, M x,. Havadenoe npuGnuxenne x, 6yneM 3anaBate
NPOUSBOABLHO, 4 BEKTOD X, BBIYMCAATE N0 OAHOWACOBOK (GopMyJde, Ko-

Topas nonydaercss u3 (26) npu k=0, o, =1, T. e. no dpopMyue
X] — &,
B2 4 Ax, = (27)
T

Ec/n napaMeTpel ey gy, Ty HAALEHBl, TO HOBO® NPHOIMKEHHE Kns
BHIPAKAETCA e€pe3 RBA MPeAbIIYIUX 3HAYECHHS X, H X,—, N0 DopMyne
X =0nuiat (1 —otye ) Chea—Th g Dy s W, (28}

rae w,=B~'r,, r,=Ax,—f.

5. MuHnMu3auus norpewrsoctu. [lepeiizem K BONpOCY © BhiSOpe
HTEPAUHOHHEX MapaMmeTpoB B MeTome (26). Has morpemdoctd z,=
= Xy—X NOJYYHM ypaBHEHHA

Cht 1 = Ul s (E'_Tk+lB."A)2h_<l' (I—0uri) 2y, k= 1,2, ...
2= (E—_TiB_iA)zu.

BeeneM, kak ¥ patee, BenoMoraTenbHYIO ¢ YHKIHIO v, =AVz,, 1as
1

koropoit fiv.ll=llz,ll.. ®yskuus v, yoosnersopfer ypasueHusim
Uil = % (E —_— Tk+1C) v+ {1 — Olte 1) Upmy, k=12, ..., (29
vy =(E —1C}u,, (30)

rae C=AYB-'A"* ByaeMm cuurats, uTo A u B — cuMMeTpUUHBE NO-
JIOXHTE/ILHO ONpe/eIeHHEe MaTPHIM, YIOBNETBOPAIOUIHE HepareH-
CTBAM

'Y,BQASTQB; T2>'{1>0- (3])

Torna C*=C>0, npuuem
WEKCsiE (32)

Hckawouan nocnesosatenbHo ma ypasHenuit (29), (30) BexTOpHI
Ty Uz, ..., Up—y, HAfLOEM, yTO
U=Py(C)u, (33)

rae P,(C) — mBorounen crenens k or onepatopa C, YAOBAETBOP S0
wai yenoeuio P, (0) =E.

IloctaBum 3anauy BHIGpATH HTEpAUHORHEIE MAPAMETPH T, ¢, TAK,
4To6n npu dwbom n=1, 2, ... 6ba 66 MHHEMaABHON |2, | = liz.|l4.
OGpartuM BHHMaHHE HA OTNHUHE OT NOCTAHOBKH 3afa4H, BO3HHKAKNIEH
IpH NOCTPOEHHH ONTHMAaJbHOro UeGHLUIEBCKOTO HA00pa HTEPALHOHHLIX
napamerpos (cM. § 6). Tam npu duxcupoBatroM n TpefoBaiock Haii-
TH NapaMeTpit, MHHHMH3UpYIomKe [z, ... Teneps ke Tpefyerca Goab-
uiee -— MHUHMHSHPOBATE |2, /l.c NpH KaxIOM A
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TMapamerp T, RAXOAHTCA H3 ycnoBAA MuHUMYMA [l,[| npH 3anaKHOM
BEKTOPE U,. TAK JKe, KaK H B METOle CKOPEfilliero cnycka, nosnyiaem

" HCogs ta) 4
TN @4

OTMeTHM, 4TO PR TaKOM BEIGOpPE T, BHIMOJHACTCA PABEHCTRO (Cu,, 1)) =
=0, T. . BEKTOPH U, H ¥, OPTOTOHA/NLRE B CMBICIE CKAJIAPHOrG TPO-

H3BCAEHHA
(1, v)e=(Cy, v).
JHanee, pacCMOTPHM NOrPeNrAOCTh
=P, {(C)v,,
BOSHUKAIOULYIO HA k-fl nTEpauun, v 3anuureM Muoroyiaen P,(C) B puae

k
Pi(0)=E+ 3 oC, (35)
=1
rae af ~— unucnosie KO3(OULKENTH, oNnpenelsemMble NapaMeTpaMH Gy,
T i=1,2,..., k Torna

k
=0+ > aClv,, k=1,2,... (36)
=t

HafineM yclnoBHA, KOTOPHM 10.1KHbl YAOB/IETBOPATE KO3 puuHeH-
TH 2, MEHEMH3HpYICIHeE lz.l12 Ua (36) monyuum

n 4
joalt= 3 aal” (C'uy, Cley) + 23 ai” vy, C'ug) +uo P, (37)
Lf=1 j=1
1. e. !lv,.li* apAsAeTca MHOrOYJACHOM BTOPOR CTENEHH MO NEPEMEHHBLIM

a®, ..., am. TIpupaBnuBas X HWyMI0 HacTHBE MPOMIBOAHbIE w2/
idaf:‘?, j=1,2,..., n, IPUXOAEM K CHCTEME ypaBHEHHH

m

Z a™ (C'vy, C'vy) + (Clvy, v) =0, (38)

=1
pemetne koropoit a™, i=1,2, ..., nHu obpamaer B MHHHMYM [lz.l%

6. Br6op MTEpaUHORHBIX NAPAMETPOB B METOMlC COMPAMKEHHMIX rpa-
KHenToR, Lleabio naabHeNUHX paceyKAeHHA ABNACTCA RAXOKAEHHE Ma-

PAMETPOB oy, Ty, R=1, 2, ..., N, AJIA KOTOPHIX BBINOJIHEHB! YCAOBHA
(38). 3ameTum npexkae Bcero, uTo (38) MOMIIO 3AMKCATE B BUAE
(Croy, v,}=0, =1,2, ..., (39)
JNemma 1. Ycaosua (39) sKeuBQACHTHOL YLAOGUAM
(Cu;, va) =0, j=0,1,..., n—L (40)

HoxasateabcTno. Coriacho (36) uMeeM

.
Coj=Co, + a"C*"'y,,
=1
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N03TOMY

i )
(Cuy, Vo) = (Cuy, v} + > 2" (C'*Y,, vy =

i=1

i1
= (Cuy, v} - Z aij-)l (Cit'm va).  (41)

i=3

Tlyers eninonuenw yeneens (39). Toraa, ecau j+1<Sn (7. e. B
=n—l), 10

(Cu,, 0.) =0, (C?vy, v,}=0,..., (C'¥2,, v,)=0.
Tlosromy uz (41) npu j<sn—I nonydum
(Cvy, v,)=0.

Hrak, ycaosus (40) caeayior ns (39). INokaxeM, uto sepiio u 06-
patHoe, T. €. #3 (40) caenyer (39). JokasaTeabeTso NpoBeneM HHAYK-
udeir mo yucny f. ¥Yenosue (4Q) npu j=0 cosnanaer ¢ ycaoeneM (39)
mpu j=1. [lpeanonoxuM, ur0o ycaosus (39) BHINONHEHH ANA j=
=1, 2, ..., k, n noxaxeM, 4TO OHH BHIOOJHEHH H 1A j=Fk+ 1, rne
kin—1,

W3 (40) npu j=*% noayaum, yunreipan (36),

! 4
0= (Cuy, vp) = (Cvo + 2 af—k’Ci*lvo, zr,,) =

i=1

firl .
= (Cop, v} + Dl (C'p, v).  (42)
=2

[To npeanosoxeHuio WMAYKUHH ycaoeHs (39) emmonseHsl npu j=
=1,2,..., k INostomy 3 (42) nosyqyum

a (C*,, va) = 0.

[Tockoneky a5+ 0 (rak kax P,(C) — MHoOrouaen ctemesn &), oTcioia
nonyvaem (C*"'v,, v,) =0, T. e. ycnosua (39) BuiMoMHeHBE M OpH j=
=k+1

Jlemma 1 npoxazana. Ora norpefyerca Aas OOCTPOEHHS ONTHMAJL-
HHX HTEPALHOHABIX NapaMeTpor B MeToae (26).

3ameTnm, 9TO 9Mca0 £ B JleMMe | Mpennonaranock GHKCHPOBAH-
HEM, B TO BPeM$ KaK MPH MOCTAHOBKE 3a2a4H ONTHMH3ALUHH MBI TpE-
G6onany, ytobH [v.ll 6blna MuEHMaAbHOH npH awboMm n=1, 2, ... Tlo-
3TOMY ONTHMAJAbHBIE NAPAMeTPbl HAA0 OTHICKHBATE He n3 ycaosult (40)
NpH QHUKCHPOBAHHOM 7, a U3 YCA0BATH

(Cvj, 2)=0, n=1,2,..., j=0,1,..., n—1. (43)
Ecnn Taxue napamerps 6yayT HailieHBl, To 3TO 6vAeT 03HAYATb, YTO
NocTpoeHa OpTOroHanpHas (B8 CMBICJE CKANAPHOrG MNpPOH3BEAeHHs
(4, v)e=(Cu, v}) cHCTEMA BEKTOPOB Uy, ¥y, ..., Us ... [IOCKONBKY
NPOCTPAHCTBO peltieHHd cHeTeMbul (1) uMeeT pasMepHOCTb m, HOCTPO-
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eHHasi OPTOTOHANbHAs cHcTeMa Gymer coAepkaTbh He fofiee M BEKTO-
poB. D10 03HAUAET, 4TO HAUHHAA ¢ HEKOTOPOTrQ f (A=) MOrPLIINOCTH
v, O6GpaTATCS B HYAb, T. €. METOA COffeTCA 32 KOHEUHOe WHCIAO HTe-
pauni.
[MepeiineM K NOCTPOSHHIO HTEPAUHOKHBIX TAPAMETPOB, A KOTOPBIX
BHINOAHERH ycAosKA (43). [TapaMerpht e, U 1, HaldeHBl coraacHo (34):
(Ctyy Ty) (44)
[ Cooli*
T1ycTb NapPaMETPh Ty, Ta, « -+ y Ty Oy, Uz, - - - o O YKE BHIOPAHH ONTH-
MannueM 06pasoM. Toraa cornacHo (43) BWINONHAITCA YCAOBMSA
(Cuy, v)y=0, i=1,2 ...,k j=01 ..., i—1L (45)
[MocTpouM ONTHMAaNbLHbE NAPAMETPH! The(, Gptr. COTACHO MEMMe ]
npH n=~k-+ 1 AONKHb! BEIDOAHATLCA YCAOBHA
(CUJ" Uk+,)=0, j=0‘ ], ey k. (46)
YacTb U3 3TRX YCAOBHA, 2 HMelHO yeaoBHa (46) mpu j=0,1, ..., b—-2,
caeayer u3 (45). HeiicTeurensno, cornacioe (29) nMmeeM
(Veazs €0 = Gy {Ur, CU)) — ey Tarn (Ct, COy) + (1 — 034) {Tem, Coy).
W3 (45) npu i=k u i=k—1 noayuuM, COOTBETCTBEHIO,
(CUf,Uk):O‘ f':.‘[]vlt---sk__l»
(CU,.F'UR-I)=O: !“—‘"0‘ ..., E—2.

a}_=l| Tl=

TTostomy
(t’r<+n CU_:‘) =__ak+1t,t+1(cvha CUJ) (47)
npu j=0,1,.. ., k—2
[lokaXieM, 4TO AAf 3THX ke 3NaueHHll [ BEIMONNAKOTCA pPaBeHCTBa
(Cu,, Cv)) =0. 3anuuiem ypasuenue (29) npu k=j:

Ujpy=%ig1 (E_IJ+|C) v+ (1—0&;.‘.1) Uiy

H HAilaeM OTCcKAA

1 1
Cov; = v~ [0 — (1 — &) i),
f 41 afi-lt
YMHOKAs DpeABAYIIee COOTHOUIEHNE cKansaplo na Co, u yuuTHRAs
CHMMETPHUYHOCTb MAaTpHUBL C, NonyuuM

f+1

(CU,’, Cvk) =
I 1
= (v, Cop) — ———— [(Uj4r, Cve) — {1 — %j11) (Dj1, Cti)] =
T,"+1 c(’;"H":fﬂ
| l
= (Cry, v} — ———[(Cj 1, v} — (1 — a3.4) (Cojey, v8)].
f+1 “iaTin
Ha (45) npu i=Fk umeeM
{Cujy ) =0, j=0,1,..., k—1,
(Cvf"‘l' U-’f)=0t .f: ,],..‘,k—ﬁ,

(Cojm, ) =0, [=1,2,..., k
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Caegoparensno (Cu;, Cu,) =0 npn j=0, 1, ..., k—2, u cornacuo (47)
nMeem (v, Cuy) =0, j=0,1, ... B-—2.
Hrtak, us Bcex yenosuit (46) ocTaiores JHWb ABA:

(Cﬂk—xp Upsy) = g, 48)
(Cﬂk, f.'kq._'[) - 0. (49)
Ionctapans B (48) sHauenne y,,, H3 (29), noayuum
0 == ttey (Ur, Cthemy) — Sy Ty {Cue, Cop)) + (1 — Ape11) (Ver, CUp).

Cornacno (45) npn i=*k, j=k-—1 umeem (Cu,-,, v,) =0, Tak uTo npe-
ABIAYLIEE YDABHEHHE TPRHUMAET BHA

— i1 Tar (CTy, CUpmy) + (1—044) (Cpy, Uh—y) =0. (50)
Hanee, noacrasnsa B (49) sHavenne v,., U3 (29), noayuum
0 = aess (e, CU) — e Toss (C, Cutg) - (1 = i) (Upms, Ci).
TlocaenHee clnaraemoe B 3TOM TOKAECTBE PaBHO HYJI0, TAK KaK coraac-
HO (43) npu i=k, j=k—] umeem
(U1, Cun) = (Coyoy, v, =0.
Takum 06pasoM, NPUXOANM K TOXKIAECTRBY
o[ (Cy, v — 0y, {Cv,, Cv,}]1=0.
H3 KOTOPOI'0 HAXOAHM 3HAYEHHE MAPAMETPA Tyyq:
(Ctyy vg)

. Cw ) 5
Taqy | Cogl? (51)

O6patuMcs Tenmepe k ypaBHeHHI0 (50) M HCKIIOYHM H3 HEro BLIpa-
menne (Co,, Cu,-). U2 ypasHenns (29) moayuum

Coby = — ey — —— [0 — (1 — ) Ty, (52)
Ty, A A

CJAeaCBATENLHO,

(Cug, Ciy) = -\ (Cop, Dpy) — — [(Coe, 1) — (1 — o) (C, v2y)).
T Lyt

Cornacuo (45) umeem
(Cure, vgmy) = (tr, Cup ) =0,
{Cux, Ve—g) = (vg, Ctys) = 0.
Moatomy
(CU&, Cl'k_.l) = — ; (CU;, 'i'.',ea).
%%
Tloxcrasass ato Bepaxende 8 (50), noayuum
Y1 Thiy (Cvk’ t'k)

2Ty (Cupys Uy

+ I —a,=0.
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Osciona npuxomuM x pekyppeHTHOH GopMyde AAS MAPAMETPOB Oy

Cu,,, -1
am=[ _ELM] L h=1,2, ..., op=1. (53)
. Tp oy (GO s Vo)

dopmynamu (51), (53) sanatoTcs BHIpaKeHHS AN HTEPAUUOHHELX
NapaMeTpoB B METOAE CONPSKEHHbX rpaaHenToB. CKaJAPHHE NPOUS-
BeASHHs, BXOAsHUINE B 5TH BHIPAXKEHUS, BEIYHCAAIOTCA B Npollecce nre-
pauufi, YuuTHBasd, uto

Up = A%Zk, C= AV’B_IA%, Zp=Xyp— X, ;42,@ = Axk _ f= gy B‘lrk= Wy,

nonysnm Cu,=AYw,, (Cv,, v} =(wy, r), (Cuv,, Cu)=(Aw,, w).

[To3TOMy OKOHUATEABHO MPHXOAHM K CIEAYIOWHM dopMynaMm aia
onpele/leHNs HTEPAUHOHHEX NTaPaMeTpos B METOAE CONMPAKEHHBIX Tpa-
HHEHTOB:

(wk) -';;)
_ —————— = 1, .. vs 54
1'-k+l. (Awk. wk} [ k 0: 3 ( )
-1
= |1 — L @ T o ay=1. (55)
T, @ (AW, W)

7. OueHKa MOYPEmHOCTH B MeETONe CONPANEHHbIX FPALHEHTOB.
Boile OTMEUANOCH, 9TO B METOLE COTPANEHHDIX TPAJHEHTOB TOYHOS pe-
IieHHe CHCTEMBI ypaBieHHi (1) noay4aercd 3a KOHEUHOe YHCJIO UTepa-
UHi, paBHOR MOPAAKY cucTeMbl. Ecau nOpAZOk CHCTEMBL BEJIHK, TO MO-
JKeT OKa33aThCA NOME3HOA M OlleHKa MOrPellHOCTH, 3Ta OUeHKA He XyXe,
geM B OJHOUIATOBOM HTEPALIHOHHOM MeToje ¢ YeGhllIeBCKHM HalopoM
napameTpoB. [eHcTBATENbHO, H3 BHpPaXKeHda AAA norpemroctd (33)
NOAy4aeM

[eall= [l xs—xll a1 Pa (C) 1 00— %l .

Mockoabky P,{C) — MHorouner creneHu # oT onepartopa C, yjo-
BJACTROPAQIKEA yenosHio P,{0) =E, BRNOAHAETCA OlieHKa

PO I Ta @O =—B—, = i=VE e W

L+ p}" i+ VE s

rae T,— MHoTOYAeH YeHHICBA, HAHMEHER }J’K.TIOHT-IIOI.LIHI':ICH OT HYJA HA

[10 12}, Ta(0)=1.
TBKHM 06[]3301\1, JJTA I'IOTPELLIHOCTH MeToda CO]'IpH}KEHHbIX rpanﬂeﬂ-
TOB cnpaaeﬂﬂﬂaa OUenKa

lx,—xlla=< Qn"xa‘—‘x”m
rae g.=2p /{1 + 01"
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Fr'MABA 3
HHTEPMOJAHPOBAHHE H NFUBNWKEHHE O¥HKLUA

B nacrosimeit riage H314araioTCs BAMHC/AHTEIbHBIE ACTIEKTH HEKOTO-
PBIX 3axay TeopHu IpHOMMKeHHA QYHKUKE. 3agaua HHTEPIOAHPOBAHUA
COCTONT B TOM, YyTOGKW MO 3HaueHAAM PyHKUHK f(X) B HECKOJLKHX TOU-
Kax OTpe3Ka BOCCTAHOBHTb €€ 3HAYeHHA B OCTAJbLHHX TOUKAX 3TOrO
oTpe3ka. Pasymeetca, Takas 3ajaua JONyckaeT CKOJb YLOAHO MHOLO
petllennii. 3anaua HHTEPNOAHPOBAHHA BO3HHKAET, HATPHMEpP, B TOM
Clyuae, KOTJA H3BECTHBI Pe3yAbTaTH HaMepenHd g,={(x,) HekoToOpoOhk
bu3nueckoli BeaHUHHH f(x) B TOUKAX X, £=0, 1, ..., 1, 1 Tpebyerca
ONMpeAeNHTe €€ 3HavWeHWa B APYrux Toukax. HurepnoaupoBanne
HCNOAbL3YETCA TAKXKE TPH CTYLIeHHH TalJHL, KOTAa BHYUCACHHe 3HA-
uennii f(x) 1pynoemxo, Huoraa sosuuxaer HeoGXomHMOCT: mpHBJM-
KEHHON 3aMeHbl HAH aNNPOKCHMAUWH JaHHOH (QYEKUHE APYTHMH
QYHKUHAMN, KOTOpEE Jerde BbiMACANTL. B HaCTHOCTH, paccMaTpHBaer-
Cd 3ajavya O HauJyulieM NpuHCAMNKEHNH B HOPMADPOBAHHOM TNPOCTPaH-
cTBe ff, korAa zapanuylo $yHruNw f=H TpebyeTcA 3aMeHUTL AHHER-
HOMl kOMOHHauHed ¢ 3a/aHHBIX 3JeMeHTOB H3 H Tak, 4yTOGH OTKIOHE-
nue [f—qlf 6nim0 MunuManbHBIM. Peay/ibTaThl W MeTOAM TeOPHH NH-
TEPNOAHPOBAHHA H NPUOJNKEUNS PYHKUMA HALLIH WMPOKOE NPHMeHe-
HUE B YHCJIEHHOM 2HAJH3e, HANDHUMED NDH BHBOAe GOPMYJN YHCACHHOTO
AnddepeHUHPOBAHIA H HHTErPHPOBAHMS, NPH MOCTPOSHHH CETOUHHX
aHaJOros 3aJa4 MateMaTHYeCKO QUIUKH,

§ 1. Hurepnoanposanne aareGpandeckuaMn MHOrOMIEKAMH

1. Hurepnoaswsionnas ¢opmysa Jlaurpanxa. Ilycte Ha oTpeske
asZx<Ch 3anaubl TOURY X, £=0, 1, ..., 1 (Y3261 UHTEPHOAUPOBARUR) ,
B KOTOPBIX H3BECTHBI 3Hauenusa GyHxuud f(x). 3apaua usrepnoaupo-
8anna anreebpauveckumy MHO204IeHAMU COCTONT B TOM, YTOGH [O-
CIPOHTE MHOFOYIEH

Lix)=a,+ax+.. +ax* (1}

CTeNeHN A, 3HAYCHHH KOTOPOro B 3aaHHLIX TOYKAX xp, R== 0, 1, ..., n,
COBIAAAKT CO 3HAYEHHAMNT yHKUMY f{X) B 3THX TOYRAX.

Hunsi mo6oit venpepuIBHOA QyHKUHE f({x) chopMynupoBaHHas 3ana-
4a uMeeT €IUHCTBEeHHOe pelllenHe. JleficTaUTe bHO, ANA OTHICKAHHA KO-

3 PUUNEHTOB ay, a,, ..., 4, NOAYYaeM CHCTEMY JIHHEHHHX ypPAaBHEHHA
ao+alx£+a2x?+---+anx?=f(xl')v £=Or]v-o—v 1, (2)
onpefenntens KoTopoil (onpelennteto Banmepmonaa [12, ¢. 33]) or-
JAHYEH OT HYJf, €CJH Cpefd ToYeK x, (=0, 1, ..., 1, HET COBNAAAOUINX,

Muorounen L, (x), yAOBIETBOPRIOUWHIT yCa0BHAM
La(x)=f(x}, i=0,1,...,n, (3)

Ha3bIBAETCA URTCPNOAALUOHNOIM MHOZO4ACHOM AN dyHRuHH (X)),
MOCTPOEHEBM N0 yaaam {x}.
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Pelwrenue cHeTembt (2) MOMXKHO 3amHCaTh pasnuuibiM o6pasoMm, Hau-
Gosee ynoTpefHTeNbHA 3a7HCE WHTEPROJNHUHOHHOCO MHOTOYMEHA B
¢dopme Jlarpawxa u B dopme Helorona.

HMurepnonsunonnaa ¢opmyaa JlarpaHxa nossoaseT NpeacTaBHTh
MHOTOuNeH L,{x) B Bule JuHelHON KOMOUHANHA

i)
Lo(t) =3 e () f () @
k=0
sHaveHHll dyukuuy f{x) B yanax UHTepNoOIHPOBAHHS.

Hafinem saBHOe BhIpaKeHue 1/1a ko3pduuHEHTOB ¢,(x}. U3 yenosnit
HHTepIIONHPOBaHUA (3} MoayuyaeMm

n

el fl)=Ff(x), i=01,...,n

k=g

ATH COOTHOWeEHHA OYAYT BHEINOJIHEHB, €CJTH HAa (YHKUUH ¢, (X} Haqo-
JKUTb YCAOBHA

0, iv=k,
Cela)=! " .
I, =k i=0,1,...,n
KOTOPble O3HAYANT, YTO KaXKAaw H3 Qydxumit ¢,(x), k=0, 1, ..., n,

HMeeT He MeHee # HyJseft Ha [a, b]. TMockoasky L,(x} — MHorouwsied

ctemedi #, KO3QGMHLHERTE ¢, (x) ecTeCTBEHHO HCKATh TaKXe B BHIe
MHOIOY/EHOB CTENEHH #, 4 HMEHHO B BHAe

Enlx) =hp(x—x0) (x—x,) . (r—xamy) (x—2p0 ). . (x—X0).
Ha yenoBus cp{x,}) =1 Haxoaum

Mt = (xp— o) (X — x0) ... (Xe— Xpor) (Xe — Xner) ... (X — Xa).

Takum 06paszoM, KOIQHULHEHTH £, (X) HHTEPTOAAUHOHHOTO MHOTO-
ufena (4) HaxodATCA No GopMynam

rl (x—vxf}
G () == 22— ®)
ﬂ (xk—xf}
isk
Yacto ko3pdUUHEHTR C;(x) 3amHCHIBAIOT B APYroM Buie. Bpeiem
Miuorodael o (x) ctenerHn o+

a(x) = (x—x) (x—x,}. .. (x—%- ) (X—2,) (x—20 01}, . . (x—x,) (B)
H BBIYHCJIHM €ro fPOU3BOJHYIO B TOUKE X,
o’ (X)) = (G—%0) . .. (—Xamy) —Xapd) o (—%a).
Torna nonyydm, 4to
o {x)
iy = —
® ( ) (x —x) 0 (x,)

128



Hrak, unrepnoanyuonnoul mrozovaen Jlazpanxa umeer su

n

Loy =3 —28 sy G

ra (xr —x) 0’ (x,)
#a, Goaee mogpobHo,

n ﬂ {x—xf)
Liy=3 = f(x). ®
i=o T (s—x)
i#k

2. Uuiepnoasumonnaa gpopmyna Horotona. Sta dopmyaa nozsons-
€T BHPA3HTh HHTEPMOMSUMOHHBIA MHorouwaeH L, (x) yepes 3mauenue
f(x) & onsom n3 yanos uepe3 pasaeseHHble pasHOCTH QyHKIUM f(x),

NOCTPOCHHBIE 1O Y3JAM Xy, Xy, ..., X, OHA ABASCTCH PA3HOCTHEIM aHA-
Jorom dopmyian Tedaopa

PO =) + =) F e + L iy

CHavana mpuBelem HeoOXOAHMBIE CBefleHHs O Pa3aeneHHHX pa3-
Hoctsix, [1yeTs B y3aax x,e{aq, 0], k=0, 1, ..., 1, H3BECTHRl 3HAUYEHUA
dbyukuny f(x). [IpeinonoKuM, 4TO CPENH TOUEK X,, k=0, I, ..., B, HET
COBNANAIOWHX. Pa3fefennoimy PasHOCTAMU Nepeoso nopadxka Ha3bl-
BAKTCH OTHOWIEHHS

fiaxy=-TE0ZTE o n i)
xf—xf

ByseMm paccMmaTpHBaTh passeneHHHe DAa3HOCTH, COCTAREHHHE IO
COCEJHUM y3JaM, T. e. Bblpamenua f{xy, x,), J(x, %), ..., [(xu_(, £.).

o sTuM pa3apefieHHBIM Pa3HOCTAM NEPBOrO AopafKka MOXKHO [O0-
CTPOHTH pa3denennne PA3ROCTL 6TOPO20 NOPAdKa:

f(xo X I2)= f (e %) — 1 (0, )

X — X
" " f(x‘.‘l x}_f x-xz)
Flxy, 2y, 2g) =1 D 2T 00 -
Xz — X
f[x_vx}'_f{x + Xna)
f(xﬂ—h Kn-1y xﬂ)= et —= = .
K== Xy

AHaforuyeo onpeaensiorces pasieieHHble pasHocTH GoJiee BBHICOKO-
ro nopaxka. Hanpumep, ecin ussecTHH pasznoctu k-ro NopAnKa

f(xjs Xipts o os Xita)s f(xj+l) Xipzs « ooy Xjspar)
T0 pasdesenran pasnocrs (k+1)-20 nopadka onpeneaserca Kak

f(xh Xivns oo vy Xfeky Xjphn) =

f(x.-‘ﬂ' Kiige + -0 "'.f‘+k+1} _f(x.f' Kjppr roes x,f+k)

x;'-rk o xf

5 A. A. Camapewsn, A, B. Tysuu 129



[Mpu BLUUC/AEHHH Pa3feNCHHBIX PA3HOCTEH NPUHATO 3aMHCLIBATH
Hx 8 BHAE TAOAHLEK

x| fl)
f (a0 21}

5o | Fem) (o 31, 20
f (610 ¥)

2 | f ) : : o] et e 5

F (¥ams Faoys %)

F(%acrs %)

PR T

Pasfeneniias pa3iocTs R-ro Nopsajaka CAeAyolluM 05pa3oMm BHpa-
xaeTcst vepes aHaueHus ¢pyHKuH f(x) B y3nax:
[k f(x}
[ Xiay ooy Xjup) = 2{ M—‘__
(=
TT (5, — )

1L
i=f

(9)

A1y GopPMyTy MOKHO A0KA3aTh METOAOM HHAYKUHH. Ham norpeSyetca
yacTHEIH cayvail dopmynn (9):

2 F)
f(xﬂ'xl.!'--r x;;):sj u———*—-,_v—_-
=0 rl' {xf—x{)
=0,
I=i
n .
zz f(x) a0
S0 — ) () e O ) G X) (5 — %)

HuTepnoaaytionnom MaO204AeHOM Hbl0TOHA HA3HBAETCA MHOrO-
wieH

Pn (X) =
==f{xp) + {(x— X [ (Xos X1} + (¥ — %) (x — %) f g X, X+ ...
.. (x‘—xo)(X—‘x]_} - (x—‘xn-l)f(xo» Kir ov o xﬂ)' (] l)
[MokaxeM, 4To MHorouwsaen P,.(x) cosmafiaer ¢ wmuorouaexoM Jla-
rpanxa (8), Pacemorpum Hapsay ¢ L {x) mHorouaeumt Lo(x)=f(x,),
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Li(x),..., Laei(x} n mpeacrasum L,(x) B puge

La(®)=L,(x) + D) (Li () — L (¥)). (12)
=1
Ha yeaosufi nHtepnoasunu (3) noayuaem, uro
Ly (x) =Lj(x) =f(x)

npe 2=0, 1, ..., j—1 u j=1, 2, ..., n. CheaopaTeqabHo, PasHOCTb
Li(x)—L;_,(x) upeacrapasier cobfoii aare0pandeckuii MHOTOUNEH CTe-
MEHH f, KOTOPHRA o6pamaeTcs B HYAb B TOUKAX Xy, Xy .., Xy, T. €

Li(0)—L;- (x) = A;(x—x,) (x—x,). . . (x—x;,), (13)
rie A uncnoBolt xo3pduuuent. 3TOT KO3QPHUHEAT HAXOLHTCA M3

YCJOBHS
Li(xy—Li—y () = A; (x5—x0) (x—21) . . (6—xs-1),

OTKyfa, yIHTHBax ycaosue L;(x;) =f(x;), noayuaem
Flp— L,y ()
(xf — Xa}.. .(x, -—x,.-_ll )

(14)

i=

[loacrasum B (14) BMecTo caaraemoro L;_,(x;) ero 3nauvenne, Bu-
YHcJeHHoe corqacHo (8), T. e,
L) =
= I-Zl f (%) by — b by — 1) - gy — 2 ) (5 — ) e (5 — 1)
Pt (xp —xo) Xy —x1} ... {xp — X ) ey ) Ll (xk-xf_l)

Toraa nonyynm

o f (x;')
= (X =—xg) - xp -2 ) B
o e 1 _
_E,, (51— %) Ry o) - (G Tp) (i — Hgag) - iy — Fp )
4  (x)

o WX e (G ) (X)) (e — X)) '

Conocrasnas sto suipaxende ¢ (10), BuaUM, uto A; cosnafaer ¢ pas-
JeneHHONl pa3HOCTHIO f-TO MOPAAKA:

Ay=f(x0, 2y, ..., %),

Otcrona u u3 (12), (13) OpPUXOAUM K HHTEPNOAAUHOHHOM popMyne
Hewotoua

Lo(x)=
=f )+ (x—x} f (xp, x) + (X —xp) {(x~~ 2} [ (g, %y, X} 4. ..
e FlE—x){x—x)) ... {x_'-xﬂ-vl)f{xo' X .. ). (15)
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[MoauepkHres etle pas, yro Gopmyiol (8) u {1d) mpeacTapasioT Co-
6oil pa3JuYHYIO 3aNHCh OLHOTO H TOTO Ke MHOrOUJIeHa

a,Fax+ a4 Faxm, A

YAOBJAETBOPSTIOIET0 yCAOBHIM HHTepoaAunl {2).

Nutepnoaduuonnyo hopmyny HewoTtosta yroduee NpiMeHATs B T0M
cAyuae, KOTRA HHTEPNOAHPYETCS ofHa H Ta e Gynkuus f(x), Ko yHC-
J0 Y3JI0B HHTEPNOJSUHH TOCTENeHHO YBRJIHUHBACTCA. Ecan y3as uu-
TeprnonAnud GHKCHPOBAKL H MITEPNCIHPYeTCs HE 0AHA, 3 HECKOJbKO
dbyHKURit, To yrobuee nonb3oarses gopmyaoi Jlarpanixa.

3amevanune [Ipd suwsome QopMyan (15) He npeamofarajoce, 4To yaam
X6, XL + .-+ Xn PACTONOKEHH B KaxoM-To ofipefenennod nopaake. TlosTomy posis Tou-
KH ¥y B thapmysae (15) Momer Hrpath NiolGad 3 TOUEK Xg X1, .... Xa. CooTBeT-
CTBYIOILEE MHOMECTBO MATEPMOIAUUOHHHX POPMYA MOKHO NONYUATE H3 (15} nepe-
wywmepaunfl yanos. Hanpruep, TOT Ke camuii MHOrOUNeH L, (x) MOMKHO DpeICT2BHTE
B BILIL
L) =fix)+A{r—x) f (e %) F

Flx—x) x _'xn—-J.) f (e Xqp LAY I R
ceeFr— ey — ) o =) F X X sa. {16)

ECH Xo=<CX|<X2<S ... < Xn, TO (15)] HadbiBaeTca $ropMy0d UATEPROUPOSAHUR
aneped, a {18) — opMy 0T UATEPROAUPOSANAR HAAD.

§ 2. lorpeWHOCTE HHTEPROTAPOBAHHA

1. OCTATOUHBIH YJeH WHTEPNOAAUHOHHOH dopMynbl. 3amenas GyHK-
uuio f(x) WHTePnOARLHOHHBIM Mporouaenom L, (x), MBEL AOnycKaeM no-

TPeIlIHOCTh
ro(x) =[{x) —L.{x},

KOTOPAR HAZHIBACTCA HOZPCUIHOCTOI UHTEPROAUPOSAHUR AIH, YTO TO
e CAMOE, OCTATOXHOIM HACHOM UHTEPROAAUYHOHHOI Gopmyast. Hcuo,
YTO B y3J2X HBTEPHOJINPOBAHHA 3TA MOTPEILHOCTE PABHA HYNIO. Ouwe-
HEM NOrpelllocTh B aI0060H Touke x&[a, b]. A1a 3T0ro paccMOTPHM
BCOOMOCATEARHYIO QYHKUHIO

g(s)=F(s}—L.(s)—Kals), {1)
rae s=[a, 8], K — noctosutas H
0 (s} = (s—x,} (5—x)...(s—x.). (2)

TMycTs TpebyeTcs OUEHHTb rh,(X} B 3amanHofl Touke x&[a, 6], ue
ABAAIOLIENCS Y3/10M HETeproanposanus. Brbepem noctosuuyio K u3
yenosus g{(x)=0. Iag 3Toro 10CcTaTo4HO NOJOXKHTE

K=f(x]_L;1 (X) .
@ ()
[peanoncxuM, uto f(5) uMeeT n-+ | HenpepHBHYID {TPOU3BOIHYIO
Ha oTpesxe a=is<ib. OyHKuuA g(s) HMeeT He MeHee n-+2 HyJeH Ha

3TOM OTpesKe, 4 MMeHHO B TOUKAX X, %, k=0, 1, ..., n. [losromy npo-
u3BOAHAA g'(5) uMeeT we Meuee veM n+1 uymeit na [a, 6], g7 (s) —
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He MeHee n uysielt u T. 1., pyHkuua g*tv(s) mo KpaliHefl Mepe oaHR
pa3 ofpamaercs B vyan Ha [a, b]. TeMm canbim CYULECTBYET TOUKA
E=(aq, b, B kotOpOIt g+ (§) =0.
IMockoasky
gmh () =fr+(s)—(n+ 1)K,
noayvaem
f+1) _ fix)— Ln (x) 1
@ ="+ 1)

Taxum ofpasom nokaszao, uro NOZPEHOCTS UHTEPROANPOBAHNUS
MOMHO npedcTasuts 8 sude

Fl)— L, (x)=%*—jf)if o (1), 3

ede t=la, b) u @ (x) — Mroc0uqen, onpedeaennstii cozracuo (2).
Otclona cregyer olenka

M
K)—La(0)] < — oy 4
76— Lol < 2o 3, 4)
rae Maq= sup [f"*Y(x)|. B wacTHocTH, ec.au f{x) — aare6painye-
*=[a,h)]
CKHIl MHOrOWJIEH cTenemu 1z, TO HHTEPNOJUPOBAIIEE, MPOBEILHIGE MO
JIOGHIM TOYKAM Xy, Xy, ..., i, OCYINECTBASACTCS TOYHO, T. e. L,(x)=

=f(x).
3ameuvarue Hapagy ¢ HRTEPLOAHPORAHIEM DPHMEHSIOT H 3KCTPANOAUPO-

Ganue, T. e. BHMHCACHUE 3nadeHu GyrRumH f(x) B Touax x=[a, 8] no npudauncen-
HOll dopmyne f(x)azL,(x). rae La(x}) —HuTepnoasunonnLt Meorounen. O LHako
TOIPEUIHOLTL SKCTPANQAHPOBAHHA OGHYHO OKA3LIBAEGTCS CYMECTBEHHO Goauuied, yem
HOrPEWHOCTh HHTEPNOANPOBARHL. K 3ToMY BHBOLY MOWMHO npaftH, paccmatpusan
TIaBejente MECMOULeNA w(X) BRYTPH W BHe oTpeska [a, &],

Mockosbry Muorouaens Jarpanxka u Holotona OTAKHYANTCH TO.Th-
KO (opMoit 3anucu, npeactaphenie NorpeniHocTH B BHae (3) crnpasen-
JUBC Kak maa ¢opmyau Jlarpadxa, Tak n s topmyan Hulorona.
OnHaKo noTpenHocTs HHTEPUONHPOBAKNA MOXKHO NPECTABHTL B B ApY-
rom rze. Ilns atoro paccmoTpum pa3fencHHY Pa3HOCTh

f(x)
Xy Xgy Xy, ..., X)) =
P %o, " —x) (s — ) ... (x—x,)
f {xg) f(x.-;}
(-fo—-x) (xﬂ_xl) <o {2y _'xrl) + o + {xn'_x} (‘rn_xﬂ) e (‘rn—xn—l) ’
HMERWYI noparok n+1. Otciota HaiigeM
(r—) (x—x)) ... (x—x,)
Xy=7F{x e
f() f( ']) (xo—xl}(xo—xg)“.(xo—xn)_!_
) x—x)(x—u) ... (x—x, )}
oo Ff(xn) P T S P +
FE—x)(x—x) ... (k—x)f(x Loy Xy ooy Xp)=
=Ln(x)+(x—_x0)(x_"xj) .. (x"_xu)f(x' xo, ERCI Y xn).
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Taxuu o6pazom, NOCPELIHOCTE HITEPAOIAUNOHIION GOPMYAL MOK-
HO NPeiCTaBUTbL B BUAE

fx)—L.{(xy=a () (x, x5, X1y ...0 X)), (5)

Conoctapaasa (3) u {5}, BUAHM, YTO CyLIeCTBYET TOYKA t=l[a, b], nan
KOTOpOid
j‘f.(!'lt-!.'l (g)
f(x'xosxlv'-‘txﬂ)z-"_._:" (6)
{n+ 1t
dopyyaa (6) veTanaBaHBAeT CBA3HL MeXAY PasieNeHHOH pas-
HoCTbIo Topsaka n+ 1 u (n+1)-# npoussomnol dysxuuu flx).
9, QOnTUMAJbHBI  BbIGOp Y3108 HHTEPNOAHpPOBARMA. BellHUHHY
|@(x) |, BXoASUYO B OUSHKY (4}, MOKHO MHHHMH3HPOBATH 33 CYET BHI-
60pa Y30B HHTEPNOJHPOBAaHHA. 3aiada COCTOUT B TOM, uToObl NOA0-

6paTh yaas x.=la, 6], £#=0, 1, ..., n, TaK, yToOH MHHAMH3IHPOBATH
BEJTINUHHY

max |(x —x) (x—x) ... (x —x)|.

x=[a.b

ra 3a1a9a yKe paccMaTpHBa’ach B npumepe | w3 § 5 ra. 2. Osa pe-
WwaeTcd, KAk Mbl 3HaeM, C NOMOLU{bID MHOro4YjaeHa Yedriwepa

Tan (x)= ™ cos ((n -+ 1}arccos QL?M—@) . {7)

22ﬂ 1

IplUeM B KAWECTBE Y3/0B WITEPNOJUPOBAHUA HAAO BIATH KOPHH MHO-
royneda (7), T. €. TOUKH

o a—+t-b b—a 284+ 1)n — 8
Xa 5 + 5 cosz(n_l_”, k=0,1,...,n. (8)
ITpu atoM
{b___a}nH.
X _——
(ax o @)=
H ouenka {4) npuMer BUA
M.‘I’. b—‘ )!H—].
17— La (| < ——= S ©)

3. O CXOAAMOCTH HHTEPHOJALMOHHOrO mpouecca. BosHUKaeT BON-
poc, GyAeT Ju CTPEMHTLCR K HYJIO TOTPEIlHOCTb HHTEPNOJIHPOBAHHA
F(x)—L,{x), ec/H YHCJO ¥310B 11 HEOrPAHNYEHHO YBEMHYHBATD. OTtser,
BOOSLLe TOBOPA, OTPHIATEIbHDIE.

ChopMyanpyeM onpeseleline CX0AKMOCTH HHTEPIONALHOHHOrO Apo-
necca, MBOXecTBO TOYeK X3, (=0, 1, ..., i, TAKHX, 4TO

AL X, <X L XD
1a30BeM ceTkod Ha oTpeske [a, b] u obosHawum uepes Q.. [lo cHx nop

PeINn0.1araioch, YTo UHCJAO Y3108 HATEPNOIALHH GUKCHPOBAHO. [Mepe-
X0AA K U3YUEHHIO CXO1MMOCTH KHTEPNOJALHOHHONe Npolecca, HeoGxo-
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OHMO PacCMOTPETH NACJAEAORATENbHOCTL CETOK ¢ BO3pacrawlliM 4YHC-
JIOM Y3JI0R, 3 HMEHHO DNOCAeOBaTEJbHOCTD
(n)

e={x0h Qu={e", &), ..., Qo= (", ¥, ..,

Ilycte dyHkuns f(x) onpenenesa u HenpeputBHa Ha {a, &), Torxa
MOXKHO 3a1aTh NOCAEAOBATENLHOCTD HHTEPNONALHORHLIX MHOTOYJIEHOR
L.{f(x)], nocTpoennbix 1as dyHkunn f(x) no ee sHAYeHHEAM B y3Jaax
ceTkH £,.

F0BOPAT, 4TO MHTEPNOAALHONHEE npouece ANs bynkuun f(x) cxo-
ourca 8 rouke x'=|a, b], ecan CYLIEeCTEYeT

Jm Lo ) = ).

Kpoume norouewnosi cxomumocty PaccMaTPHBALTCA CXOAHMOCTL B
pasananbix HopMax. Hanpusep, pasnomepnas cxodumocts ua aTpeske
[, 2] osuamaer, uto

(ax |F @) — La[F ()] [~0

NPH n—+oo,

CBOACTRO CXOAUMOCTH HAHM PACKOAHMOCTH HHTEPNOAAUHONHOTO APO-
pecca 3aBHCHT Kak OT Bb]ﬁOpEl NnocAe oBaTeNNLHOCTH CEeTOK, TaK W OT
FaakocTH Pyukuny f{x).

H3BeCcTHBl NpHEMEpR HECAOKHHX ¢ynKUmh, 119 KoTOpRIX HHTEPHO-
AALHOHHEE npouecc pacxoautcs. Tak, NOCJeAOBATENBHOCTH HHTEPIIO-
JIALMOHHBIX MHOTOUJIEHOB, MOCTPOEHHbIX
AN HeTpepbiBROR dynkuun f{x) =[x| mo ¥
PABHOOTCTOSUIIM  y3/1aM Ha  OTpesKe
[—1, 1], ve cxomutea k PpyakmUR x| #n 70
B OfHOH Touke oTpeska [—I1, 1], KpoMme
Touex —I, 0, 1 (npumep C. H. Bepsu-
wreiHa, cM. [24, ¢. 519]). Ha pnc. 4 B
KauecTBe HAIIOCTPALIH uso0paXeH rpa- p 5|
¢uK MHorounema L, (x} npr OCe<C1,
NOCTPOEHHOr0 ANs GyHKUHH |x| mo pae-
HOOTCTOAIUUM y3/JaM naoTpeske [—1,1].

Bonee ofiee yreepiaenue cofep- L -
MHTCR B TeopeMe PaGepa (moka- & a5 50 &
8arenpcTRO cM. B [24, ¢. 515]): xaxosa
Oti nu Bobiaa nocredosaresvrocts cerox PHe. 4. Tpagux murepnossmmon-
Q., nadderca uenpepoisnan na [a, 5] "° "mmu;.}ﬁx'?m yukuan
pynkyun f(x) rakas, aro nocredosa-

TeALHOCTS HHTEPNOARYHOHNBE — MHOZ20-

unenos L,[f(x)] ne cxodurca & [(x} paswomepno na orpeske [a, b].
A5 3a7aHHOH HenpepuiBHOH GYHKUME [(X) MOXHO NOGHTbCA CXO-

AHMOCTH 32 CYyeT BHIGOPA PACTIONONKEHHS Y3/10B HHTEPIOANUHMI. Cnpa-

Bedawsa TeopeMa Mapunukesnua (cm. [, . 519]): ecau

f(x) nenpepotsna na [a, b, 70 nadderca raxas ROCACJ08ATEALHOCTS
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ceTok, QAR KOTOPOL COOTBETCTOYIOWNI URTePROAAWUORALIL RPOUECT
cxodurca pasromepro Ha (a, b].

3aMeTuM, 470 MOCTPOHTh TAKHE CETKH UPE3BHUAHO CJOXKHO H, KPO-
Me Toro, ANA KAWIoH ¢Gyukuud tpefyercs csos ceTka. B pmpaxrtnke
BBIUHCACHH H36eratdT NOJb30oBaThCA HHTERNOAAUHOHHLIMH MHOrouJje-
HAMU BLICOKOH cTeliedd. BuecTo 3TOr0 MPHMEHAETCA KYCOYHONOMAHHO-
MHaJbHA HHTEPNOAANHS, OpHMep KoTopoil 6yler paccMoTpeH B § 4.

§ 3. Hurepnoanponanne ¢ KPATHHIMH Y3AaMH

1. HHrepnoaaunouumii muoroydaen Ipmura. B npelbiaymux napa-
rpadax Mpelnoaaralock, YTo B y3.1aX HHTEPNOAAUUK 32AaHBI TONbKO
aHauendn dyukuyd f(x). Donee ofuias NOCTAHOBKA 3u1a4u HHTEPIO-
JHBPOBAHHSA COCTOHT B CIEAYIOLIEM.

B ysaax nsla, b], E=0,1, ..., m, cpeiH KOTOPLX HET COBNAAAI0-
LHX y3.108, 3aAaHbl 3HaUeHHA GYyHKUUE f(X,) W €€ NPOU3BOAHBIX Frr ()
J0 nopaika Ny,—I BKJAIOUKTRIBHO, i=1, 2, ..., N,—1. Takum 06pazoM,
B Ka:10H Touke x,, #=0, 1, ..., s, H3IBECTHH

Flrds J/Cads ooy PR ()

H, clel1oBaTeabHo, Beero uasectio No+ N, +.. .+ N. seawuns. Tpeby-
eTcA MOCTPOHTL aidrebpanyeckHd MHOMOWIeH H.(x} cTeneEn n=
=N,+N,+...+N,.—1, 119 koToporo

HO (x)=["(x), k=0,1,...,m, i=01, ..., N—1. (1)

Muorodaed H,(x), yaosaersopstoinuil ycaosuam (1), naseipaercs
UHTEDNOARUUORA BN MHO20wACHOM IpmuTa AN dyukmnu f(x). Yncao
N, HazplBARTCH KPATHOCTHIO Y3 Xy,

NlokakeM, UuTO HHTEPONOMAUHOHHHT MHOrOY/AeH 2PMATA CYLIECTBYeT
H eAHHcTBeH. YcaoBns Hurepnonanud (1)} mpenctasiasaiT cofow clicre-
MY JAMHEHHbLIX airefpanyeckuy ypaBHeHHA OTHOCHTE/BHO rKospprIHen-
TOB Qq, dy, - .., O, MHOTOUEHE

Ho(y=a,+ax+... Fa.x"

Yuc.go ypaBHeRUA 9TOH CHCTEMBl PABHO YHCJY HEN3BECTHRIX H PaBHO
No-+N, +...+ N, [To310MY A0CTaTOYHO NOKA3aTh, YTO OZHOPOAHAS CH-
cTeMa

HL{)(Xk)=0, k=0|1) -o-'mp £=0‘1) t“)Nk_l' (2)

HMEeeT TOJbKO TPHRHANBHOE PEUICHHE &y=;==...==0,=0.

Cpynna yeaosuit (2) npn ¢ukchpopantom & n i=0, 1, ..., ¥,—1
03HAYAeT, YTO YHCNO X, ABIAETCA KOPHEM KPAaTHOCTH N, MHOTO4JeHa
H.(x). Takam o6paszoM, MHorousen H.(x) uMeeT Bcero ¢ yuerom Kpar-
rocTh He MeHee No+ N, +...+Nn=n+! ropus ua [a, b]. [Tlocxonrky
creneds H,{x) pasHa fn, TOT MHOMOW/IEH TOXKAECTBeHHO paBeH HYJW,
cael0BaTe b0, PABHB HYAK0 ero KO3hMOHIHEHTE H OAHOPOJHAA CHCTE-
Ma ypapHeHull (2) nMeeT eAHHCTBEHHO® pellieHHe Qy==a,=... = a,—=0
Heoanoponuas cucrema (1) 0AHO3HAYHO paspelluMa NPH JloObX Npa-
BEIX UACTAX.
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[Mockonrry anauenus f(x), k=0, 1, ..., m, i=0, 1, ..., N\—1,
BXOAAT TOJABKQ B NMPaBYI0 YacTb cHcTeMEl (1), koshduuHeHTH a; MHO-
rownena H,(x) suipaxaiortcs AnHeitHo yepes aHaueHus [ (x,), ¥ 3ToT
MHOTQY/eH MO0 MPEeICTaBHTE B BiRe .HHeloift KoMOHHAIIIH

m M-t

Ho) =3 3 euw(x)f (x),

k=0 (=0
Tae Cp{X) — MUCTOUNEHNl CTENEHH f1.

Baray rpoMosfikocTH BblpaKeHHil Ad5 ¢y (x) MLL HX He NpHBOAIM,
[Monyunm npeacrasnenne aas norpeirtocTy HHTEePRONHDOBAHNA

ra{) =flx)—H,.(x).
Has atoro paccMoTpuM, kak u B § 2, BcnomorateabHy0 GYHKUHIO
g{s)=f{s)—H.(s)—Ka(s), (3)
rae K — nocTosHHAs H
o) =ts—x" (s — )™ ... (s—xw)" )

[ocroannyio K suifepeM Tak, uto6ml B Touke HHTEPNOAKPOBAHHA X
BBIMOAHANOCH YeaoBHe g{x) =0, T. e. NOJOKHM

K=— f(x)_Hn (x)
o (x)
Y3/1bl %, ABAAlOTCH KOPHAMH KpaThocTH N, QyHKUHA g(s), k=
=1, 2, ..., m. Kpome toro, Touxa r={a, b] aenaeTcA woprem g{s).

Takum obpasoM, dyukunsa g(s) nmeer ¢ YUeTOM KpaTHOCTH N, + N, +. ..
co.tNat+1=n+2 xopua nra orpeswe [a, b]. [To TeopeMe Poaas npo-
H3BOAHAS £'(S) MMeeT No xpafiell Mepe oanu HY1b MEXIY ABYMA CO-
CEAHHMH KOPHAMH QyHKUHH g (5). CheroBaTeasio, g’ (S) uMeer ne we-
Hee m+1 kopHa Ha [a, B] B TOYKAX, HE COBNAMAWOWNX HH C OIHOH H3
TOUGEK Xy, Xy, ..., Xm, %. Kpome ToT0, g'(s) unMeer B Touke x, KopeHb
kpathocth Ny—1, £=0, 1, ..., m. Takum o6pasom, g’ (s) uMeeT ¢ yue-
TOM KpPaTHOCTH HE MeHee

No=D) +. oo+ (Mo 1) + (M4 1) =Nyt Nyk. .+ N1

KopHell Ha [a, b). Auanornuno g”(s) nMeer He MeHee n KOpPHeHl M T, 1.
Ipounseoanas g'"+"' (s} no Kpaiinedi Mepe onnH pas obpataeTes B HYJb
Ha [a, b], 7. e. cywectByer TOUKA t=la, b], B koTOpORt g (E) =0,
H3 (3) nmeenm
. gfnﬂ)(s) Zf("+l’(3)—K0J("+IJ(S),

Tax kak ©(s) — muorouien crenenn n+1 co CTAPWHM KO3 GHLHEH-
TOM |, uMeeM @"*Y(s)=(n+ |}! Mostomy u3 ycaosus g+ (&) =0

NOMyuaeM, yNuTHBas Bulpamenue Ads K, crepytouee npelcTasJeHie
AAA NOTPEUIHOCTH HHTEPMOMH POBAHHS

(n+1) N _ v,
f(x)—-Hn(x)=i(n—+—ﬁ)—!(x—xo) x—x)Y (Jc—,wcr,,)\J (D)
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2. Mpumep. ITycTb xo<C¥; <Xy — TOUKH, B KOTOPbIX 3aJaHbI 3HAYCHH A
flxoy=l, Fx)=Ff,, F'(x,)=fi, f{x.)=Ff.. TpeGyerca nOCTpOHTE MHO-
rouneH rtperbel crenern Hy(x) Takod, uto

Hy (xg) = fon Hy () =Hh, H;(x1)=f;' Hy(xs) =f,. 6)

ByneMm nckaTe ero B Buje

Hy(4) == (5) fo+ 1 (0 fo + 2 (D fa + 6, (9 F1,

rre ¢, (x), ¢ {x), €,(x), b,(x) — muorowneus Tperheii crenenun. Slcwo,
uro H,(x) 6yNeT HCKOMBIM HHTEPNOJAUHOHHBIM MHOFOUNEHOM, e€CiH,
notpefoBatb

Col¥)=1, (x)=0, &(x)=0, bx)= 0,

G (%) =20, ¢ (x) =21, c(x}=0, bx)= 0,

C %) =0, ¢{)=0, cx)=1, b(x)=0,

elx) =0, o () =0, &l)=0 bx)=IL

HafizeM MHOrodjenbl TpeTbei CTeNeHH, YAOBNETBOPAIOINE nepe-
yucAeHHbM TpeboBatusM. [1OCKONbKRY MHOrOUJEH C,(X) UMeeT KpaTHHH
KOpellh B TOYKE Y, U MPOCTOH KOPeHb B TOUKE X,, €[0 MOXHO HCKATb B
BHRe

e (x) =K (x—x,)* (x—x,).

U3 yenoeus c,(x,) =1 naxoanm
1

(o — x1)? (g — x2)

Taknm obpazom,

(x —x)? (x — x3)
& (X)) = . 7
o) = e Ge— 2 @
AHaNOrHyHO moJyyaeM
(x— xo) [t — ;)?
Cy (X)= , 8
2 (%) (¥g— o) {xg — %1)* ®)
bl (x) J— (x — x{l) (I — xl) (X — x2) . (g)

(xy — xg) (41 — xq)
Danee, muorouned ¢,{x) 6yAeM HCKATh B BHNE
c,({xy= (,’C-—Xu) (x—x) (ax + ﬁ) s

fae o W B — NOCTOSAHHBIE, MOANEXallHe onpefenennw. Mz yeaosus
¢, {x,})=1 naxoanm
l

= ; 10
i+ P (¥ — Xg) (%1 — X2} (19)

Yeaosse ¢; (x,) =0 npuBOAUHT K ypasHeHHIO
(x,—x,) (xi—xz) ot (o, +B) (20, —x—x2) =0. (i1)
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H3 ypaerernt (10) n (11) Haxomum

2X1 — X9 — Xa

o= — N
(xy X} (0 — g}

6 1 (1 (2%) — xg — xa) x; )

- (X1 — Xg} (x, — xa) {x1 ~— xg) {xy — ¥9)

Takum ofpasom,

o (x) =

(x — xg) (x -— x3) (’1_ (x.—xl) (2%) — x4 — X9} ) (12)
{x — X} (xp— xg) (xy — X} {xy — x3)
koMbl HuTepnonaunOnNBIL MuOrouden H,(x) nMeer Bl
Ho(x) ==X =207 (x — x)
P T T
X —x) (2x,— xg— 19} (x — xg) (x — x2)
(- |
(1 — xo} (¥ —xp) (%1 — &) () —x3) F4)
(x — xo} (x — x)* (*—xo) (x—x1) (x — x5} o
X x). (13
(x2— %) {xg — x;)? F) + P (g = Xg) (g — x) I 13)
CorfacHo (5) nOrpenocTe HHTEPNOJUPOBARHA B cllydae MHOrO-
gjeHa (13) MOXHO 3anHCATE B BHAE

Fo—Hw=L0 6 e —xpe—x), a9

rie S=(x,, Xa).

HuTepnoasunonusii Myorounen 3pMHTa MOKHO MOCTPOHTE MYTEM TPEREALHOMO
Repexofa B MHoroudeHax Jlarpanwa W Hetoroua. IlosicHHM 5T0 HA ToM me npH-
Mepe. Hapaay ¢ yanamu xo, ¥;, x; HBefieM ysen %y (OTAMYHWE OT Xq, Xy, ¥p) I O0-
CTPOHM O Y3JaM Xo, X1, X2, X3 HHTEPNOAAUHOAHKA MHOTOYNeH Jlarpamxa

(x — x5} (x — ;1) (x — x5}
X = Xg) (Xa = X;) (x5 — xp)
{* — Xo) (¥~ xg) (& — x3) (x — ) {x — x5} {x — x3)

Fln)+
(% — xp) (X1 — xp} (xp—x3) (o — x1) (xg — X2) (Xo—%a)
(¥ —Xp) (X — 1) (¥ — x3)
(xg — xg) (¥g —x1} (Xg— x3)
TNoayuns muorounes (13) nyTem npesenenoro mepexana m {15). 3adurcrpyem

TOYKH X, Xp, X1, X3 M YCTPEMHM X3 K x). Torfla mOCJeAHHE ABa ¢AaraeMpie TepefiiyT
8 npefese B BEpaXeHe

(x—x)? (x — xo) (¥ —xg) (x — x;)3
(% — X3)* (X — X2) fx 1(xa — xo) (xg— x,)3

[leparie npa cnaraemuie B {15) OGLEZHHAM caeXyOWHM 0GPasOM:

Ly{x) = f(xa) +

-+ f (%) 4

fFlrd.  (15)

fixa). {16)

(xX'— %) (x—x3) ( (emxy)flr) —  O—wgdfx)
B—x L (X3 — xg) (23— %3) (X, — xp) {x1 — x3) ) .
Tlockonexy npn yxazsaHHOM mpeneibhom mepexofe BeAHUHH Xs—X; H
—xiflxg  r—xdfix) an
{x3 — xq) (x5 — o) {1 ~— xq) (%, — xp)

CTPEMATCH K HYNI0, MOMHO pPacKpuTe Heanpejesensocts BHZa (f0, Bocmonbaonas-
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wuck npaeusom Jlonutaas, HDuddepenunpyn soipaxenue (17) no xy, noxysas
dyHKusLIO

- [ {x)) _ (x — ;) (233 — xo — ¥p)
%) = () — xg} (X — xo} {xz — x)? (xg — x2)® Fw) +
Fle—x) (33— ) (3 — )}
(x5 — Xg)® (x5 — x)? 7 e
TaK uTo
. 1 (x — xp) (2 — Xo — X3} ]
| = ] =—
— = e ) [ —r) Gy ) 0T

x—x) " (x)
{(f1—x) (51— x2)

Hrak, nepeule gea cnaraemunie B (15) nepexoJAT B Npefene B BhipaskeHrne
[ | — (x —xy) (20— %y — Xo} ] {x — xp) {x — %)

(% —Xp) (xp —xa) {xy — ¥o) (% — ¥y

Fle) +

+ {(x —xg) {x — 1y} {x — x9) F ).

(31 — xq) (xy — £9)

Orcroaa H uz (16) nonyyaem muorounen (10},
§ 4. HuTeprnoauporaHie cnIaHHAMR

HHuTtepnoanposatne MHorowdeHoM Jlarpauka wan Heworoda Ha
BceM oTpeske [a, §] ¢ ncnonesosannem $0JBUIOTC YHCAZ Y30 HHTEP-
MOJALUHH YACTO MPHBORUT K MIOXOMY APHOTHKEHHID, UTO OOBACHAETCH
CHJbLHEIM HAaKOMNJeHHeM norpelnocTedl B npouecce Bbunchenuit. Kpo-
Me TOTO, H3-32 PACXOAMMOCTH TNPOUECca HHTEPNMOJALHH yBeauuenne
YACHA Y¥3/10B He 06432aHO NPHBOAHTE K MOBHIUEHHK} TOUHOCTH. [ /18 Toro
uTo6H H3bekaTh OONBIUHX norpellkoctedi, Bechb OTPe30K [a, b] pas6u-
BAIOT HA YaCTHYHblE OTPE3KH H HA KAXAOM H3 YACTHUHLIX OTPe3KOs
npubaHKeHH0 3aMeHR0T GyHKLHIO [{X) MNOrouleHoM HeBbICOKGH ¢Te-
NeHu (TAK HA3BIBAGMAS KYCOUHO-NOAUHOMUAAOHAR HHTEPROARYUR).

OpHuM u3 cnocoBoB HHTEPNONUPOBAHHA HR BCEM OTPe3Ke ABJsETCH
HHTEPHOAHPOBAHHEe ¢ NOMOMEBI craafkn-dyukunfi. Crnaitd-dyHkoueid
HAH COAafHOM Ha3bBAOT KYCOUHO-NOJHHOMHAALHYIC QIyHKUMIO, Onpe-
Jenennyio Ha oTpeske [4, b] U HMEIOWLYI0 Ha »TOM OTpe3Ke HEKOTOpOe
9HCJIO HEMPEPbLIBHEIX NPOH3BOAHEIX,

Caoso «cnaaiin» (auradiickoe spline) o3HayaeT THOKYIO NHHelKY,
HCMO/b3YEMYIO ANA MPOBeleHns I1ailKHX KPUBLIX Yepes 3aAAHHEE TOY-
KH naccKocTH. MH He 8yleM mpuiasaTh ¢A0BY <CNAAAH» KAKOro-aubo
ONpefeIeHHOr) TEXHIYECKOro CMbICaa,

[MpeumywecTeoM cnaaiino nepel OGLIYHON HHTEPHOJASUUEH SBJS-
€TCA, BO-NEPBHX, HX CXOJHMOCTE H, BO-BTOPHIX, YCTORUHBOCTE NMPOLECCA
BHIUHCAEHHH.

B stoM naparpade yier paccMOTPeH HacTHHH, HO PACIPOCTPaHeH-
HHH B BHIUHC/UTEJBHON MPaKTHKe CNyyai, KOoTaa clnain onpenenseTcs
€ NOMOULLIO MHOTOUMEHOB TPeThell creneny (KyGuuecKuil coaaiin},
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1. Mocrpoenne kyGudeckoro cnaaina. [Tycrs Ha [a, b] sanana we-
npepeiBHan ¢yuxuns f(x). Bregem cerxy

Q=K< X, <, L Xy Xy=0b

H o6osHaunm f=f(x), i=0,1,..., N.

Craadnos, cOOTBETCTBYIOUNM AaHBOH (ByHKUHY f(x) » nawabM
yaﬂaM{x,-}?;.,, Ha3bIBALTCA DYHKUKA S{x), YAOBAETBOPRIOWAn CIeAyi0-
UIHM YCIAOBHAM!

a) ua KaxmoM cermente [x.,, x,], i=1, 2, ..., N, dyuxuusa s(x)
ABJIAETCA MHOTOMJIEHOM TPeThell CTeneHH;

6) Gyuxums s(x), a Takxe ee nepsas W BTOpPAS NPOH3BOAHEIE He-
MpepHBHL Ha [g, b];

B} s(x)=f{x}, i=0,1,..., N.

[locaeanee yciosme wasmiBaeTcs ycaosuem unTepnoauposasiis,
a CIvaiiH, onpefensieMblil YCAOBHSMU a}—B), HasHBAGTCH TaKKe UH-
TCPROAALUORHBIM KYOLeCKUM CHAQLIHOM.

HokaxeM cymecTBOBaHNe H eAHHCTBEKHOCTL CIAANA, onpefeane-
MOrO NEePevHC/NeHHBIMI YCA0BHAMH. [IpuBenenHoe HuXe nOKa3aTedhb-
CTBO COMEPIKHT TAKKe cnocob NMoCcTPoeHHs cnaaiiHa.

Ha kaxaom us orpeskos [x._,, x], i=1, 2, ..., N, 6yaeM HCKATh
GyHKLUHIO S (X) =S$,{x) B BHIe MHOTOYNEHA TpeTheil CTeNeHH

' di
sW=atb—x)+ Fe—xp+Ie—xr )
x{—-ig.xg..xij i=l)23---|N:

rae a, by, ¢, di— koshOHIHeHTH, nofnexamue onpefenennio. Tlosic-
HUM CMbICJT BBEACHHBIX KoahduiHenTos. HMmeem

S0 = bt (s — 1) + e (x — ),

S; (x) =¢; + d; (x— x)), S’fﬂ (x) = d-’-'

no3ToMy
@G =si(x), bi=s,(x), ci=s;(x), di=s; {x:).
W3 ycnosnit nutepnonnposannus s(x,) =f(x), i=1, 2, ..., N, noay-
4aeM, 9YTo

ai=f(x;), £=1,2,...,N.

Hoonpexenum, kpome Toro, a,=f{(x,).
Hanee, TpefoBanue HenpepuBHOCTHU byuxoun s(x) npupoaHT K
YCJOBHAM

Si(x5)23i+i(xi): £=1!23 ‘-'tN_"l-

Orcoga, yuuTeBas BRIDAIKEHHS Anst GyHRUME s,(x), noayuaem npu
i=0,1,...,N—1 ypasnenns

€in df

L;; {x; — x£+1)2 -+ _‘(?— (xf — x5+1)3,

@ =a;,, + by, (x:— Xin) +
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O603nayad h—x;—x:-,, NICPENHLeM 3TH YPABHEHHA B BHle
2

h; R} .
hgb;—-?C;-[——b.—d;':fg—f;_l, i=1,2 ..., N (2)

Yea0BHA HeNpephIBHOCTH NePBOA MPOR3BOAHOM
s;(x‘-)=sm(x‘-), l':="-|,2, e N—l,

NPHBOAAT K ypaBHEHHAM

d
oy — ?‘h? =b—b,, =273, ..., N (3)

M3 ycloBHsL HeNpepEIBHOCTH BTOPOit NPOH3BOAHON TNOJyuaeM ypas-

HeHNA
dhi=c—Ci-y, (=2,3,... , N. 4)

Obveaunss (2) — (4), moayuum cictemy 3N-2 ypaBHeHHl OTHOCKH:
1e/bHO 3N HeH3BecTHHX b, ¢, dy i=1,2,..., N

Ilsa HeAOCTAOWAX YPaBHEHHS TOJAYYAIOT, 3a0aBad TE HJIH HHEIE
rpaHuuEble yeioBus Aaf §(x). TIpeAnosoxuM, HanpHMep, uTo ¢y K-
uust f(x) yaosaersopder yc.osuam [’ (a) =["(b}=0. Torga ecmecT-
BeRHO  Tpebomarth, ytobut  §7 (a)=s"(b}=0. Orciona mnoayuae
Sl (xo) =0, SN(-":N) =0, T, €. C|_d1h1=0. CN=0

JameTumM, uTo ycaoeue ¢,—d,ft;=0 coBnajaer c ypaBHEHHEM (4)
npy i=1, e/ NOAOKHTL Co=0. Takum o6pa3oM, NPHXOAHM K 3aMKHY-
10#1 cHCTeME ypaBHeWHA 1A OnpeleneHHsd KoadpuuuenTos Kybute-
CKOro claafina:

hidi=cl-—6i_i, £= l| 2, vy N. CQ=CN=0’ (5)
I
h;r}'g——;-;-d;'——:bg——bi,.l, 552, 3, ...,N, (ﬁ)
h? R
h;b,;—-jc;+?‘d;=f¢—h_1. i=1,2,..., N (7)
VOedUMCA B TOM, YTO 5Ta CHCTeMAa MMEET eAHHCTBEHHOE pelleHne.
HekatouuM u3 (5)—(7) nepemennnie b, d;, i=1, 2,..., N—1, v no-
JAYYHM CHCTEMY, COAEPIKAWYIO TOAbKQ Ci i=1,2,...,.N—1. Llazs s1oro
pAaCcCMOTPHM JBAa COCEAHUX YPaBHEHHS (7):
f; A Fe—fio
b= _—;Cf—'?f dr‘l"L—hi—! ’
b'_ — =1 iy — =1 d'_ —~1 -2
=1 2 i—1 6 i l.+ h{_l

1 BHIYTEM BTOpOE ypaBHeHue ua Mepporo. Toraa NoAYYHM

bi—bg_l =
1 1 2 » fi—Fio by — Fica
= — (he; — B y) — — (hidi — hiadi- i fim [t SR
2( c; — hi_16i-1) o (h hiadi-y) + o e .

L3
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[loacrasasa Hafipennoe pHpamenne aas bi—b., B NPaByw HacTb
ypaBHeHHa (6), monyunaM

B

=1

hici + huyey —

on (fi=tiy  Jix—1ima
di—l"'"Td;'m (‘h- l“" fh‘ )- (8)

) =1
Hanee, na ypasuenns (5) monyuaem

hidi=hilei— i), hiadios=hisy (Cims — Cig)
H, NOACTABJSAA 3TH BRIPAXKeHHA B (8}, NPHXOAHM K YyPABHERHIO

Atk 2 e )0 i (A0 fiamlen )

i i-1

Oxonuatespuo AAs onpefefeHus Kos(GHIUHERTOB ¢, noJyyaeM CcH-
CcTeMy ypaBHeHHi
fin—F fo—Fi
hict'—l. + 2(h5+hf+1)ci ‘|" hl’ﬂcii—l:ﬁ( l;: - —— B =t ) ! (9)
(+1 i

i=1,2,.. ,N—1, c=cn=0.

B cuny amaronanpioro nmpeofnaganus cacreMa (9) mMeeT eMHCT-
BeHHoe peweHde. Tak Kak MaTpHlla CHCTeMbl TPeXAHATOHaJbHASA, pe-
WIeHHE JEerKo HAHTH METOAOM MpPOroHKH, KOTOpask B NAHHOM cayyae
ycrofiunBa {cM, . 7 § 4 v, I), [lo naiineHHbiM KoshdHUReHTaM ¢; KO-
SQPRUACHTH by U dy OBPEAEASIOTCA ¢ MOMOLWBIY SBHHIX dopmyn

& —Ci,y hy i fi— 1,y
— _ b =—n——=d+ —=L, 10
di= " , b 2 Ly 5 d: + hy (10)
i=1,2,. .., N.

Takum o6pasoM, RoKa3aHo, UTO CylleCTBYET eAHHCTBEHHbIN KyGH-
UeCKWH CMNAMK, ONpeAeaseMbll yCNOBHAME a) — B) # IPAHHYNBLIME yC-
AosuAMH  s7(a)=s"(b}=0. 3ameTum, uTo MOXHO paccMaTpHBAaTh W
Apyrue rpaHAYHbIE YCAOBHA,

2. CXoZMMOCTS MpOLEcca HHTEPNOJHPOBAHUA KYGHYECKAMH cnaaii-
uami *). TlokameM, YTO RHTEPNOJIHPOBAHMNE KyOHUeCKUMHA CITAfiHaMH
ABJAETCS CXOAAWHMCA TMPOLECCOM, T. € NPH HEOTPAHHYEHHOM YBEAH-
YeHHH YACaa y3J0B N COOTBETCTBYIOWIAA NOCNEADBATENbHOCTE CILAfiH-
(GyHKUHA cXoauTca K HHTepnosupyemo#t dyHkumu f(r). Ouenkn no-
FPEWHOCTH HHTePRoAAUNE r{x}=f(x}—s(x} 3aBHCAT 0T BBOOpa ceToK
H or raagkoctd f(x). Ias mpocTor nsnomenus Gyaem paccMarpH-
BaTb cefuac MOCAeAOBATENbHOCTD PABHOMEPHEIX CETOK

wi={x=a-+ih, (=0,1,... N}

*} Hsyuenne sTore pasgena ne oGa3aTeflbHO IAA NOMHMAHMA 1aAbHeRIlero Ma-
Tepuana. Bonee noppotnoe nanomenne cm. g 201,
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¢ warom h={b—a)/N. B 3toM cayuae oCHOBHAA CHCTEMA YDABHEHHA
(9) nprHMMaeT BHA

Ciy +4C£+Cir1:6f;x‘p £:l'2!""N_l’ (ll)
CQ=CN=0,
rie aGosnaueHo fz, ; = (Jeur—2f - Fin i) 117

Ot ¢ynxuun f(x) OyaeMm TpeboBaThb CYLLECTBOBAHHA HEpepbBHOf
Ha [a, &) werseptoii npoussopnodl, f(x)=C“la, b]. Kpome Toro,
MPEeAnOJOKHM, YTO BLIMOJHEHB TFPAHHYHBIE YCJI0BHA f”(a§)=f”(b)=0
H TaKHe Xe ycaosda A4s cniaiinos. Ofo3HauuMm

1)
1€ W g,y = max gl M=) "C[a,b]'
* xsla.kl

TTycts s,{x) — KyOHuecKHil cnaiin, noeTpoeHKbl Ana dyHKUKH [{x)
Ha CeTKE (s DB cHeAyiowel TeopeMe NPHBEAECHH OUEHKH NOrpelHo-

CTR HHTEPNOAAUEH ANs GyRKunH [(x) u ee npoussoauHx f'(x), /7 (x).
Teopema i. Qus f=C¥(a, b] cnpasedrusst oyenku

ﬂf (I) — 8 (X) “C[a,b] '-<-. M4h4’ (l 2)
LF () — 80 (0) Lo 9 << MLR2, (13)
1 %) — S () e, < M2 (14)

Ha stux oueHok caeayer, ute npH A0 (r. e. npn N—oo) nocue-

LOBATEAbHGCTH sﬁf’(x), i==0, 1,2, ¢Xoaatca COOTBETCTBEHHO K (yHE-
uuam fU{x), =0, 1, 2.

Huasi poKasaTeabcTBa TeopeMbl | noTpebyercs caelyiollan neM-
Ma |, B KoTopoil AaHBl oueHku norpemuoctd [”(x)—s.(X) B ysaax
ceTkn. ByaeMm o6osHadarh

o ), = J’l—i‘ﬁhl P (x3) .

Jemma 1. Aan [{x)=C%¥[a, b] cnpasedausnt otjenxu

[ () — i (Dl y S5 B (15)

JorazateascTBo. [locKoabKy Ss (Xi)=cCi, TAe ¢i— peltenie
cHerembl {11), AOCTAaTOYHO MOAYYHTH OLEHKY AJSS NMOTPELIHOCTA Zi=
=c—f" (%), i=1,2,...,N=1. Tloactasasaa ¢=2z+ fi B (l1), noay-
qaeM AR Z; YPABHEHUS

Zio+ 42t 2=, i=1,2,. ., N=I, z,=zy=0, (16)
rane

W =6f, ,— (i + 4 + fim). (17)

OuenuM peweHne cueTeMBl ypaeHendil {16) uyepes nmpasbe uacTd
i [lna aroro nepennem ypaprenue (16) B Buae

dz=—2; 1 —Zu
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H BOCHO.."Ib3yeMCH Hep ABCHCTBAMH
Al 2| zim | Lz |+ 01 <202, 10 Lo

Tak KaK 3TC HepaBeHCTBO CNPABELJHBO TPHW BceX {, OHO BBIMOJHA-
ercd 1 B Toll TOYKe x,=x;, B KOTOPOHA AOCTHraeTcs MaKCUMyM |z,

T. €. B TOUKe, rge
N =]|2“C(@h)'

[-{OBTOM}r BRITIOJHAETCH HEPABEHCTBO
4 [| z "C((,)h) “‘<'- 2 u z Hc(mr'l) + || lp ||C{°Jh:"

177 () — 55 (9l S 5 bl - (18)

Hdaga toro gtobel NoayuuTh OTCIOAa HepaBeHCTBO (15), ocranoch
OUEHHTh ﬂtpﬂcmh’, rae ; onpejenerno coriacuo (17). Tlepenunuem

B BH/E
Wr=6(5, — ) — 1 (s, (19)
H BOCTIONb3YyEMCH pasnomeHuaMHu (cm.n. 1 § 4 u. I)

Froa=F N @ B e ),
(f )xxi_fw( t) ‘;:E (xf—ll xiﬂ).

cnpaperJauBHIMH ANA f(rx}e=C*[a, b]. Toraa #3 (19) moayuum
2

b= @) — 1 @,
T.e. mpu aeboM (=1, 2, ..., N—| cnipaBeasnnBa oueHka

|¢;|Qi}12 max lfw ),

2 x=lay]
HAH
10 lewy = 1,512M,,

rae M,= max |/ (¥)|. Otcioza u u3 (18) noaysaeM Tpe6yemoe He-
xe{a,b]

pasencreo {15), Jlemma 1 nokazaHa.

ITepeiinem x AoxasateabctBy TeopeMol |, [Moayunm cHavana ouen-
Ky (14) norpemdoctn f”(x)—s;(x), so3nHKaowell MPH HHTEPNOMh.
poBaHKR f(x) KyGHuecKuM cIafiHoM s,.(x) PaccMOTpUM  OTpe3oK
(%1, %], rae i —nwboe w3 wucen 1, 2, ..., N Ha stom orpeske
s, (x)==ciHd.(x—x,) 1 cornacuo (4) nmeeM

S () =+ 2 (r—x)
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HIH
S;t (V) =ac; + (1 —_ 0'.) Cimty

rae
=X

o == , —a=
h

xl-"'—x

(20)

Jna cetounblx QyHKUMI v, ONpeLeferiibX HA CETKE 6y, 0603HAYHM
UE‘-‘“ == oty - (| — a} v,
TakK 4TO
s, (x) = ¢!,
Bocnoae3oBaBUIHCE TOKASCTBOM
J ) = (0 4 (" (x) — [0,
TIpEACTABHM NOrpewHocTh [ (x) —s, (x} B BHAR
J () = su () = (fe — e (" (x) — [
Otciofa nofyyaeM HepaBeHCTBO
|17 () — s () | << [ (7 — )™ |+ 1 (0 — f™], (21)

cnpaseaausoe Aaa8 Jdoro xelxi-,, x). OQuenuM oTaeasiio Kaxioe
43 ABYX claraeMeiX B npasofl vacTH HepaBenctsa (21). Han nepsoro
CN4raeMoro, YUHTHBas jJeMMy 1, AiMeeM

Gi—ced=la(fi —c) + (1 — &) (firs —in) | <
< ) (2) — 81 (%) ferop + (1 — DI (0 — 85 (9 lcion << % M k2,

(=)™ | < 5 My 22)

Hanee, paccMoTpHM BHIpaxenHe
¢ ) — P =a" (D) —) + (1 —a) (" () — fi-a).
{lo hopMyae Teflnopa nmeem
F—F=—x) 0 — S ),
{(x—

P o)~ fia= (e — 5 [ () — = Y ),

e E, L= (X, £}, OTciona u w3 (20) nonydnm
F (=i =lalx—x) + (1 — @) (x — x:0)) {"1(%) ~
— et — PV @+ (1 —a) e — a1 ) =

(x -~

(x_' xl'—l) (xf _

=— % i [xi— ) £ @)+ (¢ — xe) Y @),
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TaK 4TO
|7 () — i<
< max {(x— 5o} (i — 0] (M (i) + My (5 — 50} =
X EmREX]

2
=0,5M, M. o MA
4 8

-

Hrak, Bropoe caaraemoe B npasoil uacTH hepaBeHcTBa (21} oue-
HUBaeTca CleIyIoIuM o6pasom:

| e — Fy | < 2 (23)
Ioacrasnss ouerkn (22) n (23) B uepasencrno (21), nonyunm
| 6 — sy )| << P2 (24
ans nwboro x<[ £, x:). Nockonsky HepaBeucTBo (24) cnpaBeaauso
anst awoboro i=1,2,..., N, U3 Hero caenyer oueHka (14).

Hoxkaxem Tenepb ouesky (13). PaccMOTpUM Ha oTpeske [Xi-, %]
oyukunio  r{x)=f(x)—s.(x). [Ilo onpezenexuro cnaaiiHa HMeeM
r(xi~)=r{x)=0, ciepoBarenbro, Hafigercs Touka E&(xi-y, X,), B KO-
Topofi ¢’ (§)=0. [Toatomy

|77 () | =] (x)—r (&) | =" (L) (x—8) | < [r7 (8) | 1,
rae {={x..,, x). Takum obpasom,
[ ) —s, D) |<<|F' @) —s, )4,
H, Y4HTbIBAs (14), NONYyuHM HepaBeHCTBO
|F" (%) — s,(x) | << Mh3,
H3 KOTOpOro cleryer ouenka (13).

Ocragock noayuute ouerky (12). [lycts x — a06as TOUKa M3 RH-
TepBana (xi_;, X:). BBegeM dpyHkuHIO

gy=f(t)—sn(t) —K(t—x.-) (i-x), (29)

rae i=[xi-y, %] u K —nocrosHHan, subppaeMas 3 ycloBua g(x) =0,
T. e.

f ) — Sk (x)
(x—x ) lx—x)

HUmeem g(x_,) =g (x;) =g (x) =0. Tlostomy Haifinercs xoTs G oxia
TouKa E& (x:-y, X), B KoTopoft g” (&) =0. Nockoasky

gO=r—suy—2K,
{ € —s, E=2K,

NONYUYHM

T, €.
(8 — s, (B)

100 —su () =——

(x — xig) (x — x3).
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Ortctona o #13 (14) nonyyaem HepaBeHCTBO

0 — 5.0 T TP (9 — 5, 00 Jowa - << 45

T t

e 8

KOTOpoe H NPUBGAMT K ouenke (12). Teopema 1 poxaszana.

§ 5. [Lpyrne noCTaHOBKH 3aa4 HHTEPNOJHPOBAHHA
H NpHOAUKEeHNA PYHKUMH

I. Mpusmeput. Bo MHOrHX cIy4asix BO3HMKAeT HeOGXOAHMOCTD TPH-
Oanxennoli 3aMeHbl gaHHOA QYHKUNM JAPYTHMH, GoJee TpPOCTbIMH
dynkunamMu. OpaHM 113 crmocofoB Takofl 3aMennl sABASeTCA HHTepNo-
nAuHA anrefpanvecKUMH MHOTOwleHaMu, NoApobHO PACCMOTPEHHAN B
npeabiayinx naparpadax. Oanako He BCAKYIO (YHKLHIO Lelecood-
pa3Ho DPHGANNKATE airedpauuecKkHMH mMuorounesHamd. OTMeTHM B
8HJle NPIMEPOB HeCKOJAbKO APYTHX CNOCODOB HHATEPHNOJHPOBAINHSA,

MMpumep L. Tpueonomerpuueckana unrepnoasyus. Ecan fix) —
TepHoAHYECKAA (PYHKIHA C NEePHOAOM [, TO €CTECTBEHHO CTPOHTh MpH-
BaHMKEenHa ¢ DOMOLLBIO PyHKIUEN

. 3 .k
q:k(x)=akcosf%+bksmn;x, k

=0,1,...,

Takum ofpazoM, TPUIOKOMETPUHECKAR UKTEPROAAHUA COCTOHMT B 3a-
Melie [ (X) TPHrOHOMETPHUSCKHM MHOTOUNEHOM

1 "
N _ nkx . TRX
Ta) =) e =a,+ > (ak €08 == - be sin —7—) .

k=0 k=1 "

k03QPHUHEHTE KOTOPOTO OTHCKHBAIOTCA H3 CHCTEMH YpaBHEHHH

Tﬂ(xi}=f(xj)r f=1,2.‘..,2n+1.
TAE Xg<{X, <. .« honpy Kanpg—Xo=1.
Ilpunmep 2. Jlpubauncenue payuorasoubimu yakyuamy. [ycts

3HaueHus GyHKUMH f(X} 3a0aHbl B TOYKAX X,<<X,<...<x, Tpebyercd
NOCTPOUTL PYHKUHIO

akxk + ak_lxk'l 4+ .o

1
Kb T by M

Per (X) =

(&, { — zagaam}, AJaA KOTOpO#

(ph.l(xi)=f(xi)! i"__‘ot l' NN (X (2)
YpaBHerns (2) npeactasasior cofoil cucteMy 13 n+ 1 ypaBHeHHA oT-
HocuteabHo k4[+ 1 ueHsBecTHOTG a4y, @y, ..., dg, by, &y, ..., by, By-

Aem TpefoBaTh, YTOOW YHCJAO ypaBHeHHH PaBHAJOCH YHUC/IY HEH3BECT-
HHX, T. &. a=~Fk+[. Torna mpHaem K cHCTeMe JHHEHBEIX ypaBHeHRHI

-1

4
Eaa“}—f,-Zb;x‘}:f;x{p fL_—O,l,...,k—I-f, (3)
=0 i=0
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8 KOTOPOM HEH3BECTHBIMM SIBJAAIOTCR BEMHUMHH a, i=0,1,...,%,
mb,i=01,...,[—I1.

[Ipumep 3. Upobno-runeiinas unrepnossyus. IlycTe 3nHaueHnn
$yuxoun f(x) 3agaHB B TPEX Y3NaX, a HMEHHO B TOYKAX X;_,, X;, Xivq
NpRUEM Xx;-, < ¥ <C Xy, T1OCTpOUM QYHKULAKD

plg=ET @
X by

anst kotopoit @(x;)=f(x;), j=i—1,i {41, Jaueaa 3agaua spnaercsa
HAaCTHRIM clydaeM 3aaaun, cHOPMYJHPOBAHHON B TNpEABAYIEM NpH-
Mepe, korpaa k=Ii=1. Tlostomy ana ompenencius KoaPUIHEHATOB
@y, @y, by MOXKHO BOCTIONB30BATLCA CHCTEMON YpaBHewuii (3), KoTopas
B I1aHHOM Cly4ae NpMMeT BHJ

a“ + alx('—], - b‘,fi-l = xi—lff—l)
a0+ale—b0f¢:x;[¢, (5)
g+ O Xy — bn_JFn‘u = xi+1f;‘+1—
Hainem B sBHOM Blige peuwrenne 3Toill cuctemel. O603HaunM
h(‘ = X;— Xi-, hiﬂ =Xin — X ?ig = 0,5 (hf|.1 + h;‘),
fzo =G — s, oo = (oo — f)fPin,
Frri=Uei—f;
TlpuMensisi mocaenoBaTeNbHOR WCKJIOUCHHE HEH3BECTHBIX, TpPHBEAEM
cHCTeMY (B) Kk TpeyroabHOMY BHAY
a,+ ayx:— bfi = xify,
a — bﬂff,;’ = (f‘?f);,p (6)
— by =5z

Ecou fr;, 0, Ton3 (6) nocnesosaTenbuo Haiigen

_ (xf}i:?,f - Zf;“,fx_s
el ’ 1= T
Fea fzan
2x(f;"-f,z,e - f;' (xf)IE,;:
a, = ; .

xkx,i

Tipn npoBeseHur BHLIYHCAEHHH NO 3THM POPMYJIaM MONKET OKA3aThCA
NOJe3HBIM TOXIECTBO
-'Fin - fi—1
ez i=xdz; i+ —
i

Henonbsyss npubaukense ¢ NOMOWBI PAUHORAMBHEIX (YHEIHT,
HeOOXOAHMO CHeIHTh 34 TeM, YTOBHl HA OTpPE3Ke MHTepPNONHPOBAHHA
3HaMeHaTeab BoIpakeHHs (1) we ofpamasncs B Hysab. Hpyroft onmac-
HOCTRIO ABJAETCH TAKON HeyZauHbtit BLIGOD Y3JAOB HHTEDIONHPOBAHHA,
IIPH KOTOPOM YHCJAHTeNb BhIpaXeHus {1) fesutcs 6es octaTKa Ha 3Ha-
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Mcnatean. B oocacisem cayzae apobno-anneidunan dynkuna (4) BH-
POKIACTCA B KOHCTAHTY.

B xauccree npumepa paccMoTpaM dyikukio f(x}=kx? k¥#0. Has
nee  f--=2k+0 u cucrema (6) HMeeT eAUHCTBEHNOE pelleHHe

bo = — (X + x4+ xﬂ—l)t
4y = — R (XiaXi 4 XioXin & XiXin),
{1y, = kx:'—lexl’ rly
npHyeM
aby— =k (%0, 4+ Xiy) [X(Ximy - i Xey) + Xop i i ]

CrnenonateasHo, npubaukeHue f{x} ¢ nomouisio $pyurnan (4) He-
BO3MGOMHO BOIHAN TOUKH ¥=—Db,=x_,+ X+ X:,. Kpome Toro, veaoene
u,b,—a,70 DPHBOAMT K CACAYIOULEM OTPAHHUYEHUAM 112 pacnofoKeHHe
¥3J0B HHTEDHOJIHDOBAHHA:

X% 0, xi(xo b xg,) +xg6e,70

Mpumep 4. Haymepnas unrepnossyus. Ha mnockoetn xOy 3a-
Aanel tpH Touku A (x, y), i=1,2,3, He nexalllbe Ha OAHOR MPAMOA.
TpeGyerca, nenoibaya 3HaueHua w=u(x, i) GYHKUHY u(X, ¥) B 3THX
TOUKAX, MOCTPOHTh aNNPOKCAMALLHIO NPOU3BOANBIX dufdx, Oufdy. Haa
pewlenus 3ToH 3alayd BOCHONAB3YEMCH JAHHEAHOH HHTEpnoasuMed, T. €.
Oyi1eM CuUHTATD, YTO

wix,yy=a(x—x)+b(y—y.}+c (7

Toraa noayuum, uto dufdx=a, Ju/dy=>h, T. e. 0pu HRTEePNONAUHL
tbynkunu u(x, ) ¢ NOMOWILIO AHNeHN0oN QYHKUHKHY NPOU3BOINHEIE 3aMe-
HAIOTCT KoHeTantamu. Seiwie Bpamenus ana Kosbduuvenrtor a, b, ¢
HeTPYAND MHaHTH H3 YCAOBHI HHTEPNOJHPOBAHUS (X, y.) =u. HeieT-
BHTEJBNO, H3 ycaoBua a(x,, y,)=u, noayuaem, uto c=u,. Hanee, pe-
tlas cHeTeMy

ax,—x) + by, —y) = uy—uy,

a(x;—xn}+bly, —y)y=u;—u,
MoayunM

1

a=—

Xo— X) Ui— 8
! .®

Xg— Xy Hy—

ty — iy yﬂ_yl‘ b= L
. —_
Uy — ) HH— 4 A

rie
A=

Xa— 5 9‘:-91‘
Yg—H H—Hh

BripaxeHua (8) u 3a1a10T HCKOMBle NPHOHIKEHHS K TPOH3BOAHEIM
oufdx, duldy.

Onpefenntens A LaRHON CHCTEMH He paBeH HyYJO, TaK Kak Mo yc-
J0BHIO ToukH A,, A,, A, He JexaT Ha oaxoil npaMoil.

3awmerum, yto cootHoweHua (7), (8} MOXKHO 3anHCaTh B BHAE
g—iy It—x § —h
Ug—tly Xg— Xy Ha—h =0,
Uy—iy X3— X, Ha— M
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‘T. €, B BHE YPABHERHA MJIOCKOCTH, MPOXOAALIeH uepe3 TPH 3ada2HHEIE
Toukd (xq, 4, i), £=1,2, 3.

2, OGwas nocTaHoBKAa 3ajlavM MHTepmoaupoBaHuf. [IycTe Ha oT-
peake [a, b] 3a1aHa cucTeMa GpyHKUURA

qjo(x)rqjl(x),---san(x) (9)
M BBEASHA CETKA
AST XX, <. ., <X, =00, (10)
‘O6pazyeM JAHNeHHY0 KOMOHHALHIO
@ (6) =coqo (%) + (X)) +. . .+ Capal{X) (1
¢ YHCNOBBIMU KO3(QDHURCHITAMH &y, €y, . . . , Cp. 3242YA HHTEPIOAUPORA-
HAA GyuRubyg f(x) cucreMmolt dyukuui (9) na cerke (10) cocTOHT B
HAXOMIEHHH KO3PUUHEHTOB &, €y, ..., Cn, A KOTOPHIX BHIIOMHEHE
YCIOBHA
p(x)=f{x), =0,1,...,n (12)

Hutepnonuposanne aare6panuecKNMH MHOrOWIEHAMH  ABJSETCA
qacTHEIM chayuaem chopMyanpopauHoll 3azaud, kKorga qup(x) =x*, k=
=0, 1,..., n. Bosg#KkaeT BONPOC O CYECTBOBANHH M €AHHCTBEHHOCTH
pelenus obuledl sajayd HHTEpPNORHPOBaHAA. 3anuimeM cuctemy (12)
Gonee noapobko:

P (¥o) + 1Py (Xg) + ..+ capa (xg) = F (%),
CoPo (X)) F a1 (1) + .o - CaPa () = F(xa),

cq;[P;J (xn) +'5'1q31 (xn) + ’— + C.::Q;n (xn) = f (Xn)

ll.ﬂf-[ TGO 4TOOLE 3Td CHCTEMAa HMeJa elMHCTBeHHoe pelteHHe, Heo6x0-
IHMO H 10CTATOYHO, YTOOH ONpenesHTEND MATRHILE

“go i) Ps (%) ... @, 0x0)

A= Qo)) @ (x) o0 @, (x) (13)
o (%) rlxg) - @alxy)_
6BlA OTAHYEH OT HyAd. BoJdee Toro, NOCKONBKY YW Xy, £y, . .., X, MO-

ryT OHTE KaKk YroAHO pacnofodeHw Ha [a, b], AHIL 6B cpean HHX
fle 6B0 COBAAAAIOWNX, HeoHXonaMo moTpeboearh, urobw det A+0
fipd JNO60M pAacAoJOXKeHUH Y3NoB. BLiMonneHue HJIH HeBHMOAHEHHE

3T0r0 TpeGOBaHNS 3aBHCHT OT BEIGOpa cHCTeMbl MyHKUit {Ps (X)}2—.
CucreMa yokuuit  {p: (x)}e—e nasbiBaetca cuctesmoi Heboiuueaa
#a [a, b], ecan onpepennrteny matpuus {13) oraumyen oT HyJas npu
Mo00M pacnosioxenun y3inos x=[a, b], £=0, 1, ..., n, Korna cpeau
3THX y3J0B HerT coBlafarmmux. Takam ofpazom, oburas samaua HH-
TEPNoAHPOBAKHA OJHO3HAYHO paspeliumMa, ecaH {cpk(x)};ﬂ;o yelr-
weBckas cucteMa (yHxunil. @yuxmua o(x), onpepedeHHaa corjacHo
(11) B yZoBaeTBOpAOWAN YCNOBUAM uHTeprnonauny (12}, wasviaer-
C  O0OCWEHHOIM  URTEPNOARYUOHHbIM  MHO0HACHOM TO  CHCTeMe
[}
{0 (£)} b0
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Cuctema aareGpanuccKHX MHorouwneHoB ,(x) =x* £=0,1, ..., n,
ABJASCTCA HebLIeBcKail cHeTeMoil Ha mofGom oTpeske [a, #]. Cucrema
TPHFOIOMETPHYECKHX MITOroyieHoB ¢,(x) (cm. npumep 1) saBjdAeTcs
ye(LILICBCKOH CHCTEMOM HaA OTpeske NepHOAHYHOCTH,

[puseser npHMepbl cucTem GyHKUAN, Be apamomuxcs ueSswesckamyu. [yerh
Ha oTpeske [-—1, 1] sagana cHcTeMa pyHKIHE

Ot — 1 ='=~<-x {‘-‘.01
Go(9) =1, g1 (9 =1
f a Lx, 0cr < L.
3
Ecan n KkauecTBe Y3M0B HHTEPNOAHPOBAHHA B3ATH, HANPHMEP, TOUKH Xp= — e
]
X = —‘E‘ + TO MOAYUHM

=1 o)

T. & ZAUAHAA CHCTEMA He ABAnercA welutenckol wa [—I, 1),
MeHee TPUBHAMLHWM ARAACTC NPUMED CHCTEMB!
Polx) =1, @i{x}=x2=—1f4, x=[—1, 1]

BufpaR B KayecTBe Y3JM0B HRHTERMOJAHPOBAHHA KOPHH GyHKOME ¢y(x), T. € TOUKM
xe=—0,5, x;=0,5, npuaem k Toit He camoii MaTpHue A.

Bootwe, na (13) Buano, uro ecau kakaf-tubo W3 PYHKUHI
©o, ¢1, . . ., Pa 0Opamaerca Ha oTpezke [a, b] B Hyae Gonee uem # pas,
TO cHCTeMa e gBisfeTcA vedwweBcKol, HelicTBuTearno, ecnu, Hanpu-
Mmep, q;{x,)=0 nns Hexotoporoc j W anma k=0, 1,...,n, to, emGnpas
TOUKH Xg, X4y ..., Xy B KAUECTBE ¥3J0OB H[]Tepl‘]O.ﬂHpOBaI{HH, MNOJYHHM,
utQ f-fi croaber maTpuub A COAEPHKHT TOJBKO HYJNEBBIE 3/E€MEHTHI,

MosxHo fokasatb, YTO CHpaBelIIBO ClAeAyiollee YTBEPKICHHE
(cwm., Hanpumep, [4]). Has Toro urolsl cHcTeMma {tpk(x)}f;n Suina
yeBHILeBCKON Ha {a, b], HEOBXOAHMO H AOCTATOYHO, YTOOM JAO0H 06-
o0LleIHHA MHOrOWIe!l N0 3TOH CHCTEMe, Yy KOToporo xotd Osl O1HH H3
KOO UUHEHTOB OTIHYEH OT HYNsA, nMen Ha [g, b] ue Goaee n nyJhell.
Huoraa 310 cBoficTBO MpuHuMaercs 3a onpefeseHHe 4eGBIIEBCKOR CH-
CTEMBI.

3. Hannayvyuwree nprGanxenne QyHKUMH, 3apaHHoil  Tadanyno.
[Mycte anavewns dyaxumn f(x) u QyHkunil ¢;(x), j=0,1,...,n, u3
cucreMbl (9} uapecTHwW B Touxax x,=[a, b], k=0, 1, ..., m. Ecau
M>>n, TO 3312493 HHTEPNOJHPOBAHHA CTAHOBHTCA NepeonpereaedHofl.
B atom cnyuae MOXKHO paccMaTpuBath 3adauy ¢ HAUAsywweM npubau-
HEHLU, KOTOpana GOPMYAUPYETCH CAeAYIOWRM O0pasomM,

Beegem o6obmennnii Muorowten (11) n 6yneM paccMaTpHBaTh ero
3HAYEHHA TOJABKO B Y3JdaX X, T. €,

@ () =copo () +ep () 4. . CagalXi),
k=0,1,...,.m
O6pasyeM pasuocTu
n=px)—f(x), k=01, ..., m,
XapaKTCPH3YIONHE OTKJIQHEIHE B yaJlaxX X, TOYAOTO 3Ha4deHHA QyHK-
152



uue f(x) or ee ApHOINKEHHOTO 3HAYEHHA, NOAYYEHIIOTO ¢ MOMOLIBIO
o6oburerioro Muorouwaena (11). Jna BekTopa MOTpeLIHOCTEH

r= (T, Fiy oo )T

MOMHO BBECTH TY HJH HHYIO HOpMY, HANPHMED,

" v m %
Hrn=(2 ) =(2 (fr'(xk)—f(xk))*) . (14)

HAK

[r|= max |ryj== max |q.—f(xs)}. (15)
Qshem ocshein

3az1aua o HanayuueM npubnnkensn GYHKUMH f(x}, 3agannof Tad-
JHYHO, COCTOHT B HaXOMJeHHH KO3(pHUMEHTOB &, C(, ..., Cs, MHHH-
MH3HPYVIOWKX HOpMY BekTopa r. B sasncumocTd OT BEIOOpa NOpMBL NO-
AYYHM pasfinuHble 3agaun. Tak, HopMe (14) cooTBeTCTBYET 3ajaada o
HanavulleM CPEIHEKBAAPATHYROM NPHONHXeHHn, a Hopme (15) —
3afaya O HAWJYYUIEM PaBHOMEpPHOM LNpHOJMXKEHHH (QYHKUHUH, 3a1ad-
ol TalbmHuHO.

Ecaw m=n, 710 WesapucuMo oF Bulfiopa HOPME  pelieHue
¢=(C, €, -, Ca)T 3amauu O HaHAYYWIEM TPHOMMKENHH COBMAfaeT ¢
pelleHHeM 3aLayl UHTepRonupoBaHus. JefAcTBHTegbHO, B 3TOM caydae
tpebopaue |7 =0 npnBOANT K YyCAOBHAM

() =f(x), k=01,...,n

T. €. K 3a04a4e HUTepnoaupoBaHua.

Mpumep 1. [MMocTpouM Hanayumee cpenHeKBaApaTHYHOE TpH-
GnauKeHRe gasa chayuan n=1, m=2, xoraa safaun f=f{x), i=0,1,2
O603HaynM h,=x,—X, R;=Xx,—x, 0 ByleMm HCKaThb OOOOUIEHHHA MHO-
rousien ¢{x) B BHAE

@ (x)=cot+ e (x—x,).
Toraa ans r(x}=q(x)—f(x) nonyuam, uto lIrl|*=F{c, ¢/}, Tae
F(¢co, €)= (co—cilto—fo}* -+ (co—f1)* + {Cotcihs—f2)>

Touky mMunumymMa F{c,, ¢,) Hafiiem 3 ycnopnii F,,=F,=0, Ko-
TOPHE APHBONAT K CHCTEMe YPABHeUHH

3o+ by~ Royer =y + [y + fa,

{(hy — hy) o+ (hﬁ + hf) oy = fyfa — A fo.
O1cioa NOAYUHM

£y = ttefy + (1 — 0~ @) f) + ofy,
cl=ﬁf2;:fl_|_(l_[3) fl—‘fn'

o
rge
oy — Ry (g + 1) oy = ho (e 4+ 1)) B By (20 - hy)
2 (he + K -+ k) 2 (B2 + AT+ Ryho) ' 2(h 415 4+ Ry

Beoaa ofosnawenns A=05(h+hy), f=f, [=—~f)/h, f-=
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= —fdihe, [z =(Fc— %, moxuo samucath kosdduUHEHTHE
Co M €, B BHfIE

Co=f- _____hl,‘:,h* f=:, (16}
B3 B2 g
0, = L (@ + o) yfe + 2Ry 4+ ) o). (I7)
(RS 2+ thy)
Ecan h,=h,=h, TO
b= ot 4 f) o =bZL (18)

OueHHM NOrpelHOCTE TIOMYYEHHOTO NPHEINKEHAA. [Mporona 3xe-
MEeHTApHHE BHKTAAKH, NO1yauM ¢ yuetoMm (16), (17}, uto

fuhoh

rlzco_h:‘—'———— =,
Rot it kg
h
r0=CD_Clho_fo=“_if1,
P
ro=~Cy— Cyft; — =N
Otciona uMeeMm
244t % 2ra
lr 2= P 2 hy 4 hg+ by . AR )
'I_ ¢ o 2 it 1 2 2 xxt
- 2y + B+ Ihe)
CNe/I0BATEbHO,
! hhoh
frl=1f—el= = —|Fz31
(2 (g + Ry + Mhgh#

Cornacko {6} ua § 2 cyulecteyeT Touka Le= (%0, X2), A8 KoTopoil
fz3 =" (). Mostomy oKOHUATEIBHO MOKHO 3aTHCATh

hlhaﬁ- o
V2 B+ 5+ huhy) oL

B uwactioetn, na pasnoMeploii cerke, Koria hy=hy=h, nonyuum
h2 1
— = —= 1
I —ol= =1 @]

T. € NOrpewiocTb HMeeT BTOPOl NOpANOK 1o A.

4. Craaxmeanne cerounblx dyHKuMi, [TyeTh uMeeTcn TabuniLa 2Ha-
sennit {f}'.o  (yurunm f(x), noayuennas, Hanpumep, nyTeM uaMe-
PeHHA NHeKOTOPOH (PUIHUECKOR BCNHUHHB HJH € MOMOLLBID YHCJCHHM X
pacueroB. Moxer okasartecd, uto f(x) CHABHO MeHAETCH Ha OTHeb-
ABIX yyacTkaXx. B atom cayuae muorna wesecoo6pasno npHMeHuTh npo-
gedypy ceraxcusanus, T. e. NPHOTHKEHHO 3AMEHHTh f(x) apyroit, 60-
Aee raaikol gyHkuHed g{x).

Hasn noctpoenus criayedusx GyHKUHH MOXKHO BOCHOMB3OBATHOA
CPEAHEKBANPATHIHLIMU NPHOIHKEHHAMN, PACCMOTPEINLIMY B Tpeibl-
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aymesm nynakte. CorsacHo (18) mosyuaem, uro wMiuoroyned @9 (x)
HAHAYULIEro CpeAHeKBAaAPATHUHOTO NPHOAHNKEHHs, ROCTpOeNNbid no
aHavyeHuaM f.q, fi, firr, IMERT BHI

. fi—l +ff+ fi+1 f£+1_f£—1
[£}] == — il
P (x) 3 + ” {x — x3)
TipuYeM
o (1) == ""‘Jr;“”"“ . i=1,2, ..., N—1, (19)

,ﬂoonpeﬂenk}\l}{ @ (x)=fo, 9" {(xn)=fx u oBoanaumm @=0" (x},
=4,1, ...,V

Mpoueaypa crhaxuBanua no dopMmynam (19) coctout B 3amene
cetounoit dpynkunn {fi}, cerounoli dyuknmei {(P;’];{U:Q, onpeneneH-
Hoil coraacHo (19). To, uto Takasa 3aMena AefiCTBHTEIbHO OCYUIECTB-
JAfET CrIANMHBAHHE, MOXKHO HIJMIOCTPHPOBATH NPHMEPOM, HpPHBEAEH-
HhM 8 Tabnuie.

i el 11213 4 5 6 7 8 9 10 | 1z

it elolololo]w]| o of of o
2 | o | 10 | 10

. b [ 212 LU A L I N

® || AR EEEREE

3aecy QyuKuHa [; HMeeT xBe 0cOGEHHOCTH: Pa3phiB NpH {=3 H BH-
6poc npu i=8. Cria)kuBaHHe NPHBOLNT K pPAa3Ma3sblBAHUIO pa3phIBa,
a TAKXKe K pasMa3blBalHio BHIOPOCA H YMeHbUIEHHIO €ro aMMJIHTYAbL
Ha yyactkax raaakoctd f(x) ¢pyHKUHA @{x) TAKXKe ocTaeTCA TAARKOH.
Jna HArAaAHOCTH YHTATENIO NMPeANaraercs NMOCTPOHTh IPaduKh GyHK-
unit f(x) u @(x).

B paccmoTpeHloM cAyuae CIVTaKHBaHHE CBelOch K OCPeOHENUIO
GyBRUME f(X} MO TpeM cOCeHHM TOUKaM. MOXHO NPOBOAHTEL OCpe:-
HeHHe H No GOJblUeMY YHCJIY TOUKE, HAMpHMeED No NATH TOYKaM, KOrila

2 2
0= D i, 3 %=1
j==2 f=-2

Urotut BRIACHYTDE, MOYEMY OCpedHedde NPHROAHT K CrAaMHBAHHKD, BepHeMcHd K
paccMotpennoMy npumepy. Bymem cuutatk, uTo f(x) sanawa na pasRomcpHOfi ceTke

ap={x;=ih, i=0, 1, ..., N, hN=1},

nputem fy=fy=0. Craawubanne no dopmyaam (l9) npueoanT K dyRKUHH

foo + It i b
9= ==tk (20)

3 xx.i

i=12..., N—1, o=y =0,

T. e K ocpesnexnio f(x) no Tpem cocefnuM Toykam. Taxum ofpasom, MOWHO CUH-
14T, 9TG APOUEAYPA OCPEAHEHHS MPEACTABARCT coGoft 3aMmeny ceroyHoll dynkuwwu f
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}2
cetoynol ¢yHkuned Tf, rge T-=E+—;T—A, E — epuvnanuit onepatop, A — onepatop

BTOpOfi pasnocTuoR nfonanonuoﬁ. Byazem naswiBate T oneperopos ocpedwenus.
B o 3§ 44 I nokagzano, 4To MOGYI0 CeToumyl ¢yHKuui f, ZAT woTopod
fo=[n=0, MOXKHO NPEICTABETH B BHAE pasNoMeHUs

N=1
Fy =Dl au, (0, xEa, (21)
k=1
rie py{x} — coGCTBEHHEE GYHKUMH onepaTapa A:
Apa{x}+haps(x) =0. (22}

CoGcTerHste GryHENHY A cOOCTBEHHUE YHc/a ONepaTopa A MOMKNG BHOMCATE B
fABHoM BHAe (cM. M. 4 § 4 4. |):

, 4,0k PR
b= ;2— sin YT My (xf) = Ts:n _N R
h=1,2, ..., N=I, j=0,1... N
Tpumenns k f onepatop T, noayuum cornacuo (21}, (22} paznomenne
Ny
THO = 3 ey, (9, (23)
k.1
Al 4 _nk
rae f, =1 -y Ay=1— 3 sin® Y cofcTeeminte 3Hauettna onepatopa T.

Kosdduunent fw B paanoxennn (23) XapakTepH3YeT BAMKHMAE ONepaTopa ocpen-
nernss T Ha k-0 rapwanuky. JAf HHIKOUACTOTHHX rapMONNK, Korka A/N Majo,

R, 7
uMeeM sin? 5;- =0 Wty Onau3KO K egmunue. JLag Ganpinx &, koraa &N =21, Mumeen
!

I 114
sin? 27 = i u [£4] = 1/3. Takrm ofpasom, onepatop T He MONABARET HHIKOYACTOT-

MEIE TADMOHHKH M YMenbldeT AMOAHTYDY BHCOKOUACTOTHEIX FAPMOHMK TpHMepHO
B TPH pa34. 3THM K obuuackiercs addexi craakuparis,

§ 6. Hanayumme npuGamKenns B ruab0€PTOBOM NPOCTPAKCTRE

1. Mocranoska 3afna4n. B n. 3 § 5 paccmarpusanack 3aaaua o npu-
Gamkcin GynkuMH, 3agannoil rabanyno. OfHako 3aAauy O HPHONH-
MeHHH QYURLHA MOXKNO cdOpMyIHpPOBaTE M B Godec oblieM BHAE,
4 HMEHNO B TepMAUax TeOpPHH NPUOAHKeHul B JAHNEHHEX HODMHpO-
BAllNbIX NPOCTPANCTBAX.

[lycTe 1ano aulciinoe HOPMIPOBAHHOE NPOCTPAHCTBO f, MOMKer
BBITE GCCKuOIEUItOMEpIIOe, i B IIeM 3aaHa KOHEYHAR CHCTeMa JMHellHo
He3aBHCHMBIX 3JeMeHTOB

meH,  kE=01,...,n (1}

TpeGyeTest MpHONUMIKEHHO 3aMeNHTb 3aAaHHBI 3aemenT fe=H Auneii-
HOH KoMOHNaukeit
¢=Cot Cipit. . .t Cnfa. (2)

SAeMeHT @, OnpeAefeHuBtit cormacko (2), naawBaeTes 66obuien-
HbLM MHO204AEROM, IOCTPOCHRLIM TIO CHCTEME 3J1eMenToR (1),
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Bynem pacccMmaTpuBaTh 3adduy 0 Rausywdiem hpudauxmenuu, co-
CTOAINYI0 B TOM, YTOGH A48 3ajannore feH cpeiw Beex JAHHeRHBIX
koMGunauuit BMAa (2) HaifiTh Takoil o0G0OIEHHB MHOTOUNEH ¢, AJs
KATOpOro OTKAOHEHKE

Hf_ (Cufpo-!“mq?l—!-- . -+Cn[Pn) 1 (3]
OblN0 6 MHHEMAJBHEIM. 3JeMelT

{p— e Eﬂ(po —l‘ El(Pl _]_ P _}- En(F'rls

AAWIHI pelieHHe 3T0j1 334U, HASHIBAETCA 3.26MENTOM HAU.MYUILE2D
RPLOANNCEHUA

Hapectno (cm., nanpumep, [2]), uto nupu Becbma oOWHX Dpeano-
JAOXEBUAX SMEMEHT HaWJTYUIIero NpubMHKeHH CYLIeCTBYET H EAHHCT-
sed. B zaBucumocTd oT BHIGopa npoctpauctBa H, vopMue |- H ch-
cTeMbl  {(r}i=e MONKHO DOJYUHTHL Ty ILTII HAYI0O KOHKPETHYIO 3axauy
0 HanayuweM npuGAHKEHHH.

PaccMoTpuM Godee MogpoOHO 3a4auy O HanayylleM NpROJAHMKeHHH
B TOM cJyuae, korga [ — BellecTBeHHOe THJIbOGEPTOBO IPOCTPAHCTBO

€O cKaAgpHHM npousselenueM (f, g)x u HopMmoll ((flla=V({f, [)a. Th-
AKUHBIM BPHMEPOM rUABOEPTOBA MPOCTPAHCTBA ABASIETCA NPOCTPAHCT-
Bo L,{a, b) BemecTBenHnlXx ¢yHKuHi f(x), uHTerpHpyemelx ¢ KBaipa-
TOM Ha [a, b], npuyem

b v %

(. 9u={i®ewadr [fl=({IfcP s @

[Tycth 3azana koneywas cHCTeMa JHHERIIO HE3ZBHCHMBIX 3JeMeH-
ToB @=H, k=0,1,...,n B zanHom caydae 32]1aya © RHalayuweM
NpHONKMKEHHH COCTOHT B TOM, UToBH 3Ja 3ajanvore saeMenta f=H
HalTu 0606l EeHHBIT MHOTOYIEH

(?= Eo(_f‘u + E['F'l +... -t E’.rtr!“m (5
AN KOTOPOro OTKJOHEHHE
1 —@lp = — & f—9)d (6)

ABAAETCA MHHHMANBUBIM cpeld BceX 0008ieHNHX MHOTOYIEHOB BHAIA
Pp=CoPot+CiPr+. . o Catpn.

2. Ceegenne K anreGpanueckoil 3agave 0 MHHHMYMe KBAaAPaTHYHO-
ro ¢yHxunonana. TToxamem, uto cdopMynupoBaHpmas 3ajaya HMeeT
efHHCcTBeHIIoe perienye. [lepenuueM pasedctso (6) B BuZe

[f—wli="5 cect(@n, 9t — 2 3 e f, @dur +1F[f. Y
k=0

£ =0
IMycts A=[ay] — MaTpuLa ¢ 3JaeMeHTaMH
=P, PIr, R I=0,1,...,n (8)
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", f— BEKTOPHI,
C=(co'cb“‘!cﬂ)f’ f=(f0|flr'--’fn)'r’

rae f=(f, ¢:)u, i=0,1,..., n. O603Hauan uepea

(w, v) =é ug;

t=p

CKAMAPHLIE APOH3BEAEHHA BEKTOPOB ¥ H U, MOMHO 3a0HCATb TOMIE-
<TBO (7) B BHIE

| — ol = (e, 0 — 2, o) + 1 v ©)

OT1crona BMAHO, YTC 3a1aYa O HAXOMIAEHHH HAHAYYIWEro NPHOJH-
HKeHHsA B FWIbOEPTOBOM NpOCTpaHcTBe ff CBOAMTCA K MHHHMH3ALHH
dyHknHoHana

F(0)=(Ac, 00— 2}, o), (10y

ONIPEILTEHHOr0 HA MHOMKECTBE BeluecTBeBHHIX (n+ 1)-MepHHX Bek-
TOpPOB.

OtMernm ocHoBHBHe ceolfictea Martpuuw A. [lpexae Bcero, A —
CHMMETDHYHAA  MATPHIA, TNOCKONBKY  @u=={Pr, Pr) a= (Q1, Qu) n="tlp
Kpome Toro, A — noaoxuTeabHo onpefelleHHas MaTpHLA.

Iloka:keM nocnefnee cBOHCTBO, MCcXoAs M3 ToxRectBa (7). Tlpu
f=0u3 (7) nonyunm

n 2

D) Cee

A=

(Ac, oy =l = =0

H

anaa mwdore sekTopa ¢ [peanonoxum, uro (Ay, y)=0 pAR HEKOTO-
poro y=(y,, ..., )" Toraa ana oloGUieHHOTO MHOFOWIEBA

P=toPo+ 4P+ . . . FUuPn

f
umeey  [@fh = (Ay, ¥) =0, caeaosatensho, g= 2 pe==0. Orcrona

k=0
B CHJY JHHNEHHOR HE3aBHCUMOCTH 3JIEMEHTOB s, Py, - . ., Pn TOJIYUHM,
uTo Yo=4¢,=...=Y,=0. Tarum ofipasom, (Ac, ¢) >0 nas Bcex cz=0),

T. . A — NONOKHTEJNBHO ONpeleeHHAs MaTpHLa. 3aMeTHM, YTO N0Jo-
KHTeALHO ONpefeJeHHbIMH ABAAITCA H MATPHLM BCeX YIJOBHIX MH-
HopoB A.

Cregyiomas TeopeMa CBOJAHT NpodeMy MHUHUMHM3ALUN KBanpaTHu-
Horo dyHxuuoHana (10) x peweHuis HEKOTOPOA CHCTEMH JIHHEHHEI¥
anreGpanyecKuX ypasHeHHI.

Teopema 1. fycre A — cummerpuynan noscKcuUresvno onpede-

aedrag marpuya u f— sadannoul eextop. Toeda pywxyuonas (10)
uMeeT eGUHCTBCHRYIO TOUKY MUHUMYUMA ©. Bextop ¢ ydosaersopser
cucresme ypagredult

Ac=F. (11)
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JokaszatenbcTBO. 3aMeTHM nNpexpe Bcero, uto cHcreMa (11)
HMEET e[HHCTBeHHO@ pelUeHHe, NOCKOJbKY A — NMOJOKETENBHO onpe-
Aenennas martprua. OcTaeTcs AOKAa3aTh, YTO BEKTOP ¢ MHHHMH3HpYeT
¢yrKuUHOHan (10) Torna M TONBKO TOrAa, KOCAA OH ABASETCA PEIICHH-
em cuctemsl (11). MokamxeM citayasa pocTaTouHOCTh. OA M06HX BeK-
TOPOB ¢ H ¢ HMeeM

Fetor=@AC+v,c+0—2( c+o)=
=(Ae, &) — 2(}, O + 2(Ac, vy — 2, v) + (Av, v),

Fle+0)=F{)+ 2(dc—T7, v) + (4o, v). (12)

TTpennonoxum, uTo Z ABAReTCH pemeHseM cucreMsl {(11). Torna n3
(12) noayuum
Fle+v)=F@)+ (Ao, v).

B cuay nosoxutenbHoR onpeeneiHocTn matpuus A oTcioga caenyer

HEpaBEeHCTBO
Fe+uv)>F(7)

Ang n60ro HEHYJNeBOro BeKTOpa ©. 3TO H 03HAYAET, YTO & — TOUKA
MUHHMYMa ¢yHKIRHOHaNa F(c).

Hoxaxem neoGxopumocTh yenorra (11). Hamo noxa3ats, yto ecau
¢ — TOUKa MUHAMYMa ¢(yHkUuHoHaNa (10), TO BHINONHEHO YPABHEHHE
(11). Ona storo BocnoabsyeMmcs ToXaecTeoM (12), B KoTopom nofto-
HUM U=}y, rie A — AeHCTBUTEJBROE MNCAO H § — NPOH3BOJLHLIA BeK-
Top. Toraa nojyunm

FE4+r)=F @+ 0 Ac— ], o) + 22 (Ay, .

PaccMoTpum BhipaxeHHe B MPaBOit YACTH 9TOrO TOXKAECTBA KAaK (VHK-
LHIO ) H 0003HAUHM

gl =224y, ) + 0 (Ao —}, ) +F .

[TockoNBKY € — Touka MHAHAMYMa (yHKUHOHana F(¢), npH Nw0bbIX y
H } BbOJIHAETCS HepareHcTBO F(E4+Ay) Z=F(2), T. e. g(A) =g (0). Ta-
KuM o6pasom, A=0 fApaderca TOYKOH MHHUMyMa g() U, cAenoBaTeln-
o, g°(0)=0. Orcoga noayyaem, yro

gO=2dc— [, =0

H B CHJIYy NMPON3BOJbLHOCTH BEKTOPa & NPHXONHM K BHBOALY, 4TO Aé—'f=
=(. Teopema 1 goxasana.
3. Caencreun, Boaee nogpobuo cucremy (l1) MoxMO 3anHCaTh B
BHAE
H

> o =, g, k=0,1, ..., n. (13)

i=0

TakuM 00pazoM, 3JIEeMEHT HAHAYULIEro NMPHOMHIKEHHST B NpOCTPaHCTRE
H umeer BuA (5), rie KoshbdHUHeHTH &, k=0, 1, ..., n, oTHICKUBalOTCS
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43 cucremsl (13). U3 ckasanHoro Bhilile icHO, YTO &JATOPHTM NOCTpOe-
NSl 3JIeMeNTa HauJyulllero MpuOAHKEHHS B THALOEPTOBOM RPOCTPAH-
CTBE COCTOHT B CACAVIOIIEM:

) BRIUHCIEHHE ITEMEHTOB ap==(Qs, ¢:)u, &, {=0,1,..., 7, MaTpu-
uE A,
2) Buiunc/eHue npaBux uacrell (f, @u)u, £=0,1,...,m

3) pelnenue cuctemal (13);

4) BEUHCTIEHNE CYMMB = 3 CifPs.
k=0
Kak npaBuno, XasALIl H3 3TaNoB 3TOr0 AJTOPHTMA OCYLULECTBJIA-
eTCA TIpHOJHKEeHHO, ¢ TOMOILBIO YHCNEHHHX MeToaoB. HanpuMep,
8 cAy4Yae NPOCTPAHCTBA L, HeQOXOAHMO YMEeThb BBIYHCAATL HHTErpaJbl
b

(%2, = S @z (x) [ (x) dx,

a
YTO MOXKHO ¢i€eM1aTh, BooGiille roBopa, Aniibk NpROJHKEHHO,

Ouennm Tenepb otknouenne |f—gllz, KoTopoe nosyuaercs B pe-
3yJAbTaTe UCNOMb3OBAHHA HAWJIYMIIErc npuOANXKERHs B FUJIb0epTOBOM
npocTpaHcree. JlokaxeM cHayasa, ¥TO cpaBedHBa

Jlemma 1. Ecau @ — saement Hausywweeo npubaupcenus ¢ H, To
(f_(p! (P)H =O! (14)

T. & NO2PCUHOCTL f—QJ OPTOCORAALAA IACMERTY HaUuAYUeeo npuﬁﬂu—
HCCHIUA.

Hlokasatenbctso. Hs (11) umeem (A¢, =(}, 8. Kak no-
xasano pauee, (A¢, &)=|¢[. Danee,
n n
o= > celf, qedy = (f. py qu:’k) ={f, P)u.
k—q k=0 Ju
Takum 06pasoM, NPHXOANM K TOXKIECTBY
¢, o =lols
coBnajaomenmy ¢ (14).
CaepcrBue. Ecam ¢ — 3/eMeHT Haulyyiiero npHOAHKEHAs B
H, to
If—ela=IFlk—lolk (15)
JoKka3atenbeTBo claeAyeT H3 TOXAECTBa

\f-—ol=1flt—2¢, Du 1o
U paBeHcTBa (14).

Haubonee yacto cpeaHexBazpatyyble NPHOGMHIKEHHA HCOOAb3Y-
I0TCA B TOM CJTyuae, KOrda CHCTeMa {qw}r—q OPTOHODMHMpOBaHa, T. ¢,
—_— 0! k ;é [!
((Pk, ('p!)H 1' b— L
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Torga cucrema (13) pewaercsa B sBHOM BHAE,

Eﬁ.=(f;q)h)ﬂ, k=0! 1,...,”, (16)
a NOTpeurHoCcTb NPHOJAHIKEUNA onpeaenreTca GopMynoi
n
IF —wle =]f i — 3 <. (17
k=0

Hucaa ¢, onpenenennste coraacuo (16), naswiBalorea Koagauyi-
enramy Pypve saementa fe=H o OPTOHOPMUPOBAHHOH CHCTEME
{Pe}h=s, 2 0GOGIIEHHEI MHOTOUTICH

n
= D Cuie
k=0
HA3BbIBACTCH MHOZ04ACHOM Pypbe.

FJABA 4
YHCJEHHOE HHTErPHPOBAHHE H NHOPEPEHUHPOBAHKE

§ 1. lipumepr! GOPMYN YHCJICHHOTO HHTEFPHPOBAHHA

1. Bpepenue. B Hactosulem naparpadge paccMaTpPHBAIOTCA CMOCO-
66l NPHOAHKEHHOro BHIYHCIEHHA ONpeAeNeHHE X HHTerpalioB

]
!=Sf(x)dx, )

OCHOBAHHBIC HA 3aMeHe HHTerpasa KOHeYHOH CyMMod
n
Tn= >\ caf (%), @)
=0
roe ¢,— uHcaosbe Ko>QGHUHEHTH M X, — TOYKH OTpeska [a, 6], k=
=0, 1,..., n IpuGankennoe pasencTo
b n
{fode= 3 e ()
a =0
Ha3nBaetca keadparyprod gopmyasod, a cymma Buga (2) — ksadpa-
Typrod cymmold. ToukH x, HASMBAIOTCA Y3raMU KEAOPATYPHOL (OPpMY-

Abf, @ 9YHCAA ¢ — KO3puyuentany xsadparypuoil ¢opmyasst, Pas-
HOCTE

b i
¥ = {7 (0dr— 3 of ()
a =y

Ha3bIBACTCA RO2PEUINOCTH0 K8adpaTyprod hopmyast. TlorpeniHocTh 3a-
BHCHT KaK OT PacnONOKEHHS Y310B, TaK H o7 BLIGOpA KO3DPHUHEHTOB,
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TIpR olleHKe NOTPEIHOCTH B NPHBOMANMMIX HKHKe ApuMepax ¢$yHrUHA
f(x} npeanonaraerca KOCTATOYRO L3 AKOIL.
Beefiem Ha [a, #] PABHOMePHYIO CeTKY € waroM h, T. €. MHOXKeCTBO
TOYEK
on={x;=a+ih, i=0,1,..., N, hN=b—a},
H NpeAcTaBAM HHTerpaa (1) B BHJE CYMMBI MHTETPAJIOB IO YACTHYNHIM
OTpPe3KaM:

& NS
(iwax=3 §{ fxdx. 3)

Jns nocTpoeHHA $HOPMYNEl UHCNEHHOTO HHTETPHPOBAHHA Ha BCeM
oTpeske (@, b] MOCTATOYHO MOCTPOMTHL KBaApaTypHyio Qopmyny AaA
HHTErpana

X

{ Feods @

¥i-1

Ha YACTHYHOM OTpe3ke [X,—,, ¥;] ¥ BOCHOJb30BATLCS CBOACTBOM (3).

2. dopmyna NPAMOYroNbHHKOB.
ot 3amenum unrerpan (4) BHpake-
nuem [{x;_,}h, vOe Xy, =x—0,5 A

[eoMerTpduecKM TaKas 3aMmeHa
03Hayaer, 4ro IJOWAlb KPHBOJII-
neiinoil Tpaneunn ABCD 3aMmenser-
cA  MJACLAALI NPAMOYToAbHHKA
ABC'D’ (cMm. puc. 5). Toraa nony-
ynM opmMyay

*¢
z g F(x)de = f(xim) b, (5)

i1

Puc. 5. Teomerpuuecknil cMmuen dop-
MYJAH NPAMOYTONbHAKOB KoTopad HaswiBaeTcd  Qopmyrod
RPAMOY20A6HUKOE HA  4aAcTUHHOM

orpeske [xis, x:].
[TorpeiinocTs MeTona (5} onpeneasieTcs BeMHUHHOM
£
o= { i de— (e,
i1
KOTOPYIO JIEFKO OUEHHTh ¢ AoMouIbio opmyasl Tefinopa. deficTouTe b=
HO, 3aHHLIeM ; B BHAE

pe={ () —Flxy)ds ®)
H BOCNONL3YEeMCA Pa3/10HEeHHEM
) = (i) (6 3iagd | (3) B @),
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cle §=L.(x) =[xy, x;]. Torna uz (6) noayunm

ve= | LS gy,

Ti—1
Obosnavas M,; = max |f'(x)], onennm 1 cremyiommm obpa-
=[x q.%4]
30M:
0

“pfléMz.IS‘

Fiml

3
(x— x‘_.f’} » he

Taknm o6pasom, nJas NOTPeWHOCTH GOPMYAH NPAMOYIOALHHKOB Ha
9aCTHYHOM OTPE3Ke CIPaBef/IMBa ClUeHKA

L | < -2’12- Ma, )

T. &, dhopmyna umeeT norpewsocte O (%) npu A0,

3aMeTHM, 4TO oueHka (7) sBAseTCA Heynyumaemoft, T. e. cyLiect-
ByeT Gyukuus f(x), ana koropoit (7) BEHIOMHACTCA CO 3HAKOM paBeH-
crBa. JlelicTBUTENbHO, Al f(X) = (Xx—x.y)® UMeeM My,=2, fXiy) =
=0u

%
j" f(x)dx—f(xs-'/.)h=—’l’§=—;:—ﬁ42,;.

Ximy

CymMupya pasenctsa (5) mo ot | a0 N, nonyunm cocrasnyio gop-
MYAY NPDAMOYSOALHIUKOS

] N
{1@de= 37wt @
a i=1
[MorpewnocTs 370 GopMysnn '
b N
'f'=jf(x)dx- pRAL=AL
a i=1

paBHA cyMMe NOTPEILHOCTEH MO BCeM YaCTHUHBIM OTPe3KAaM,

v X

ve3 =3 [ S

2
=1

Orciona, oGosnauag M, == max |f(x)}|, nonyuum

x=(a,b]
MoNHS B (b —a) 9
| M B3y, ©

T. €. NOTPEIUIHOCTE GOPMYJIB NPSAMOYTOJBHHKOB Ha BCEM OTPe3Ke eCTb
Benuunna O (h*),
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B sTOoM cayuyae ropopaT, uTo KBajApaTypHas QopMyna umeer 4ro-
poil nopadox TOUHOCTU.

Jameuvapue Boamoxum GOpMYAH NPAMOYLONLHHKOE H OPH HHOM pacHg-
AOHEHRH Y3N08, Hanpumep Takne GopMyabL:

b N b N
Srwar= Do), [rwdam 3 aiw.
a i=1 a i=1

O,ﬂ.HaIKO H3-233 HapyeHda CHMMETPHH MOrpeWHOCTE TAKHX q}OpMyJ‘I ABNASTCH Be/R-
annofi O (k).

3. ®opmyna Tpaneunii. Ha yacTiiunom orpeske sara dopMmyna ume-
eT BUlL

[+
2

S fodx = h (10)

Fial
H 0OAYY4ETCH MYTEM 3aMeHbl NOABIHTerpantHoi GYHKUHH f(x) HHTep-
ROJMALHOHHBIM MHOFQUJAEHOM HePBOH CTEMEHH, NOCTPOSHHBIM IO Y3JaM
Xi—y, X5, T. €. hyHKUMNEH

Lac () = - (0= xe) (2 — (6 — %) (o).

Jlna oleHKH NMOTPEWHOCTH AOCTATOUHO BCMOMHHTH (cm, m. 1 § 2
ra. 3), uto

(x— f_}{ _J‘f) o
f) — Luc) = —— 2= G ().
OTcrona noayuHM
v { fay— L E I g
x;-]. )
¢ Fr—x) —x)
= [ (@ —Lumdr= | " G0
-1 Xi1
H, CJIeA0BATENbHO,
M, A
[h:] < —7 (mn

QOuenka (11) HeyayuwiaeMa, Tak KaK B Hell AOCTHTAeTCsl paBeHCT-
BO, nanpumep, ana f(x) = (x—x,)%
Cocrasnas gopmyara Tpaneyuii AMeer BHA

b N
Frepas 31001000

=1
=h{0,5f,+fi+ ... +fv-+05fx), (12)
rae fi=f(x),i=0,1,..., N, iN=b—a.
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Horpemnocts 31Ol GOPMYJIN OUeHHBaETCst CHeAYIOIAM ¢0pasom:

h3 (b — a) "
i< 7 M 2 xren[?z),{b]” @1

Taknm o6pasom, Gopmyaa Tpaneunsi HMeeT, Tak xe Kak 0 hopmy-
2 NPAMOYTOAbHHKOB, BTOPOH MOPAAOK TOUHOCTH, ¥ = O (A%}, HO ee no-
TPeWIHOCTD OUEHHBAETCA BEJHUHHOHR B ABA pasa Goiabiueil (cM. (9)).

4. ®opmyna CumncoHa. [Ipr anmpokcumaunn unterpana (4) saume-
HuM dyuxunio f(x) napaGoaof, npoxonameii yepes Toukn (x, (X)),
J=i—1,i—05, i, 1. e, npeACTaBHM NPHOMHIKEHHO f(x)} B BHAE

Fley=L, (%), xelx, x],

rae L,,(x) — unrepnosaunonnbiit MHorouwten Jlarpamxa BTOpOH CTe-
neHH,

L) = oo (6= i) (v — ) firs —

— 20— X)) (¢ — X ooy, F (2 —x) (0 —xig} i} (18)
[lposons unTerpuposauue, nomyunm

j’. Lyi{x)dx= —2— (fr + 4y +f), h=xi—xe,.

Fim1

Takum 06pasoM, NpHXOMM K DPHGAHKEHHOMY PaBeHCTBY

{ Ferdra 2 (a4 + 1, (14)

Xi—1

KOTOpOe HasniBaeTcA gopuyrod Cumncona wau ¢opmyroit napatdoa.
Ha scem otpeske [a, 6] dopmyna CHMNCOHA HMeeT BUa

b N
jf(x)dxzé%(f.-.1+4fr-y,+fa)=

h
=sthtivt2i+i+ . +d+H4E Tt o )]
HTo6b He HCnOJB30BATE APOGHBIX MHAGKCOR, MOXHO 0G03HAYNTE
xi=a+0,5hi, f=f(x}, i=0,1,...,2N, AN=b—aq
H 3anicath popmyny CuMmncoHa B BHOE

b
Sf(x)dx::

2 lioH fn F et fut o o) +

+4fi+ 4+ ..+ )] (15)

[Tpexne yem NMePeXOANTh K OLEHKE [IOTPELIHOCTH dopmuyan (14),
3aMETHM, 470 OHA ABAfAETCA TOYHOH AAA JIO60T0 MHOTOYJNEHA TpeThed
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CTCMEHH, T. €. HMEET MeCTO TOUYHOE PABEHCTRO
*; n
§ P de=— (e + 4+ 1,
Xi~g
ecan f(x)=a,+ax+ax*tax’, Do yreepKieHHe HETPYLHO TpoBe-
PHTE HEQOCPEACTBRHHO, YTO U NPeACCTABMACTCH CAENATE YUTATEIIO.
Jnan ouexkn norpewrnocts Gopmyast CHMOCOHA BOCNOAB3yeMcs

HHTEePNOMALUNOHHKIM MHOroujledoM Ipmuta. [loctponM MHorousen
Tpetbell cTenenn H,(x) Tako#, yto

Hy(xm)=F (%), Hyloy) =f(xioy),

Hy(iy=F (xiyy),  Hzlx}=f(x).
M3 § 3 ra. 3 u3BecTHO, YTO TakOH MHOTOWIEH CYIUECTEYET H eAMHCTREH.
Ou nocTpoen B ABHOM BHAE B npuMepe u3 m. 2 § 3 ra, 3. OxHako HaM

Baye He noTpedyerca ABHH{ BUA MHorowlena H,(x}. Benomunas, uyro

topmyaa CumncoHa TOMHA A JMHOGOTO MHOTOYNEHA TPeTbeil CTemeHH,
NOJYYHM

§ Hs0) e B () + 48 (r0g) + H, () =
¥
=5 Uty 1. (16)
ITpeacrasam Teneps f(x) 8 suge
f()y =H(x) +rx), xelx,x), (17)

Tde ri(¥) — NOrpewiHOCT, MHTEPNOJHDOBAHMA MHOTOUJAEHOM OSPMHTA
H,(x). Unterpupys (17) 0 yuntipan {16), noayyum

\ 1@ di— s+ Myt B = | rtode. (8)
Coraacuo (14) u3 § 3 ra. 3 umeeMm
V) .
ri (%) =——— (x — x) (x — %) (6 — x1-1),

24

nostromy u3 (18) mas norpewnoctH ; Gopmyar {(14) woaysaem
OLEHKY

Xi

M. .
lee <L j" (% — X} (X — Xey)? (x — x20) dx,

¥l
Yy
e M,, = sup |f (0]
r={xy_y.%7]
Briuncasis HHTErpasd, NPRXOLHM OKOHYATEALHO K OleHKe
Ko
Ilpflm‘(..%Ma.f- (19)

166



[Torpemrnocers cocrasnoft dopmyant Cumncona (15) oumennsaercs
TaK:
h(h—a) v
Yl ——— M, hWN=b—a, M= su x)|.
Vs M R g% 7l

Orcionz BHANO, 9TO GopMyaa CHMHCOHA CYIECTBEHHO TOYHEe, ueM
$hopMyan npaMoyrofiehukos U Tpaneunil, Ha yacTnynom oTpeske oHa
HMeeT ToyHOCTE O(A'}, a Ha BceM oTpeske — O (h%).

[Tpupepen BeiBOA dopmynst CHMOCONA, OCHOBRHHMIT HA MeTOAE IKCTPAMONALHH.
Merod sectpanoasyuu cocTOHT B caeaytoitem. [IpoBeneM aBa pacdera no opmyae
Tpaneuuit (12), neppHil pacyeT ¢ WAroM fi, KOTA2 BHMECAACTCR CYMMa

N
fot Fi '
!"‘=§!_2—1"" i=Fx),  x=atih,
h= (b—a)}/N,

H BTOPOil pacueT — ¢ warom 0,5h, KoTda BLIMHCRACTCA cymma

N
Fiog =+ fic ff_-,+fs h

i=] = 9
N
h
= G+ 2y 1) e fry =15 —0.5h).
i=1

Hemoawaya pasnoxenne no dopmyne Tedaopa, MOKEO nOKasaTk, 9T0 AAf A0«
CTATOMHO AaAKOH GYHKUKE f(x) CnpaBeANHBO PABEHCTBO

In=1+cih2+ O (R),

rie /—ncxoannii uaterpad (1) ® ¢y — moctonHHad, He sasacAuan or A Touno
TaK we

B2
In=1+a (5] 0.
Ortclona noayynm, ute
1 3
Iye— 7 ln="p I+ 00,

T. €, BHPaKeHne
4 !
Iy= E’m—'g iy

COBRalaer ¢ HHTerpasoM J ¢ TOUROCTRIO NG BenHuHE O (A').
B nanioM mpumepe He ofasatesbHo NMPOBOAHTL PacueT Ha ABYX CeTKAX, 1aK KaK
MONIIO MOCTPOHTL RBHOE BHPAKEHHe AAs cyMMul Jp. HeficTBaTeNbHO,

3 Nt fi
“fl{z_!h= 2,1 (f£—1+2ff-y,+f;)h—' 2 —‘—E—

i=1 i=]

h:

=§ fia t 4t b,
2

i=1
N
f= S i +4,2_.,,+f,- N
i=1

Tawuam 06pasoM, CHOBA IOAYHHM KBAZPATYPHYWO opMyny CHmMncoda.
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5. AmOcTepuOpHas OUEHKA NOrpemHoCcTH metoaom Pynre. Astoma-
THYECKRI BLIGOP Wara HHTErpHpOBaHHA. Benuuuna norpemnoctu whe-
JI€HHOTQ HHTErPUPOBANNA 3ABUCHT KaK OT ILAra CeTKH /1, TAK H OT Iaal-
KOCTH ToARHTerpafbuoli ¢yukuun f(x). Hanpumep, B ouenxy (11),
Hapany ¢ /i, BXOLUT BENHYHHA

Myg= _max |f" ()},
*=Leg el

KOTOPafA MOXET CHAbHO MeHATbCA OT TOUKH K TO4Ke #, BOOGLIe roBopA,
zapadee HeH3BeCTHA. Ecau BeAHUNHA MOTPEIIHOCTH BEJHKA, TO €€ MOX-
HO YMEHbUWHTL MYTeM H3MeabuyeHHA CETKM HA JaHHOM oTpedke [y,
x;|. [as 3TOro npexcie Bcero Hagd yMeTh ANOCTEPHOPHO, T. €. NMOCJe
NPOBEACHHS PacyeTa, OUEHUBATHL HOTPENIHOCTD,

ANOCTEPHOPHYIO OUEHKY HOTPELHOCTH MOMKHO OCYUIECTBATH METO-
dom Pyree, KOTOPHI Mbl OACHUM CHAYAJA HA NPUMePe GOPMYIL Tpa-
nenuii. [lycte otpesok [a, ] pastuT Ha wacTHuHLIe OTpesKH [Xi_,, %],
i=1,2, ..., N, x,=0a, xy=>0, umerowne, Moxer GbITh, PAa3HYI LJHHY
hi=x—x,-,. Ha kaxnom uacruunoM oTpeske npumenserca ¢popmyna
Tpanewuit

! h.,; = f.r;_.’.

“ Fi o+ Fo
li= j" fdr =Tl

¥
Coraacuo (11) umeem

L — 1y~ ol (20)

rde KOHCT2HT& ; 3aBHCHT OT TJAaJKOCTE f{x)} W 3apaHee HEH3BeCTHa,
Hswmenbunm na oTpeske [xi_,, x;] ceTky B ABa pasa H MOBTOPUM pacueT
¢ waroM 0,57, T. e, BHIUHCAHM CYMMY

h
Toppi=(frer + 2Fiy, + ) T:- .

Toraa coraacuo (20) 6yaem uMethb
hy\3
Li— 1l =g (?) . 20y

Ha coorromennii (20}, (21) MOKHO UCKMIOYHTH KOHCTAHTY ¢ H NO-
AYUITE OLlE',HKy l'lOI‘peU.I.’HOCTH, KoTapad COAEpPAHT AHINL HIBECTHLIE Bé-
ARYUHE [, 4, [

8
li—lae= 7(&,’2.5 —In,i)s
1 1
fi—Thpi= ) (i— o) = ?Uhfe.f—" Inih
Pasymeerca, Meton PyHre MOXHO NPHMEHATh W AAS OUEHKH no-
FPelHOCTH APYrHX KBaapaTypHeix dopmys. Ilyere kaxasn-to kBampa-
TYpHAs QOpMy/la HMeeT Ha YACTHYHOM OTPe3Ke NOPSIOK TOYHOCTH m,
T. €, {l'_lh.i%cihim- TO]"}Ia
hf m
Li— Ty iz (-—;-) ,
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OTKYAa MOAYYHM
Ii— 1= 2" (i — I, (22)

Iipy ;=1
Ii— Ty e 22T 0L (23)
2% —1
B03MOXHOCTL anoCTePHOPHO OLEHUBATL NOTPEUIHOCTL MNO3BOIRET
BLIYHCAATE HHTerpas (1) ¢ 3aganHoil TowHocThIO £>0 nyTeM aBToMa-
THYECKOTQ BRIGOpa Wwara MHTerpHpoBaHust A, IlycTe Hcmoab3yeTcs co-
CTaBHAA KBaapatypnas GopMyna

N
fa=lh= 3 I

=1

rae /,,— KBaApaTypHas CyMMa Ha YacTHUHOM OTpe3Ke, npHueM Ha
KaM/l0M 4aCTHYHOM QTpE3Ke HCMOAB3YETCA OJHA H Ta JKe KBaApaTyp-
Has ¢opMysa (Hanpumep, popmyna Tpaneunit, CHMucona u ap.}). Ipo-
Belem Ha KaXKAOM 4ACTHYHOM OoTpeske [x.—,, x;] BCe BHIYHCACHHS ABANK-
AR, OOHH PAa3—c IIATOM f;, U BTOPOH pa3 —¢ maroM 0,5%; u olenum
norpewHocTs O NpaBuay Pynre (23).

Ecnu ans 3apausore >0 6yayT BHOOAHATLCS HepapeHCTBA

[ pya0~ 4a.z] ehy
“;'—-fh;e,ﬂ?-“: om | =TT 4

i=1,2, ..., N, (24

TO NONYYHM

N
| T —fnp | << bia 2 hi=¢,
{=1
T. €, OyAeT AOCTHTHYTA 3a]aHHAst TOYHOCTE €.

Ecau e Ha KaKOM-TO H3 UacTHYHBIX OTPE3KOB OUeHKa (24) He oy-
DeT BHMNONHATHCA, TO WIAT HA 3TOM OTPE3Ke HAJ0 H3MEALYHTS elle E NBA
Paza u CHOBa OUEHHTE MOTPewHocTh. HaMenbhuenue ceTkH Ha 1aHHOM
OTpé3Ke CaeAyeT NMPOBOAMTHL AO TEX NOP, NMOKa He OyAeT AOCTHTHYTa
OlleKKa BHAa (24}, 3aMeTHM, 4TO AAA HEKOTOPHX hyHKuHA (1) Takoe
H3MeJbYeHHe MOXKeT NPOAOANKATECH CJAHWIKOM A0are. [ToaToMy B c0OT-
BETCTBYIOIUCH NPOTPaMMe cieldyeT NpeaycMOTPeTb OTpaHHYEHHE CBep-
Xy Ha YHMCJIO H3MeAbYEeHHH, a TaKXe BO3MOMNHOCTb YBEJIHUEHHA &.

Taknm o6pasom, aBTOMaTHYECKHH BHGOp WAra HHTErPHPOBAHHS
OPHBOAAT K TOMY, UTO HHTeTPHPOBAHHE BeMETCH ¢ KPYNHMM IIATOM Ha
y4acTKax NJAaBHOrO M3MEHeHHs (QyBKUWH f(X) # ¢ MEJKHM MaroM —
Ha yuacTkax OBICTPOTO HBMEHeHHA f({x). DTO MO3BOJSET NPH 33aAAHHOM
TOYHOCTH & YMEHBUWHTH KOAHYECTBO BBIUHC/AeHHA 3HauenHii [{x) no
CPaBHEHHIO ¢ PacyeTOM Ha CeTKe C MOCTOAHHMLIM wraroM, Ileauepkuem,
UTO RS HAXOMACHHA cyMM [h., He HANO NepecuuTHBATH 3HAUEHHS
f(x) BO Bcex yanax, AOCTATOYHO BBIMHCAATD f(x) TOABKO B HOBBIX y3Jax.

6. Jxcrpanonauns Puuapacoua. Cnoco6 MOBLILEHHA TOUHOCTH
KBagpaTypHol GopMyar!, paccMOTpPeHHHt B KOHLEe 0, 4, MOXHO 0606-
UWIHTH HA CAYYafl MHOTOKPaTHOrO H3MeAbUeHHs CeTKH.
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[TpeanofoXaM, 4To ANA BBUHCAEHHA HHTerpaka (1) orpesok {a,
b] pasGut Ka N paBHBIX OTPe3KOB AAMHM k= (b—a)/N n Ha kaxjom
YACTHUHOM OTPe3Ke NpPHMeHsieTcd OAHA H Ta Ke KBajipaTyphas dop-
Myaa. Torga nexoarwsiit mHTerpan [ 3aMensieTca HeKoTopoil KBaapaTyp-
HOft cymMmolt [,, NpHueM BO3HHKZIOWASA MOrpewHocTy 3aBUCHT OT 1WATa
ceTkH h. Ina HekOTOpHIX KBAAPATYPHEIX GOPMYN YAaeTcd ROJNYHHTH
paznoxente norpemsoctd f,—I no crenenam k. IlpeAnosomHM, 4TO
ISl JAHHONH KBAADPATYPHON CYMMH [, CYLLecTByeT pasjoxeHne

Lo I 4+ af® 4 ah™ 4 ... +a ™ +0(R™, (25)

rie 0<a, <o <. . < Un<Cmis W KOIPPHUHEHTH @ He 33BHCAT OT A,
[ToadepkHeM, uTO NoJydeHHe NOAOOHHX PA3NOXeHHH ABASeTCR TPyA-
HoOfi 3apaueil aKANH3a H 3lLech He paccMATpHBaeTcA. SIBHBIA BHA Koad-
OHUHEHTOB @, HaM He NoTpefyeTcd, OJRAKO BeAHYMHHB o; MpeanoJsara-
IOTCSt H3BECTHEIMH.

BoiuncauM npnGaHKeHHO 3HaueHWe WHTerpaja / no Janxod Ksan-
paTtypuoll GopMyde Ha NOCAEA0BATEJBHOCTH CETOK ¢ IHaraMu h,=Ah,
he, hey oo, b 04 onpepenesnocTH Gyfem Npeanofarath, 470 CETKA
M3MeJIbYAeTCs N0 FeOMETPHYECKON HpOrpeccHH, T. e. A,=g', k=0,

1, ..., m rie g=(0, 1). Buuucasna KBaapaTypayio cyMMmy [, IpH pas-
JHYHBIX 3HAUCHHSIX A, MOAYUHM BEHUHHM [n, k=0, 1, ..., m npHyeMm
coraacuo (25) 6yneMm HMeThb

Tog=1I - @ 4 a4 ... + aults* 4+ 0 (1™, (26)

Coosnauum =], Iﬂ; = [y,. Hckaiogas KospUUHERT &, H3 COOT-
HOIIeHUH

g =1+ a4 0 (h32),
g =1+ahd+ 00,

NOAYUHM
I=1I5)  + 0, 27
riae 0603HaueHO
s 28
-1
ﬁ’?’:— = ﬂ‘i}—l + 1 — qch . ( }

Mo dopmynam (28) MOmHO BhYHCAHTE Benunusl I, k=0, 1, ...

..., m—1. Cornacho (27}, onu gatwr GoJiee TOTHOE, HEM lf,‘,:, npudau-
MeHHe K uaTerpany /. 3ToT npoliecc NOBLILIEHHST TOYHOCTH MOXHO Npo-
NOMKHTh, BBIUNHC/AAH BEAHUHHBL I},’z ¢ MOMGUIBK PEKYPPEHTHBX COOTHO-
meHni

Uy __ gD

gy L he hen
-’ﬁ:{kﬂ=]hb-1 T l——qa!-’ (29)

j=1,2...,m E=1,2, ..., m—j+1,
I}:z:!hki k=0) li"‘lm'
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Jdeumma L [Tycre daa xeadparyproit cymmoi I, cnpasedauso pas-
A0xcerue (25) u ceTka usmesbuaercs no npasusy hy=g*h, k=0, 1, ...

<, m. Tozda dan seaunun 1};2_1, onpedeaennnstx cozaacno (29), cnpa-
8e0AUBbL PA3AOHEHUR

=1+ b0 - b L 60RO
=12 om k=1,2 ..., m—j1, (30)

¥

ede Kosgppuyuento p ne sasucar or cerxu.
Hokasarennctso, IlpoegeM ero MBAYKuMed mo j. Tlpn j=1

pasencTBo (30) srinoanstercs ¢ b =a; cormacho (25). TMpexnoaoxuy,
470 paBeHcTBO (30) BEIMOAuAeTCA NPH j={ M AOKAXKeM, YTO OHO BH-
noAHdercs npu j={-1,

Himeem

m
I =1+ 3 bkl 40w,
f=={
_ (31)
!Lf;}z =] + 2 bg)h:i + o(h;‘.-m-l)
i=i
H, caAeioBaTeNbHO,
n

Iig— 1 = S0P (o= il 4 O (res™).

i=l

Alanee, NOACTABAAR NOAYYEHHYIo Pa3HOcTe B (29) upu j=I! n yuH-
ThiBaa (31), noayunm

i=t

BN =1+ 36 + 7'—0,; S8 (e’ — k) 40 (),
—q

1 __ o 0% | g — g % iy
Iy =14+ 3 b hes ——— | T Oea™).
=l l—g
Otciora nonyuaem
rit
o o,
fh =T+ S o + 0 (mn™,

i=l+1

T. e. parencro (30) Brnoanserca ¢ j=1I{+41, npuyem

‘ g
=t T8¢ il ..., m
l—q’

Jlemma | goxasaua.
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Ha nemMbl caefyer, uTo CyMMEr IL’; COBIAZAIOT ¢ HHTerpajom [

¢ TOYHOCTBK A0 BEJIHMHH O(hm"), T. €. MOPAACK TOUHOCTH NOBHIIAGTCH
10 CPABHEHUIO ¢ HCXOAHON dopMyJioli B ayfrz, pas.

H3nokenHblit MeToA NOBBILEHHS TOUYHOCTH HA3BIBAGTCS MeTOdOM
axcrpanoasyty Puwapdcona. Ero MOMHO NPUMEHATH He TOMABKO K
KBAJPaTYPHLIM (QOPMYJAaM, HO H K CAMBIM PA3JHYHLIM CETOMHBIM (FYHK-
UHAM, eClIH TOMbLKC ANA HUX CYMIECTBYIOT aCHMOTOTHUECKHE Pas3soxe-
HHf no crenenam i [loapoGHoe u3iomenHe METOAA HKCTPANOAALHHE MO
Puuapacony cogepxutcs B kuure [23]. [IpuMenntesnvHo K ¢opmyne
TpaneyHi A4HHBIAI MeTOf HasbBaeTcA merodom Pombepea. CylecTBy-
0T CTAHAAPTHHE NPOrpaMMbl BEIMHCHEHHN ONPefeJeHHBX HHTerpasioB
Mmetoaom PomGepra. [Ipumep, npuBeaeHnblfi B Kouue M. 4, ABJseTCA
YACTHRIM CHyyaem Meroga (29), korda f,— KpaapaTypHas cyMMma, CO-
OTBETCTBYIOWAA MeTOAy Tpaneunit, m=1, ¢=0,5,

OrMeTuM ellte, 4T0 LA HOPMYABl Tpaneuui

N

I=Iv= 05+ )b, Fi=][(x),

i=1

pasnoxenue (25) nmeer BHA

b
= [Fde+ 24 O — ' @) — 70 (" O — " @) +

+ = (O~ [T @ + ... +eh” (VO — 7 @0 ().
(32)

3necs KO3POHUHEHTH €, COBNAJANT ¢ KO3QOHUHEHTAMA Pa3NOKEHHA
GYHKUHH

S

G {h) = — e

r«l::-

B prg Teitaopa:
Ghy=14ch*+oht4. . .+l +. ..

Hoxrasatennctso popMyant (32), Haswibaemoit ¢opuyrod iaepa,
MOXKHO HafiTH, HanpuMmep, B (2, c. 165].
§ 2. KpaaparypHsie GopMYJBI HHTEPNOJALHOHHOrO THOA

1. Buson gopmyn. Bysem pacemaTpuBath GopMmyiabl npuGIHKEHHO-
£O BBIYHCAeHHS HHTErpasaon

b
{o()f@ dx, 0]

rde p(x)>0—3ananHaa HHTerpHpyeMas (yHKHHA (TaKk Ha3piBaeMas
Becosas QyHKUHA) H f{x} — pocTtaTouHo raagkan ¢yHkuns, Paccma-
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TpHBaeMbie gasee GOPMYJIBl HMEWT BHJ

b n

(o fde= 3 af (%), 2
@ k=ao

rae x,={a, &] v ¢,—uucaa, k=0, 1, ..., n.

B orauune or npeamayuero naparpacda, He Gyfiem pasGusaTe OT-
pe3ok [a, b] Ha uacTHUHble OTPE3KY, @ NOMYUHUM KBa/ApPaTypHbie PopMy-
Jbl OyTeM 3aMeHBl [{X) HHTePNONANMOHHBIM MHOIOYJEHKOM Cpasy Ha
BceM otpeske [a, &]. INoayuennbie Takum o6pasoM OpMYyJh Ha3biBa-
I0TCH K8AOPATYPHOIML POPMYAAMY UHTEPROAALUORKOZ0 Tuna. Kaxk npa-
BHJ/I0, TOYHOCThL 3THX (OPMYA BO3PACTAET ¢ YBEJHYCHUEM UHCIA Y3JI0B
"HTepnoauposanun, PacemoTpesible B § | GOpPMYab NPAMOYroJbHH-
KOB, Tpanenuit ¥ CHMNCOHa ABASIOTCS YACTHBHIMH CAYYasMH KBajpa-
TYPHBEIX (POPMYJI HHTEPNOMALHONHOrC THNa, Korfa n="0, I, 2, p(x)=1.

OJIYUHM BbIDaMeHnus AJA KO3PPUUHEHTOB KBAXAPATYPHEX dopMyd
UHTepnoJsiuHoRHoOro THiA. [1ycTe Ha oTpe3ke [a, b] 3anaHsl Y3abl HH-
Tepnoanposanun x,, k=0, 1, ..., n. [Ipeanosaraetcd, uto cpean 3THX
¥3A0B HeT COBNAafalIUNX, B OCTAALHOM OHM MOCYT GhITh PACAQAOMEHBL
Kak yroguo Ha [a, b).

3amenan s unrerpase (1) gpyuxuuio f(x) HHTEPNOAAUHOHHBIM MHO-
rowleHoM Jlarpanxa

L) =3 20— f ), &)

g X X} & (Xp)
rae

=T] x—x7), o () =T] (xe—xy),
f=0 [k
HOJAYYHM npuﬁnun—:euﬂym ¢dopmyny (2), rae

={_—t&e 4  p—o1,...n (4)
(x

— ) @ (xy)

Takum oﬁpasom, dopmyasa (2) aearerca keadparyproli Popmyrot
UATEPROARYUORAROZD TURG To20a U TOALKO To2da, Ko2da ee KoIGduyu-
CHTBL BLILUCARIOTCR RO npasusy (4),

TMpusezes npumep KeafpaTypHoil GopMyas, He uBAmiowedcd ¢opmysofl HH-
TEPIONAR LHOHHOTO THIIA. PaccMOTPHM HHTETpAn

1
$reoax ©)
1]

¥ BHfepeM B KayecTee Y308 ToukH Xo=0, x;=0,3, ra==1,
Ksagpatypuas dopMyna HHTEPNOAAUHOHHOTO THMA, NQCTPQEHHAA NO 3aJaHHEM
yanaM, coBnagaer ¢ gopmynod Camncona

1
Sf(x) dx = é (F () + 4/ (0,5) + 7 (In. (6)
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Samennu Tenepe B (5) dyHruHio f(x) MrorowsenoM Q(r} HANAYULWEre cpedmes
KBajpaTHytoro npHGAHKenHa nepsofi cremenn. Corgacro (I18) ma § 5 ro 3 stor
MHODOY/JEH RMEeT BHJ

@ {x) = (f (1) — F{0)) (x —0.,5) +%(f (0 4 F (0.5 - F {1}).

Otciofa NpHXOAHM K KBAAPATYPHOA Qapuyte

{roacs T @+r109+rm, @

#e coBnafatomel ¢ (6).

2. Quenka morpewHoctTi. [ToAyyuM BHpaKeHHe NS NOTPeUIHOCTR
KBaAPaTypPHO# $OPMYJIbl HHTEPNONTUHOHHOTO THNA, T1peacTaRuM PyHK-

uuio f(x) B BHAE
f(x) =Lo(x) + s (x),

rae L,(x) — HHTEpPNOJASUHOHHBIA MHOTOUNeH AAA f(x), nocTpoenusft no
¥YalnaM Xg, Xy, ..., Xp H Fasq (X¥) — DOTPELIROCTE HHTEPMOAHPOBaHHH, ToOr-
13 NoJy4HM

5

b b
VoW fmdr= oL, dx+ [pir,, dr=
& a a

= 2 of (2} + X o (x) 7y, (x}dx,

k=0

Takum 06pasoM, MOTPEIHOCTE Yu+¢ KBaApaTypHOR dopmyns (2),
{4) paBHa

b
Yoy = S 0 (X) rn (X) dx, (8)

TAE 7eyy (X} — NOTPEUIHOCTD HHTEPMONHPOBAHHA,
BcnoManas BHpaXeRHe AN NOTPElIHOCTH HHTEPNOJHPOBAHHA (CM.
(3) u3§ 2rn. 3)
(+1) X
Fan (%)== "—'-"f (§{ ))' w (x),
(n+ 1)l

nosiyyaem

¢ o g
Y == (-“‘+ i)t j’p(x)m(x}f ¢} dx. ( )

OTciofia IpHXOAHM K cTeAyiotlel OLeHKe NOrpellHOCcTH KBaApaTyp-
HOft GOPMYJIBI HHTEPHOAANHOHHOrO THIA:

Yol < o jp(xnm(x)lax (10)

+ 1)1

rae Ma, = max | £ (x)|. Uz dopmyan (10) mrauo, yTo cnpasen-
<[a,b]
AWBO creAyiomee yTREPKACHNE.
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Kaadparyprasa gpopmyaa UNTEPROAAYUOKKOZO THNA, NOCTPOCHHAR
1o n+ 1 Y3y Xo, X, . . ., Xn, ABARETCA TOUHOHE AR 4106020 MHOCOUAEHT
crenenu n, T. e. ecal [(X) — MHO204ACH CTenedu n i &, — koddpuyuen-
Tol, suleUCACHHbe coeaacHo (4), TO umeeT MecTo TOUHOe PUEEeHITEO
b n
(o[ (dx=3 ef (v). (1
i

R=()

CnpaeeaauBo H 06paTHOE YTBEPKACHHE.
Teopema 1. Ecau xkeadparypras gopmyra

b n
fomf@dr=3 dif (x) (12)

TOUna 43 406020 MHORONACHA CTENEHU 1, TO OHA ReafeTCcA Keadpa-
TYPROL HOPMYA0L UNTEPROARYUORKO2D TURA.
JoxasaTeabcTro. JJOCTATOYHO MOKa3aTh, 4YTO d,=0y, TAE &y

onpenenens coraacho (4), k=0, 1, ..., n. PacCMOTpHM MHOrouJeHHl
® (x)
= k=0, l,...,n
Pz (%) P

HMeWHe CTeNeHE #, H BRIYHCIANM HHTErpaanl
.3
Iy = g 0 (%) s (x) dx.

[To yenopH TeOpeMEl cNpaBeL/IHBEL TOUHBIE PABEHCTBA

fr= 2 d;(pk (.N.';).
=0
fTockoabky
0, k==l

X;) ==
Pr (x1) [ 1, b=,
noayuaeMm I,=d,, k=0,1,..., 1

C Apyroit CTOPOHDI, COrJMacHo (4) HMeeM

b
— 1 €
fe = ‘SP ) (x —x) @' (xp) G-

Takum obpasoM, d,=cy, k=0, 1, ..., n, 4T0 K TpeboBaNOCE.

3. Cummerpuadbie GopMyan. JlIs HeKOTOPHX KBAADATYPHEIX $HOp-
Mya oueHka norpeittaoctn (10} apagerca rpyGoil, TaK KaK OHA He YUH-
ThIBA&T CHMMETPHH (JOPMYJIL.

Pacemorpus, HanpuMep, popmyay CaMncona

{I@dem o (=D +4 O+ M) (13
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Anst GyHKUHE f(x)=x". B panuoM cyuae HMeem n=2, fe*rt (x) =6
NO3TOMY corJIacHo (9) mOrpewlHocTs MOXHO NPeACTABHTL B BHAS

]

1

¥, =S o (x) dx,

-1

rie @ (x) =x(x*—1). Baaroaaps cum MeTPHIHOMY PACTIOJIOKEHHIO Y3JI0B
HMeeM g, =0. B 10 ke BpeMs npanras uacTb HeparencTsa (10), paBHad

2 |
5|m(x)]dx=?,

oTAnyHa oT HyAA. Takum o6pasom, ouenka (10) He ApaseTes TouHofi
Aas popMyasl CHMNCOHA,
Keaapatypras dopmyaa (2) masuipaeTcs cummerpuynod, ecan
1} n uyetHo;
2) ysaul pacnoJoXeHb CHMMETPHYHO OTHOCHTEABHO cepelNHBl QT-
peska [a, b], T. e
a4 b a

5 Y= Xpp— S k=01, ..., n2, (14)

3) a=Cr-ny k=0, 1,..., n/2. (15)

Ceofictso (15) kosdpHUMeHTOB KBaApaTypHoH ¢OpMY.rHl ompene-
JACTCH HE TONDKO CHMMETPHYHLIM PaclONIONKEHHEM Y3JI0B, HO H CHM-

MeTpHell BecoBolt ynkuun p(x). Foopsr, 4to p(x) — veTHas dbyHRURA
OTHOCHTEALHO CepefiuHLl OTpesKa [a, b], ecan

p(“:b+x)=p(“jb—x) (16)
Ans Beex x<(0, (b—a)/2].

Jlemma 1. Ecau ¢, onpedeaens cozancho (4) u n uerno, o coor-
howerusn (15) aeasrorca caedcreuen ycaoeud (14), (16).

Hokazarenwcrsno. Mokamen CHayana, uTo
il

o =T] x—=x (17

k=0
ABNACTCA HEYeTHOH PYHKUHeR OTHOCHTeARHO TOYKH
Tnpp={a+b)/2

Hueem
nfg=1
O ()= (r—x,0) (] (x— 1) (x—2x, ),
k=0
OTKYZa, YUHTHBAg Yeaoers {14}, nonyaum
nfa-1
e =(xr—x,,) T} [(r— 2, P — (0 — x,)%). (18}
k=o
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ChenopaTteibho, mpH Ambom ¢
nfz—1
@+ =1 1] 12—~ (XX, = — @ (x,,, 1),
k=0
T. €. PYHKURA @ (%) HeYeTRA OTHOCHTENBHO TOYKH Xajz.

Ha dopuyam (18) CAEAYET TAKKeE, YTO (k) — 9eTHAdA (PYHKUAA OTHOCHTEAbHG
TOUKH X s3, NO3TOMY

@ (Xn=r) =0 (x3}. {19
Paccmorpam Tenepe pasnocts

b
%= Gk =} 0 (D0 () p(x) d, (20)

rie

1 |
(x—x) @ (x) x—x,_ ) o (x,_s) :
Yuutetnas (19) sngnm, uto

B {x) =

Fop— Xy g 1 X — %pp
o (k) (x— xp) (x — X p) o (%) [(x —-fn,'g)?'— ('rn]g_" x.) )

OTHYAA C/ledyeT UeTHOCTL [ (X) OTHOCHTENLHO TOYKR X2
Taxnm ofipasom, NOALIHTEPrANbHAR yRKUBA B (2() BeyeTHA OTHOCHTEIBHO cepe-
AHHEL oTpeska [a, b, u, creposatenkHo, HATErpan paeed Hy 0. JleMmMa | zokasana.

b () =

HOI{a)KEM Teneph, 4TO HaAHule CHMMETDHH [OBHIHaeT TOUHOCTE
KBazpaTypHbix GopMynr. Cnpaseanusa
eopema 2 flycre p(x) — wernas PYRKUUA OTHOCUTEALHO TOSKY
(@a+b)/2 u nycro soinoanens yeaosusn (14), e0e n— wernoe wucao.
Toeda, ecau xsadparypaas POpMYLA UHTEPROAALUOKHOZO TunA (2)
TOURG Qg A06020 MHOZOYAEHA CTeneny 1, TO OHA TOUKA t 048 A0B020
MRO20UACHA cTeneny R+ |,

fMoxasartearncrao. HocraTogno nokasars, yTo dopMyna Touns
Adf MHOTOYNeHa
[} = (x—x.2)™, 2o =05(a+5).
IMockoneky

L]
{0090 — 50" dx = 0

BCICACTBHE HEYETHOCTH NOABHTErpadLHOR GYHKUHR, HeoGX0AHMO RO-
Ka3aTkb, 4To
n

In='- Z r:kf(xk)=0.

Pam
Npeacrasum I, B Buge cymmur /& - 1P pre
niz—
2'} — 2 Ch (xk‘—xnfz)nﬂg
k=g
n
Y= 2 Cr (Xp — X)),
R=n/2+1
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U3 ycnosnit (14) noaydnm

"
Lﬂ = 2 Cp (Xnp2 — xn—k)nﬂ
k=nf1+l
HAH
nfi-1 nfz-1
i & — Z Cn—tf (xnia — xl)r”l =— E Cr—pe (xk _ xn{s)nﬂo
{=0 #=0

{Tocnieanee papeHCTBO CNPABEMNHEQ B CHIY TOTO, ¥TO 2 — HETHOR HKCO.
Takum o6pasom, NoayYaeM

nfe—1
Ih= I.(ml) + IE} = 2 (ce— Crt) (Xp — xm’a)nﬂ-
k=0
Coraacho neMMe 1 aMeeM C,=Ca_p k=0, 1, ..., #2—], T. e 1.=0,

4TO M 3aBepLIAET JO0KA3aTENLCTBO TEOPEMEL 2.

4. ®opmyam Hbrorona — Koreca. Hncnensas YCTOHYHBOCTD KBA-
apatyprbix qopmyn. Popmyaamu Hewrona — Korteca HasuBaroTCa
KBaapaTypHble (GOPMYJIbl WHTEPMOJSIHOHHOTO THNA, MOCTPOEHHBIE HA
PABHOMEPHOH CETKE, KOraa Xp—Xa—=h, k=1,2,..., 1.

PasnnualoT aga THna ¢opmys Hiutorona — Koreca: GopMyasl 3aMK-
HyTOro THRA H (OPMYy/bl OTKPHITOrO THIIA. B ¢opmyaax 3aMKHYTOZO
THNG X,=@ H X,=b, a B OpuyAax OTKPsTO20 TURA XOTHA OBl OLHH H3
Y3JI0B X, HAH X, HE COBMAJaeT C COOTBETCTRYIOWLEH rpaHnuHOl TOurOR
otpeska a, b]. JLnsi MPOCTOTHI H3JNOMEHHA PACCMOTPHM JHIUb chyuai
dopMyN 3aMKHYTOTO THNA, KOTIA w=a+kh, k=0, 1,..., n hn=b—a.

B ciiyuae PaBHOMEPHOH CETKM MOMKHO YNPOCTHTH BHIpAXEHUA A4
KO3 hHILHEHTOB KBAAPATYPHEIX dopuyn. B dopmyne (4) chenaem 3a-
Meny x=a-+th, 0=Siin. [TpocThie BLIKJAAKH, KOTOPble MB ONMYCKAEM,
fOKA3LRAIOT, YTO B pesyasTate 3aMeHbl GopMyna (4) mpumer Bul

o = (b— )b,
rie

n
W (=D"F ( FE—1) ... (t—n)
= — (n j‘p(a—{-th) —k df) - @
A 0
Otmerum, ato dopmyan Howorona — Koteca ¢ n>=10 peako Hc-
MOJB3YIOTCHA H3-34 HX YUC/JEHHOH HEeYCTONUHBOCTH, NPHBOAALIEH K pes-
KOMY BO3pacTaHHIO BHUUCAHTRABHON norpewHocTh, [lpnunHOf TaKof
HeyCTOHYHBOCTH ABJSETCA TO, HTO ko3 bdunuents hopmyn Heworona —
KoTeca npy GONBMMX A HMEKOT PAa3AHuHbie 3HAKH, 2 HMEHHO npy Rz
=10, p(x)==1 CyLecTBYIOT KaK MOJOMKUTEJNbHBE, TAK W OTPHILATEb-
Hbie KO3 PUIHEHTEL
OcTaHOBAMCSA NOLPOGHEE HA 3HAUECHHH 3HAKONOCTOAHCTBA ko3¢ PH-
LHEHTOR AJISI YCTOHYHBOCTH BEIMHCIEHHE,
PaccMOTpPHM KBaZPaTYPHYIO CYMMY
n
I :=2| Ckf (Xk). (22)
k=0
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[Ipeanonoxum, uto anadenus dyRKuLUN f(x) BEMMCAAOTCA ¢ HeKoOTO-
POH NOTPEIHOLTLIO, T. €. BMECTO TOYHOTO 3HAYESHHS fronyyaem npngau-
XeHHoe anavenune j(x,)=f(x,)+8§, Toraa BmecTo [, TIOJNIYUHM CYMMY
n
Tom S colf (o) + 8) =1, + 81,
k=1
raoe
n
6! “=E Ckak‘ (23}
k=a
I[lockonbky xBazpaTypHas dopmyna (2), (4) touna maa f(x)=I,
HMeeM

n b
S a={owds,

k=

=

T. & 1npu p(x) >0 cymma
S ee=M (24)
k=a

orpaniveHa yncaoM M>>(, e 3apHCSINHM OT 7.
Ipeanosomum teneps, uTo Bce KO3 PHUHEHTE ¢, HEOTPHIATETLHE,
Toraa n3 (23), (24) noayunm OLEHKY
i3 T
8, = | 8] =3 cu| 8s| << (max |8} M, 25
l nlmgl e [8e] =2 ce| & (max [8|) {

k=0p

KOTOpasi O3HauaeT, 470 npu GOMBIIMX 72 NOTPEIHOCTh B BHIYHCACHHA
KBaApaTypHO CyMMbl (22) HMeeT TOT e NOPALOK, 4TO U NOTPELYHOCTR
B BHMHCEHHH QyHKUUH, B aToM ciyyae roBopsat, uto cymma (22} pn-
qHCAALTCA YCTOHYHBO,

Ecan koaDPULHEHTH ¢, WMelOT Pa3mHyHble 3HAKH, TO MOMET QKa-
3aThCA, YTO CYMMA

n
2 el

=0

He ABJACTCH DABHOMEPHO OTPAHMYEHHON O n W, CACAOBATEBHO, NO-
TPEIIROCTD B BHIYACACHHH [, HEOTPAHHYEHHO BO3PACTALT C pocToM n,
B sToM cayyae phiumchenns mno dopMyae (22) 6yayT meycTONUMBW W
MOJABL30BATLCA TAKOH GOPMYJION NPA GOABIMHY /1 HENBAT. -

Tarum ofpazom, ecan HeoGxomnMo COCYHTaATL HHTErpas (1) Gonee.
TOUHO, TO HMEIOTCH lIBe BO3MOKHOCTH, Bo-nepsriX, MOXHO pas3tnTh pech
OTPe30K (@, #] HAa HECKONhKO 4aCTHUHBLX OTPE3KOB H Ha KaXKIOM HS3
HACTHHHHX OTPe3KROB npuMennTs dopmyay Huwrowa — Koteca ¢ me-
Soabmng gucaom yanon, TMostyuenHbie Takim ofpasom $hOpMYJIEl HASHI-
BAIOTCA COCTAGHOLIMY KEAOPaTYPHoLMU opmyrary. OHH 4acTo fipHMe-
HIIOTCA BA MPAKTHKE, XOTA U HE ABATIOTCA AOCTATOUHO SKOHOMHYHBIMH,
NOCKOMTRKy TPeGYIOT MHOTOKPATHOrO BHLIYHCACHHS 3HAYEHHH (byHKIHH
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f(x). Bo-BTOpLIX, MOKHO MOMBITATLCH BHOPATL Y3AH KBaApatypHoi
$opMYanl TaK, yTO6H noNyueHHas GOPMYJIa HMeNa BObLIYI) TOYHOCTD,
geM dopmyaa HeioTona — Koteca ¢ Tem e yncaom ysaoe. B caenyw-
tHiem naparpade paccMaTpHBAaeTCA OAMH U3 METOAOB, OCHOBAHHBLIX Ha
BHIGODE Y3J10B KBaapaTypHOH QOpMYAb], a HMEHHO METOX laycca. On
fIPHBOAHT K KBaAPAaTYPHLIM (OpMylam ¢ DOJOKHTENBHHMH Koaqpu-
HHEeHTaMH MpH J06HX 72 U cyllecTBeRHO Go/ee TOUHLM, HeXed dopuy-
&u Hetorona — Koreca.

§ 3. Merop Faycca BHYHCIEHHA ONpeeleRHbIX HHTErpaJIOR

1. TiocTanoBKa zapayn. B npenbliymem naparpacge mpeanonara-
J0Ch, UTO Y3Ab KBaaPaTYPHEIX GOPpMYA 3ajaHbl 3apaHee, Driio moka-
8aHO, YTO €CJH HCNOJNb30BATh f Y3J0B HETEPNOAALAH, TO NOAYYHM KBA-
JpatypHble GOpMyabl, TOUHEE AN aJreSpaHYecKHX MHOMQUJEHOB CTe-
nieHd R— 1. OraspiBaeTcy, 4To 3a cvyeT BHIGOPA Y3/10B MOMKHO NONYYHTH
KeanpaTypible GOpMyaLl, KOTOpble GYAYT TOUHBIMH H [I1A MHOTOWICHOB
cTenesy Boie n—1. PaccMOTpHM CAeAYOWYIo 3aAa4y: NOCTPOUTE KBa-

ApaTyphyio dopmyay .
S p () f (0 dr=) eof (), (1)

k=1

KOTOpasi NPH 3aJaHHOM 1 6bisia Gbl TOUHA AJ5 2nreGpaudeckoro MHoro-
yJeHa pO3MOXKHO Godnliell ctenenu, O6paTumM BHEMaRuUe, YTO 3AeCh B
OTAHYHe 0T § 2 Ans yaoOCTBA H3NOKEHHS HYMepaukd Y308 HauHHACT-
cAack=1

B nactosiieM naparpace GyleT DOKAa3aHO, 4TQ TAKHE KBAaApaTtyp-
Hble popMyasl cylecTByoT. OHH HA3BIBAOTCA Kaadparyproimu gopmy-
AdMy HAUBHICUeD aazebpauieckoli cTenenyt TOYHOCTL YU Popmyian
Taycca. 3tu dopMyast ToYHB 1A aioboro anre6panyeckoro MHOToOUJIe~
Ha cTenerH 2n—1.

Htak, notpe6yeM, uTo6pl KBaapatypuas dopmyaa (1) Geua TouHa
A awboro aarefpaHuecKoro MHOrouieHa CTeneHH . 310 3KBUBA-
JeHTHO TpeboBanuio, uTOOH dopMyaa Gnna TOUHA AJIA dyukunft f(x) =
=x% q=0,1,..., m O1ciofa noay4aeM YcJlOBHA

n b
3 ckx§=5p(x).ﬂdx, a=0,1,...,m, ()
k=1 a

KOTOPble MPEeACTaBAAIOT COGOR HeNUHEHHYIO CHCTeMY m+ 1 ypaBHeHul
OTHOCHTEJIBHO 211 HeH3BECTHBIX

Cl) 62)""0'!; xtht'--lxﬂ‘

Ilas Toro yToGH yHCAO YpaBHeHHufl PABHAJNOCH YHCAY HEH3BECTHHIX,
Hajo noTpeboraTs m=2n—I1. B nanvHeiilem fiy1eT MOKa3aKo, uTo CH-
crema (2) opu m=2n—I1 uMeeT eHHCTBEHHOC pelIEHHE. QnHako cHa-
4aja paccMOTPAM HecKOJBKO YACTHBIX cCyUaes, KOrja pelicHHe CHCTe-
™Mbl (2) MOXHO HANTH HenocpeACTBEHHO.
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Iyete p(x) =1, a= —1, b=1. py n=1 noayuaeM m=1 u cucre-
Ma (2) npuHEMaeT BHJ

c,=idx=2, &y =ixdx= 0,

T. € NPHXOAHM K H3BECTHOM HOpMyNe NPAMOYroNLHUKOB
1
[f@de=2f ),
-1

KOTOpas TOUHA JJAA JI060r0 MHOrOUJ€HA NepBOi CTeMeHH,
Iipn n=2, m=3 cucrema (2) 3anucwBaerca B Biie

€t6=2, Cx+cx,=0,
fle+cex§=-32—. e - s =0.

OTco0a HAXOAHM
| 1
Cl=c2=l, Nn=— -, Y=

V3 V3’

T. €. NollyuaeMm KBaApaTypHYIo dopMyay

j bt (=) ().

KOTOPas TOYHA ZAA M0fOr0 aareSpanyecKoro MHOTOUNeHA TpeThed
CTENEeHN.

2. Ocnosunan Teopema. Boampalliasick K pacCMOTPEHHIO KBAaIpATyp-
HHX popmyn (1) obutero Buaa, BBeXEM MHOTOYJICH

o (x)} = (x—x) (x—x;) ... (x—x,}. {3)

Byaem npeanonarate, uto p(x) >0.

Teopema 1. Keadparypnas ¢opuysa (1) rouna das awbozo
MHO204A8HA cTEneHy m=2n—1 T020a U TOAbLKO TO20a, Ko2da sbinoAHe-
Kbt J8a YCao8uUs:

1) muoecoeren w(x) oproconanen ¢ secom p(x) aroGomy muozoure-
Ky q{x) crenenu menowe n, 7. ¢.

b
(o) e qmds=0; 4)

2) gopuyaa (1) ssaserca xaadparyprot popmyrod URTEPROARY -
OHROZO TUHNA, T, €.

b
 (x}
Cp= X) —————dx, k=1,2,..., n. 5
, Jp“(x—mww x )

HorasatenbcTBo., Heo6xoLumMocTh. IMyers gopmyna
(1) ToyHa AnA AKGOrO MHOTOUMCHA cTeneHH m=2n—1. 1o 3HAUHT,
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4YTO OHa TOYHA H AJA MHOTOUAeHa w{x)g(x), HMeRUIEro CTeneHs He
seime 2a2—1, T. e,

b n
S p (o) g dr="3 (%) q{x) =0.
a k=1

TpeGopaune (5) emnoauserca B cHAy Teopemul 1 3 § 2 {ecan kpa-
apatyphas gopmyaa (1) TouHa ans Aw6Oro MHOFOYMEHa cTenenn n—I,
TO OHa ABJAAETCA POPMYNOH HHTEPIOAALHOHHOTO THIA),

Hocrtatounocts, Ilyere f{x) —awboit MuorouleH c¢TeneHn
2n—1. Cornacuo TeopeMe 0 AeJAEHHH MHAOIOY/JIEHOB, €rQ MOMHO TIPEA-
CTABHTL B BHAE

f(x)=0(x)q(x) +r(x),

rae ¢(x) u r(x) — MHOrOUJEHH, HMEIOIIHE CTeNeRs He Boiue n—I1. TTpu
3TOM

b b b b
Sp(x)f(x)dx——"Sp(x)w(x)Q(X)dx +Sp(x)f(x)dx=SP(X)r(x)dx-

Mocaeanee PaBeHCTBO CAPABEAAMBO B CHAY NpeanoaoxeHns (4).
Hanee, NOCKOABKY r{X) — MHOTOQUWJIEH CTeNEeHH He Bwume n—I i ¢op-
MyJsia {1) sBAsfercad QOpMyNOA HHTEPNOMALHOHHOrO THMa, OHA TOYHA
ana rix}, T. e

b n " n
Sp(x)r(x) dr=N cr () =73 ca{f (xe} — 0 () g (xs)) = 3 cof (x0).
g

k=1 f=1 k=1

Takuum ofpasom,
b n
SP () ydx= E af (xehs

k=1

T. ¢, popmyna (1) Touna mist mioGoro muorounena crenend 2n—1. Teo
pema | nokasamua,

OTMETHM, UTO MCIONb30BAHNE TeopeMbl 1 CYLIECTBEHHG YNpollael
noctpoenne gopmyn Taycca.

Ycnopue (4) 3KkBHBaNeHTHO TPeGOBAaHHAM

b
Sp(x)m(x)x“dxzﬂ, a=0,1,..., t—1, (6)

KOTOpPble MPEACTARMAIT COGOM CHCTEMY 71 YPABHEHHH OTHOCHTENLHO 11
HEeN3BECTHRIX X, Xa, ..., X TAKHM 06Pa3oM, 419 NOCTPOEHHA GOpMYyN
laycca MOCTATOUKO HAHTH Y3AW X, X ..., Xa W3 COOTHOIIEHHA OPTO-
roHaJpHOCTH (6) W 3aTeM BHIUHCAHTL KO3$hOUILHEBTH ¢, coryacHo (5).

Teopema 1 we rapanTHpyeT cyllecTBOBAHHA M €AHHCTBEHHOCTH pe-
menns cuctemsl {6). Hano nokasate enie cyllecTBOBaHne N eAHHCTBEH-
HOCTL MHOTOU/JIeHA o (X) CTeneHH s, OPTOrOHaJIbHOTO BCEM MHOTOWICHAM
CTeneNH MeHblllell 12, a Takme yOeAHTbCA B TOM, YTO BCE KOPHH TaKoro
MHOTOWIEHA PACHONOMKEHb Ha oTpeske [a, b).
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3. CyulecTBOBaHME M €IMHCTBEHHOCTh KBAAPATYPHLIX (GOPMYI HaH-
ebiclteid aareGpaHvyeckoi creneHw TOMHOCTH. [IpeAcTaBHM HCKOMEIA
MHorouJien (3) B puie

w(x)=a,+ax+...+a, x4 x", (7
Toraa ycnosrst OPTOrOHAABEOCTH (6) TIPHMYT BHA,

b
(009 @ +ar+ ... + @+ 39 x3dx =0, @®

a=01,..., n—1,

Ycnopus (8) npefcTaBafioT co6ofi cucTeMy JMHHEHHBX anre6paunye-
CKHX YPAaBHEHHE OTHOCUTEABHO KOS(QQHUHEHTOB dy, &y, ..., Un-y. IlO-
Ka¥eM, uTo COOTBETCTBYIOLAs OAHOPOLHAA CHCTEMA YpaBHeHHUfl

b
fom@+ax+t ... e xzde=0, (9)
a
=0, 1,..., n—I1,
UMEET e/IUHCTBEHHOe pelleRue a,=a,=...=da,-,=0. [Ina atoro ymHo-
HUM ypaBHeHue (9) Ha g, H npocyMmupyem no Bce ¢. Torxa NOAYYHM
=1 b n-1 & -1 -1
2 aag (p {x) 2 akx’*) x*dx = jp 89] [ z 2 aaakx”x“] dx =10,
& =n a b=a a =0 k=g
T. €,
b A~1 2
Sp(x) (2 aux' | dx=0. (10)
a A=0
Ecan xota 6 ofun u3s kosdduuuentor a, (=0, 1, ..., n—1, or-

JIMYeH OT Hya#, TO PyHKUHA

-1 2
(Z a;x‘
=0

MOXeT OOPaTHTBCS B HYJb Ha [a, b] MHUID B KOHEUHOM YHCAE TOYEK.

Otcrona u u3 yenoeus p(x) >0 cnenyet, uto pasenctso (10) Bo3MOKHO
JIHLIs B ¢liyuae

aq=at=. . .=an—.1=0.

Tem cambIM HeonHOpPOAHAS cHCTeMa (8) MMeeT eHHCTBEHHOE peuresHe,
CrenosaTenbho, CyUIECTBYeT eAHHCTBERHBY MHOTOUIEH ©(X) CTENEHH
7 €O CTaplIMM K03hdHUHEHTOM |, OPTOroHadbHHi ¢ BecoM p(x) >0
J000My MHOrOUMEHY CTeNeHH h—1.

Teopema 2. Ecau o(x) — mnoeousen crenent n, oproconassnoit
Ha [a, b] ¢ eecom p(x) >0 a0bomy muocoureHYy cTENERU Menbute R, TO
8Ce e20 KOPHU PAAUYHGL U PACROAONCEHO HA [a, b).

AokazatenbeTso, JIpeaAoNoKEM, UTO MEOTOUYIEH @ (x) BMeer
MZ2z0 pasaMsHBIX KOpHel HeueTHOR KpaTHOCTH Ha [a, &)]. OuesuaNO,
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910 m=sn. Teopema 2 Gyaer NOKa3aHa, eC/iM MOKAXKeM, UTo m = . O060o-
3HaMas 3TH KOpHM depea &, E,, ..., En, NpeACTAaBUM w{X) B BHIE

o(R) =(r—E) =8 ... (x—E)* r (2,

TAE 0y, Oz « +», Om— HEYETHLIE UNC/IA W dYHKUHS 7(X) He MEHAET 3MAK
Ha [a, ). Buukcanm nuterpan

b
I={p@o@E—8 ... «—L)dr=

b
= {PWE—8"" =) r@dr. (1)

Hockonbky a,+1, ..., otn-t1 ueTHnle unena # r(x) 3HAKONOCTOAHHA
Ha |la, b], naterpan (11) otanuen or wyas. C apyrofl CTOPOHH, ecaH

m<n, To
g(x) = (x—§&) (x—E) ... (x—En)

— MHOrOYJIeH CTENEHH MEeHblie 7 H [0 YCJAOBHIO TeopeMul HMeeM =0,
CnenosaTenbHO, M=, UTO H AOKA3LBAET TeopeMy 2.

Hsa teopem 1 u 2 caeayeT, uto Aaa nw0boro n CywiecTBYeT, TPHTOM
eJHHCTBeHHAR, KBAApatypHas ¢opMyna, ToYHAA AAA J60rc MHOro-
9jieHa cTenedd 2n—1. :

4. CeoiictBa xkBajppatypHeix dopmya [aycca. Herpyano nokasare,
uro 2n—1 — HauBuicwIan TOYHOCTH (opMyabl [aycea, T. €. uTo cyluecr-
BYeT MHOIOUJIeH cTeneHy 21, AJs Koroporo sta ¢opmynaa He ABJSETCA
TouHo#, JleficTBuTebAO, AJIA MHOTOUJEHa (3) HMeeM

fp(x) @®(x)dx >0,

HO
"

> erer® (xe) =0,
k=1
Horaxem Tenepb, uTo NpH a0bom n koshduurenTH ¢, dopmya a-
ycca moJoxuTeaAbnbl. PaceMoTpuM MHOMOUIEHH
® (£}

2z
(XN=(—"" "7 i=1,2....,n
(Pl() ((.r—xi)r.o (x;‘))‘ 1 =y LA
HMelollHe crenedb 2n—2 1 obJapawiiie cBoOHCTBOM

@i (%) = 8ia.
Tax kak 0as 3Tux MHOrouneuoe dopmyna aycca Toyna, cnpaeel-
JHBB! paBeHCTBA

b n
S px) e (x)dx = 2 e (X} =iy
a k=1

OTKYZa K caenyer,uyto ¢;>>0,i=1,2,..., 1.
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B 0. 4 § 2 orMevanoce, 4T CBOKCTBO MOMOKUTENLHOCTH KOIPOHUILH-
€HTOB 4YPe3BLIYAAHO BAXKHO XAA YCTOAYMBOCTH BHUHCASHUH H MO3BOAA-
€T MCMO/b30BATL HOPMYJInl ¢ GoAbMIMM yucAOM Y3108 n. Ha npaxruke
nptiMeHrsitores gopmydpl Iaycca ¢ yacaom yanios Ao 100.

Aas norpentnoctn gopmya [ayeca enpasefuBo npeacTaBieHHe

b
Vel =< o () 02 (/™ @ d, (12
2a)t |
roe E={a, b).

He npusoaa rokasatenncrea (cum. [16, 1. 1, ¢. 248]), oT™MeTnM AHW®,
4TO OHO OCHOBAHO HA MCMONb30OBAHUM HHTEPNONALHOHHONO MHOTOUJE-
Ha Dpmuta H(x) ¢ ABYKPATHEIMU Y3aaMH

H(xn) =f(xn), H’(xa) =f’(1€k), k=1,2,...,n.

3. Hacrawit cayvait dopmys TFayeca. Popuysanu FpmuTa Ha3HBA-
foTc $opMysnl Faycca Aast BbldHCAeHHS HHTErpasa

T. € Korga a= —b= ~—1[, p(x) = (1—x?) =12,

HToGH onperesHTs Ya/bl COOTBETCTBYIOUIEH KBaJpaTypHo#l ¢opmy-
JH, Halo, COraacHo Teopeme 1, HaliTH MHOrowlen (3), Aas KOTOPOTO

1
e g 5 —g (14)
J FlI—xt

444 AoGore MHOTOUNeRA ¢(X)} cTeneHH MeHbINe rf. MOKHG MOKAa3aTh
(cM. |2, c. 117]), uTOo TaKkoBBIM sIBASETCH MuOrowdey Yebiltesa

() =T () =

1
1 08 (n arccos x}. (15)

Tlostomy ysnamu KeaapaTypHOil GOpMyJasl DpMuTa ABIJIOTCH KOPHHU
3TOr0 MHOrQUJeHa

xp=cosSE=UR - p 19 ... n (16)
2n
CooTseTeTByI0MUe KO3PGHUNEHTE BHYHCASIOTCS NO dopmyaam (5)
1 "
one= | U3k (17)
Y V1I—3T, (x) (x—x,)
H OKA3HBAIOTCA PABHLIMH
o=nfn, k=1,2...,n
Taxum ofpaszom, GopMyasl pMUTa HMEIOT BHA
F(x) dx n é Fx
—_— A f;), (18)
J Vi—x n =

Tle x, — KOpHH MHOroufiena Yebnresa, onpegenensnle cornacuo (16).
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§ 4. YucneHnnoe auddepeHunposanne

1. HeKoppeKTHOCTE OMePAUHNN  YHCASHHOrO ANt depeHUHPOBAHHA.
3anauya uncnenHoro nH(pQepeHUAPOBARNA COCTOHT B NPHGIHAKEHHOM
BBIYHCACHHH MPOU3BOAHBIX (PYHKUHH u(X) No 3ajaHHBIM B KOHEHHOM
upcle TOuek 3HaueHHam 3Tod dynxuun. IlpocTefiine npHMepsl GHoOP-
MyJ uncaenHoro Auddepenunposanns pacemaTpusannce B M § 41 L
HanoMunm a1 npumepsl. [1yets Ha [a, b] BBefeHa ceTka

on={t,=a-+ih, i=0,1,..., N, hN=b—a}

y onpeaeneHsl 3HaueHus 4,=u(x;) OYHKUWH u(x) B TOYKaxX CeTKH.
B kauecTBe npuONHKEHROrO 3HayeHHd 4 (x,) MOXHO B3fITh, HANPHMep,
N060€ H3 CAEAYIOUUX PA3HOCTHLIX OTHOLIEHHIT:

Hy— iy, Uppg — U Uiy —

= —_— e, ==,
+ ux,i 1 LR 9%
Bosunkawiliaq B pe3yaLTaTe TAKOH 3aMeHH NOTPELIHGCTD XapaKkTe-
PH3YETCA pasNOKEeHHAMH

U= =
x4 h

Uy, == ut () — % a &), (1)
=t () + 50 G, )
uy = () + = u” ), &

roe &, j=1,2, 3,— TOuUKH U3 HUHTEPBAAA (¥i—y, Xiuy).
Bropyio IPON3BOAHYI0 B TOUKE X, MOMHO 3aMEHHTH OTHOILIEHHEM

1 T e 2ug g,
g 1= ; (s — u;,;’) - T ’
npy 3TOM
" h?
gy =t () + 2 (1) + 00, @)

Yereepran oponseoanas 'Y (x;} ¢ TOUHOCTBIO A0 BeJH4HHH O (h%)
ATNPOKCAMUPYETCS PA3HOCTHEIM OTHOLICHHEM

1

Ui = ? (u;x,iu - Quh,i + HE.\:.E-L) =
1
= (e — Qtigyy + But; — duy + 1),

Kak npaeuao, 3nauveHns QyHKUNH ¢{x) B TOYKAX CETKH @, BHYNC-
JAIOTCA HE TOYHO, a4 ¢ KakHM-To npuGamixennem. Hanpumep, saeven-
TapHble TPAHCUEHAEHTHBle (YHKUHH BHIYHCAATCA ¢ NOMOWBID PAAOE,
TpHYeM PAAL 3aMEHAIOTCA KOHEYHBIMH cyMMaMu. JIpyruM MCTOUHHKOM
ROTPelIHOCTEH SBJAAOTCA NOTPEIIHOCTH OKPYyTaenna. OKasplBaeTcH, 910
ROTPENIHOCTD, BO3HHKAIOWIAS TIPH BbIYHC/IEHHH PA3HOCTHBHIX OTHOWEHHH,
HaMHOrO NPEBOCXOAMT MOTPElIHOCTL B 3afaHMn 3HaueHHil QYHKUHH
u(x) U pa)ce MoxeT HEOrDAHHUCHRRO BO3PAcTaTh MpPH CTPEMJICHHH 1Uara
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ceTkH h K Hyaio. [To3T0My onepantio BbIUNCAEHUA PA3HOCTHHIX OTHOMIE-
HHH HA3BIBAOT HeKoppekTHOM, ITOACHUM MPHUYHHY HEKOPPEKTHOCTH Ha
NPHMepe BHYHCACHHS PASHOCTHOrO OTHOWIEHHS U, = (Uit ) fh.

PasHocTHOe OTHOMWEHHe u;, XOpOwWO MpulaHKaeT &'(x;) TOABKO B
TOM ¢/Tyyae, KOrga war i gocratoudo maj. TpeGoBanue MaJOCTH Bedd-
YHHB fI, HAXOARLEHCH B 3HAMEHATENe PAIHOCTHOIO OTHOMEHHA, KaK
Pa3 | ABJAAETCS MPHYHHOA HEKOPDPEKTHOCTH OMEPALHT YUCAEHHOTO AHD-
tdepednupoBanua. HeflcTBUTENBHO, NYCTh BMECTO TOUHOMO 3HAYEHHSA (L,
U;_, BHIYACJAEHH TPHOMMIKEHHble 3HAYeHHA #;=1;+§;, -y =ty + 8o
Toraa Bmecto u;, Gyner phiuncdena Beanuuna uz, + {8,—6.,) /&, Cae-
AOBATENbHO, NOTPEIIHOCTL B BBHIYMC/IEHHH TEPBO# PA3HOCTHOH NpoH3-
BOAHOM OKasKetcs paBHOH 8, = (8,—8;-1) fh.

B nasbueiitiem norpemsocty Takoro poaa 6yneM HasblBaTh NoTpel-
HOCTAMH OKPYIJIEHHA (XOTA HX PeanbHan NMPHPOAAa MOKET GHITb HHOM).

IlycTo uspecTHa rpaumna § norpewrHoctedl §;, Oy, T. €. | 8] <8,
|8:-1[ << 8. Toraa

| 85| << 20/m, (5)

MpHYeM 5Ta OlLCHKA ANOCTHraetcd npu &= —8..,=8. U3 ouenrn (5)
BHAHO, 4TO BCJEACTBHE MAJIOCTH fi MOrPeIIHOCTb, BO3HHKAWINAA IIPH
BBIYHCJIEHHH NepPBOH PAHOCTHON NPOH3BOAHON, 3HAYHTENLHO MPEBOCXO-
JHT ROrPelSHOCTb BBIYHCJEHHS caMoil dyukuumn u(x). Ecau 6 ne sa-
BHCUT OT H, TO AOTPEIIHOCTL 6;_5 HeorpaHHYEHHO Bo3pacrtaeT npu i—0,

CKa3aHHOe He 03HAUAeT, UTO HEJb3A NOJIb30BATHCA GOPMyJTaMH YHC-
JeHHoro aHddepenunposanusa, Urobul He NPONCXOAHND CYLIECTBEHHOTO
NOHUIKEHNA TOUYHOCTH, HAZO CAEAHTh 32 TeM, YTOOBl fIOrPENIHOCTE OKPYT-
JIEHHl HMeJsia TOT ¥Ke NOPAACK, YTO W FOrPemiHOCTh aNNpOKCHMALMH,
Hanpumep, uz (1) caeayer, uTo HOrPEWIHOCTL ANNTPOKCHMRIMH TIPH
saMeHe u’(X) OTHOUIEHMEM (L, He MPEBOCXONMT Benuunubi 0,58M.,

rie M= max |4”(x)|. EcrecTeeHno norpefoBaTh, YTOGLl M TNO-
x=[a.h]

TPellHOCTs OKpyMVieHHa &-. Oblla Obl CPaBHHMA C TMOrPEHIHOCTBIO
aNNpOKCHMALIMH, HATIPHMEp

28/h <z M,A[2, (6)

rie M, e saBHCHT OT A. 370 03HAUALT, YTO MOFPEWIHOCTL § NPH BHIYHC-
JeHHn 3Hauenu#t QyHkunu u(x,) NoMKHa ObiTh Beauunuost O (A?).
C apyroit cToponsl, Hepareuctso (6) MOKASHIRAET, UTO ecAH BelHUYHHA
§ 3ajlaHa H MBI HE MOXEM €@ MEHSITh, TO BHIYHCJCHHA HALO NPOBOAHTH
He ¢ MPOH3BOJIbHO MafbiM W1Arom 2, a ¢ WAroM, yLOBAETBOPSIOIIHM
ycaosnrio hzzh, rae h,=2y8/M,.

[1pu BHIYHCNEHHIT DPOH3BOIHEIX GoJee BBICOKOro NOPAiKa, Korda B
3HaMEHATENL pa3HOCTHOrO OTHOLUEHHA BXOAMT A*, £2> |, BlIUAHNE HETOY-
HOCTH B 3aflaHWH u(x;) CKa3biBaeTca emle cudbhee. Hanpumep, npn

BBIYHCACHHY PA3HOCTHOrO OTHOWEHUS u’;x'fxi NOrPEWAOCTL OKPYLJIEHHA

asnaeTca peauunuodt O(8A~Y), rge §—rpanuua MOrpeuIHOCTH OKPYC-
JNeHHs OYHKUHE 4(x). B 3TOM efyuae fAs TOrO 4TOGH NOTPEIIHOCTD
OKpyraeHna & . ; Gbl1a CPAaBHHMA ¢ NOTPELIHOCTHE) ATMPOKCHMALHH,
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Hafo notpe6osath, uTOGH A== hy, rie A= C(6""), 60 NPOBOAYTL REL-
uncaente u(x;) ¢ norpemnocteio 6 =0(h*). Hunpumep, ecan 8= 10-1%,
To war h Haao 6paTe NpuMepHo pasHeIM 0,01, TIpH 3TOM MOTPEIIHOCTE
ATHIPOKCHAMAUNHY A TOrPelINOCTh OKPYrNeHnsa GyAyT NMpHMepPHO paBHHI-
mu 105

Brhiyucaenne nponssognod '(x) no sarauuoil GyHKURAH u(x) Tak-
e ABRJNFETCH HEKOPPeKTHOH onepauHedl B TOM CMEICAE, 4TO ANd orpa-
HuueHnOH dyHKumMn #{t) npoussoanas g’ (x) momer GHTH CKONb VIOA-

Ho Gonnwofl. Hanpumep, ans u(x) =sin ox umeem max Ju(x)|=<1lu
x=[a,b]}

max |u' (x}| =|w|—o0 npH w—co.
=[a,b]

CTporue onpeje/eHusl KOPPeKTHOCTHM MAaTeMAaTH4YeCKOH 3ajauy H
CMOCOBE! pellleHHst HEKOPPEKTHHIX 33au M3JMOXeHH B KHHre [38}).

2. MpimMeHedtHe HUTEPROAHPOBAHHA. MHorne GopMyabl HHCASHHOrC
AHQOEPeHLHPOBAHIA MOXKHO NOJYYNTE KaK CNeICTEHEe HHTePNONALHOH-
HBIX ¢dopMya, Iljg 3tore HocTarouHo 3aMeHNTh GYHKUHWO u(x) ee HA-
TePHONAUHOHHBIM MHOrOuJIeHoM L, (x) W BLIUHCAHTHL NPOA3BOAHEE MHO-
routena L.{(x}, ucnoabsyq ero sBHoe NpeacrapaeHue, B otnnune or
n. ! paccMOTPUM HepaBHOMEPHYIO CeTKY

op={a=%,< X, <X, <. . . <xy=b}
H ofo3nauuM uepes M,=x—x.,, i=1, 2, ..., N, mard 370 CeTKH.
B KadecTBe npHMepa noJay4yu™m $opMyael yHcAeHHOre ANdrbepeHUHPO-
BAHHA, OCHOBAHHKE HA HCOOMh30BAMHH MHoroujeHa Jlarpakxa L, ,(x),
NOCTPOEHHOTO AMA (PYHKUHH &(x) N0 TpeM TOYKAM Xi—,, X; Xip,. MHOroO-
yled L, (x) uMmeer aux

Lg.f (x) =
(x —~ux;) (x=—x;,) (r—x_ ) (x—x,) o (xx;_ ) (x—2}) u
-5 i i+l
iy (hy + Ap) ’ By, J iy (B Byy)
(7}
OTtciona noayunm
Ly (x)==
2 —x;— x, 2x—x_, —x 2 — x; . —x
_ (ex—x Xin) iy — (20— — %) e 4+ ( i-1 0 i
hs‘ (hl' + h:’+1) hl'hiﬂ h£+1 (ki + h1‘+1)

370 BHpaXeHHe MOXHO MPHHATL 3a NPHUGAHAKEHHOE 3HaUeHHe 1 (x)
B Ji06o# Touke x&=[x—,, Xy, ]. Ero ynoGHee 3anucath B BHIE

: L e — =i
Lig)=—|(—xiy) ——— + (i, — ) —— |, (§)
Ay By b
rae f;=0,5(h+ hiri), Xy, =%—0,60, B vacTHOCTH, PN X=X, AOAYINM
; | (B g —t | Ry 84—t
Lyiiyss—[ — 22— 4 =1 9
2.i (Xi) 2T +t h 3 . 9

M eC/lH CeTKa paBHOMEpHaA, f,,,=Hh,=H, TO NPHXOAHM K UeHTpananHOM

PasHOCTHON npouasoanol, L, (x3) =uo .
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Ipn ucnoabp30BAHKH WHTEPNOJNALHOHKOTO MHOIOUJEHA Neproil cre-
MEAH TOYHO TAKHM XKe 06]33301\"[ MOKHC NOJYUHTh GAHOCTOPOHHHE pPa3-
HOCTHbIE TIPOH3BOIHHIE Uy , M ity (.

Hanee, Beluncnsa BTOPYi0 NPOH3BOZHYIO MHOrOYJAeHA L., (x), noay-
4yM npHGAWIKEeHHOe BrIpamenne naa #'(x) npn x=[xi-, X1t

) _—T" _L gy == W _ui_u’i—l\
A ) (10)

[N f+1

Ha pasnoMepHoli ceTke 3TO BHIpaKeHUE CORNANAET CO BTOPOH Pa3HOCT-
RO NpoH3BOAHOM Uz, feHoe, 4TO 209 NPHOAMIMKEHHOTO BLIYHCAEHHS
BanbHEANX DPOM3BOAHBEIX ViK€ HENOCTAaTOYHO MHoroudaeHa L, (x),
HANO0 NMPHBJAEKZTE MHOMOUAEHE (0Jee BEICOKOrO MUPSKA M TeM CamuIM
YBEJHYHBATL YHCAO Y3NOB, YYACTBYIOWNX B ANOPOKCHMAIHH,

[1opsinoK MOrpelHOCTH ANNPOKCHMAUHN 3aBHCHT KaK QT TOPAAKa
HHTEPNONALHOHHOTG MHOTOWIEHA, TAK W OT PACHOJMOKEHHS Y3JI0B HH-
TepruoanpoBadud, [loayanm BeIpaxeHde OJaA NOTPEWHOCTH afnNPOKCHMA~
MK, BO3HHKalWed npu 3ameHe &'(x) pelpamenHem L', (x). Bynem
CYNTATh, 4TO X==[x;-,, Xi1py] H UYTO BenHuHHBL H;, K.y HMEIOT OAHH H TOT
¥e MOPALOK MAJOCTH MPpH H3mendbueHuM cetkd, Ilo dopmyne Tefinopa
B MpennoNQo¥enHH orPaHHUeRHOCTH u'Y (X)) noayunm
Uivg =t (x) + (xie — x)u’ (x} -+

(o p —

+ o (x) -+ ——(x"”;x)a w” (x) + O (1),

roe k=0, =1, h=max {k, hy,}). OTcl0na NPUXOAHM K CACAYIONIHM Pa3-
JAOHKEHHAM Pa3sHOCTHEIX OTHOLWIEH Hil:

A ) — (r— ) & ()

h;
{x -—-.ri__l‘,;}z h? ; oy -
.y =u'(X) + (X, — ) & (¥} +

i1
(xgi_% ~—-x)2 f_’gﬂ\ e 3
+(___2 + )u )+ 0. (12)

.

IMoacrapass (11} u (12) B BHpaxeHne 118 PasHOCTHON NPOH3BOLHOR
{8) n npuBoAA NoACGGHBE WIEHE], TOJYYHM

Lyi(x) =
—_—x.)2 P —_ h A
—a (x) _ [ {x x‘] _ (ht+1 h(] {x xf) _ l P4 ]um (x) + 0 UI:,),
2 3 6
e (xc'—h xf+1)*

Orclona BHAKO, uTO Pa3sHOCTHOE BHIpamenne (8) annpokcumupyer
#'(x) co BropbIM nopaakoM. HecKonbKO xyxe 0GCTOUT AE/0 C Bhpanke-
Huem (10}, anTpOKCHMUPYIOIHM BTOPYIO Npon3Boanyo. U3 (4) Buaso,




47O na paanomepHof—'r CeTKe B TQYKe x=X; HMeeT MeCcTO alnpoKCAManng
O(h*). TlokaxeM, YTo Ha HepaBHoMepHOfl ceTke (h.s=h..,) norpeul-
HOCTh aNMMPOKCHMANHK GYReT HMETh TOJBKO NepBoiil nopAxok. [loactas-

Asaa paanoxkennst (11}, (12) B supaxenue (10) ana Lag (x), monyunm
- h,. —h
L (x)=u"(x)+ (x,' —x-+ i‘g—‘) u” (x) + O (hy).

3Jiece aaxe Ha PaBHOMePHON ceTKe BTOPOH NOPAAOK ANMpOKCHMa-
{lHH HMEeT MeCTO JHIIb B TOYKE X=X, a4 OTHOCHTEJbHO APYTHX TOUEK
{HanpuMep, TOYEK X=X;-q H X=X;,,) BBIMNOJHAETCA ANMPOKCHMALHA
TOJIbLKO NEPBOrQ MNopaaKa.

FTTABA S
PEWIEHHE HENTHHEAHBX YPABHEHHH H CHCTEM YPABHEHHA

§ 1. Mpumepsl HTEPAUHOHHLIX METONOE pelIcHNS
HeNHHEHARBIX YPABHEHH R

1. Beepenne. Ilycte 3afgana ¢ynxuua f{x) peficTBHTeNBHOrD Mepe-

MeHHoro. TpeGyeTcA HAATH KOPHH YpaBHEHHsA
f(x)=0 (H
HIHH, YTO TO Ke camoe, HYAH byHKuMA f(x).

¥xe Ha upuMepe afre6paHuecKoro MHOTOYEHA H3BECTHO, YTO HYJIH
F(x) MoryT 6uTb KaK AeHCTBHTEJNbHBMH, TAK H KOMIJIEKCHBIMH. [TosTo-
My GoJiee TOuHas NOCTAHOBKA 3aJayH COCTOHT B HAXOXIEHHH KOpHeR
ypaeHeHua (1), pacnofioXeHHHX B 3aJaHHOA O6JACTH KOMIJIEKCHOR
{IOCKOCTH, MOXHO paccMaTpHBaTh TAKKe 32434y HaXoXAeHHA Aefict-
BHTeNLHMX KOPHel, pacnosoXeHHBIX Ha 3aAaHHOM oTpeske. MHoraa,
npeHefGperas TOYHOCTHI) QOPMYAUPOBOK, GyaeM TGBOPHTB, uTe Tpeby-
eTCsl pelinTE ypasHenue (1).

3anaua HaxoXIeHHA KOpHeit ypapuennsa (1} oObl4RO pellaerca B
asa astana, Ha nepsom sTane usyuaercs pacnosoxeHHe KopHeil (B 06-
LeM CcNyude Ha KOMIIEKCHO! MAOCKOCTH) W NMPOBOLHTCH HX pasjelne-
HHe, T. €, BBLISAAIOTCH O0JACTH B KOMIUJIEKCHOH TJIOCKOCTH, coAepxa-
tide TOJBKO OAMH KopeHb, Kpome ToOro, msydaeTcd BONMPOC O KpaTHO-
c¢TH KOpHel, Tem camHuM HAXOAATCA HEKOTOPble HAua/ibHbie MPHOMHKE-
HUA A7 KopHeil ypaBHewua (1). Ha sTopom aTane, Henoab3ys 3afiaH-
Hoe HaualbHOe NpUOANKeHHe, CTPOUTCH HTEPALMOHHBIN npoUece, NO-
3BOJAIOIIMA YyTOUHHTb 3HAYERHE OTHICKHBAEMOTO KOPHA.

He cymecTByeT KakMX-To O6GUIHX peryAspHBIX NPHEMOB pelueHHa
34K4UH O PacnofoXeHHH KopHeH NPoH3BOAbHOH ¢yrxkunu f(x). Han-
GoJiee MOJHO H3YYeH BONPOC O PACTOJNONEeHHH KODHell anreGpanveckux
MHOT(MJIEHOB

flx)=a,+ax+a,x*+. . . 4ax™ (2)

HanpuMep H3BecTRO, YTO ecal AAA muoroyneha (2) ¢ AeRCTOHTEABHHMH KO-
$HIEHTAMH BHIMOAHEHN HEPABEHCTBA

f(e) =0, f'(c}) =0, ..., f™(e) >0,
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TO MOMOMHTENbHBE KODHR f{x) He mpeBocxoAnaT uucaa £ Jeferaurennno, w3 dop-
syau Teidaepa

f=fE+Ex—af @+

noay<aem, uro f{x) >0 npH xz=c.

{x

(x— _C}m {1m)
2 ! e

2
e S R

HHcneHHble METOAR pelleHHA HEJIHHEAHbIX ypaBHeHHI ABAAOTCH,
KAK OpaBHJO, HTePALHOHHLIMY METOLAMH, KOTOpBEIE OpPeAoNaraioT 3a-
JaHHe ROCTATOUHO GJAN3KHX K HCKOMOMY DEWEHHIO HAYadbHBIX HAHHBIX,

IMpexae yem NepexoAHTb K H3NOKEHHIO KOHKPETHHX HTEPallHOH-
HBLX MeTOAO0B8, OTMETHM JBA NPOCTHIX NPHEMA QTAeNeHHA NeACTBUTE/b-
HEIX Kophefl ypasuennsa (l)}. Ilpeanoaoxmm, uto f(x) onpenesena n
HenpepeiBHa Ha [a, b].

Ileprnii npueM coctodatr B TOM, UTO BHUMC/AgeTca Tabauua 3Have-
uMlt pyHKNMH f(X) B 3adaHHbIX TOUKax x,&(a, b], 2=0,1,..., n. Ecau
O0HAPYMHUTCA, UTO NPH HEKOTOpPOM R uucaa f(x.}), f(t.) umewTt pas-
HEle 3HAKH, TO 3TO GYAET 03HAYATh, YTO Ha HHTepBaJie (X, X.+,) YpaB-
HeHHe (1) HmeeT no KpaiiHeil mepe OLHH AeHCTBHTEALHBIH KOpeHpb (TOY-
Hee, HMeeT HeueTHOe UHC/IO KOPHell Ha (X, Xpi,)). 3aTeM MOXKHO pas-
OHTL HHTEPBaN (X, Xp4) Ha O0J€e MEAKHE HHTEPBAJLE H C NOMOLIBK
#HAJIOTHYHOH MPOUEAYPH YTOUHHTE PACTONOKEHHE KOpHA,

Bosee peryasipHeiM cnocoboM oTXeneHus AefiCTBHTEJNbHBIX KOpHEeN
ABanercs merod bucexyuu (derenusa nonoram). Ilpeanonomum, uto Ha
(a, b) pacmonoxeH JAKWlL OAHH KOpeHb Xx. ypasHenus (1). Toraa f(a)
u f(b) AMeloT pasauuHble 3HakH, [lycTh ans onpeaeneHHocTH f(a) >
>0, f(b) <0. Tlonoxum x,=0,5(a+b) u petukicanm f(x,). Ecan f(x,} <
<0, TO HCKOMEIl KOpeHh HAXOAMTCS Ha MHTepBaje (4, X,}, €C/u Ke
f(x) >0, To x.(x,, D). Janee, ua 0Byx HHTEPBANOB (@, X,) H (X, b)
BLIGHpaeM TOT, Ha TpaHUEAax ROTOPOro QyHKUMA f(x) HMeeT paznuy-
Hble 3HAKH, HAXOAUM TOYKY X, — CePelHHy BHOPAHHOrO HHTEPBAJA, BHI-
yHcaseM f(x,) W MOBTOpsieM YKa3aHHHI npounecc. B pesyabTare noay-
YyaeM MOCAEAORATEIBHOCTh HHTEPBAJOE, CONEPXKAIUIHX HCKOME KOPeHb
X., IPHUYEM BJHHA KAXKACro NMOCHeAYIOLeraG MHTepBAaAa BABOE MeHbile,
ueM npeaniayuiero, [1ponece 3aKaHuHBaeTCs, KOrAa AAHHA BHOBhL NOAY-
YEHHOTO HATEPBaNa CTaHeT MEeHbllle 3aJaHHOrO Yneaa ¢>>(, H B KayecT-
Be KOPHA X. NPHOJMIXKEHHO NPHHHMaeTCs cepeiauHa 3TOCO HHTepBana,

3aMeTHM, yTo ec/n Ha (a, §)) AMeeTCs HeCKOJbKO KOpHel, TO yra-
3aHHull npouece cofileTca K OAHOMY M3 KOpHeli, HO 3apaHee HEHU3BECT-
HO, K KAKOMY HMeHHO, MOXHO MCNOMB30BATE NPHEM BLLIENEHHA KOpP-
Heil: ecaW KOPeHb X=X, KPaTHOCTH nmt HalileH, TO PACcCMATPHBAETCH

(YHKUHA
g (x) =f(x} (x—x.)"

H JA5 Hee NOBTOPSETCH MPOLECe HAX0XK AeHHs KOPHS,
2. Meroa npocroii ntepannn. OH COCTOHT B TOM, UTO ypaBHelHe (1)
3aMEHACTCS 3KBHBAJEHTHHIM YPABHEHHEM

x=5(x) (3)

M HTEPALHH 06DA3YIOTCA N0 NPABHAY
Xoe=58(Xa), n=0,1,..., (4)
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npHyem 3ajaercs HayalbHoe npHGAMKeHHe x,. JAd cXoAUMOCTH Goab-
1Hoe 3HaueHHe HMeeT BHIGOP GYHKUHM S{x). DTY QYHKUHIO MOMNHO 3a-
AaBaTb Pas3/JHUHBIMH COCOGAMH, ORHAKO OGBLIYHO OHA GepeTcA B BHAE

s(x)=x+z(x)f(x), (5)

npHyeM GYHKUHA T(L) He MEHNET 3HAKA HA TOM OTPe3Ke, TAe OTHCKH-
BaeTcs kKopedb. B § 2 Oyaer noka3sano, uTo MeTON NPOCTOH HTEpPALKMU
CXOAHTCA [PH HajdexKaweM BrIfOpe HAYAJABHOTO NPHOIHKEHHA X,
ecad |s'(x.) | <1, rae x. — KopeHb ypaBHenus (1).

OTmeTum, yro B (OpMe MeTOAA NPOCTOR HTepAUHH (4) MOXKHO 3a-
fIUCaTh, MO CYWeECTBY, AO0I OQHOINATOBEI{l HTEPALUOHHEIH METGA.

B gyacTHocTH, ecsiR T(X) =t=const, To nonyuuM serod peraxcayuu

h;lzf(xﬂ)n n=0l lt LIRS | (6)

Aas gotoporo §°{x) =1+tf'(x), 4 METOD CXOAUTCA NPHK YCIOBHH
—2<1f (x.) <0, (7

Ecan B HeKOTOPO! OKPECTHOCTH KOPHA BHIMOAHAITCA YCAOBUS
f!(x)<0! 0<mi<lf’(x)|<Mh (8)

TO MeTON pefakcauMu cxonures npu v=(0, 2/M,).

Uro6bl BH6paTh ONTHMAJMBHEI MapaMeTp T B MeTOJe PefakcalluH,
PacCCMOTPHM YpaBHeHHe AAS NOTPEIHOCTH Za=X.—X.. lloAcTapasas
X.=x.+2, B (6), noayuumM ypaBHeHHUe

S R )
<
{lo reopeMe o cpeanem nmeen
F(xXo+2,) =F(x) +2.f (x.+02,) =2, (2.4 02,),

rie B (0, 1}, Tagknm o6pazoM, iad NOCPEIIHOCTH MeTOAda pesaKCcaldi
8LINCAHASTCA YpaBHeHHe

Zann T I f (x. 4 02,) Z.
T

OTCEO,D.a OPHXCAHM K OUCHKES
|Zaa |2 | 1+ o (x, - 020) | - | 2o | s max | 1 4+ 3f (2, 4 024) | - | 2],
¢ ecad BHINOAHEHH ycaoeud (8), To
|2,—,+1l ﬁ_‘maX{l l-_TMilt | l—‘l.'m,l}lznl.

Taknm o6pazoM, 3afaua BeGOPA ONTHMAJILHOTO NAPAMETPA CBOAHT-
CA K HAXOMACHNIO T, ANA KOTOPOro $hyHKLUHA

g(x) =max (| l—tM,}, | 1=}

fIPHHEMAacT MHHHMAaALHOC SHAYSHHE,
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H3 pacemorpenns rpaduka GyHKIHH ¢(T) BHAHO, YTO TOUKA MHHH-
MYMa onpelelnercs ycJoBHeEM

[ l—M,| =|1—1m,]
W paBHa
t=1,=2{(M,+m,).

[Tpy 370M 3HAYCHHH T HMeeM

| — & My

Ta) = = —, _ ——
q(to) =py (1t g M,
TAK UYTO A4 NOrPEUIHOCTH cnpaBeJHBa oUeHKA
|za{ P2, n=0,1, ...

3. Meton Hblovona. Ilyctb Havadbhoe npubayKeHue X, H3BECTHO.
3amenum f(x) orpeskom psana Teinopa

flxy=H (x) =F(x.) + {(x—x5) ' (x5}

H 32 clieayioilee npadanxeHHe x, BO3bMeM KOpPeHb ypasHenua H,(x) =
=0, T e
_ fixa)

' (%)

Boobuie, ecsin HTepauus x, u3BectHa, To cAeayoilee NMPUORHKEHHE
Xyey B #eTode Heororona oupenennerca no npasuny

e p—o,t, ... )
f(xp)

Metoa HploToHa HasLBAOT TakKe MeTod0M KACATEeAsH6IX, TAK KaK
HOBOE MpHOMMKeHHe X,,, ABAALTCH alCUHCCOA TOURM MepecedeHH:A
KacaTefbHOR, npopefeHHofl B Touyke (X, f{x,)) K rpagmuky ¢yHKumn
f{x), ¢ ocbio Ox,

HceenenoBanue cxognmoctu metona HblotTowa Oyner npobedeno B
§ 3. 3necy oTMerHM Ge3 AOKA3aTeJbCTBA JHIIbL JBe 0COGEHHOCTH 3TOTO
mMeToAa, Bo-neprux, MeTom HMeeT x8adpaTuumit) CXOOUMOCTH, T. €. B
OTNHUHe OT AMHeHHBIX 3aJau NCTPelllHOCTh Ha cleayloled HTepauun
TUPOTIOPLUHOHAABHA KBZAPATY MOTPELIHOCTH HA NpeAplayiiedl HTepauHy:
Xpre— X =0 ({x,—x)%).

H, Bo-BTOpPHIX, TaKas GHCTPAs CXOAHMOCTL MeToAa HbioToHa rapas-
THPYETCA NKUIL MPH OYeHb XOPOWHMX, T, ¢, GMH3KHX K TOUHOMY PeleRHIOo,
HAayaJdbKbiX NpHOANKeHHSX, EcnH HauasabHOe NpHOMHXeHHe BuIOpano
HeyAauyHO, TO METOH MOXKeT CXOJHThCH MeAdeHHo, nubGo He coiifercd
BoobLie.

Moduduyuposannsii merod Heutwotona

f{zp)
= e IO
o k=0, 1, (10}

NPHMCHAKT B TOM CAyuae, Kkorja XOoTAT H36eXaTh MHOTOKPATHOTrQ BH-
yHCAeHHA TPOH3BOAHOH ['(x}. Metoa (10) mpeabABAAET MeHbUIE Tpe-
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O0BAHHA K BHGODY HauaJLHOrG NPUOTUNEHHA X, OfHAKO ofipajaer
JAHIIb AUHEHNOE CXOUMOCTOIO, T. €. Xy —X. = O (X,—x.).

Merog (10) rapanTupyer OTCYTCTBHe J€J€HIs Jla HYJAb, €Can
' (x,) 70,

4. MeTop, ceKywmnx. 3TOT MeTol noaydaeTci n3 MeTona HsoioroHa

—_ X
(9} aamenoii f'(x,) pasleJeHHOH Pa3HOCTBIO w , BHYHC-
T MR-l
JIeHHOH MO M3BeCTHHIM 3HAYeHHAM X, H X,_,. B peayawTare monyuaewm
HTePalHOHHBIH METOL
Xp— X,
Xy =X — f’t_b_l_f(’vk)v k= 1! 2‘ ey (11)
f‘(x};) —f(x};_l}
KOTOPbIi B OTANUNE OT PaHee PACCMOTPEHABIX METONOB HBJANHETCH JBYyX-
Higz08piM, 1, €, HOBOE Ilp]{ﬁJIH)KEHHe Xy ONpeaenseTest aBpyms npeabt-
AYULUMY HTePauHAMH X, H ¥,—,. B Meroge (11} HeodxoalMO 3a20BATh
ABA HAYAJALHBIX PHSAMKEHHS X, H X,,

FeomeTpuyeckas HHTEPNPeTALMsl METOIY CEKYLIHX COCTOHT B CJe-
aytomesm, Hepes Toukn (x,—,, f{x-,)), (. [(x.)) npoBogutca npsamas,
abcumucca TOUKH flepecevyenHa 3710l npamoll ¢ ocklo Ox W Anadercs
HOBBIM NPUG/IIKEHHEM X4, . MHaue roBopa, Ha oTpe3ke [x,—,, X,] hyHK-
UM f(X) HHTEPNOJHPYEICT MHOTOWIEHOM NEpBOH CTENEHH W 34 oue-
peasoe NPHOJHAKEHHE Xyr, NPHHHMAETCH KOPEeHb 3TOTD MHOTOUJEHA,

5. Hurepnoxaunonnete meroan. Muea unrepnoasyuonnny smetodos
COCTOHT B TOM, 4TO HaXCHMACHHEe KOpPHel ypaBHeHMs (1) savensercs
HAXOXACHHEM KOPHEHR [HTEepOOIAUHOHHOrO MHOTOUMEHA, MOCTPOEH HOTO
Aast f{x), MHTepnonduHoHHbIA METOA NEPBOTO MNOPSAKA NPHBOANT K
MeTOAy ceKylWMX. HHTepnoaaunoHuulit MeToa BTOPOro NOpRAKa UA3H-
BaeTcsl merodox napadosr. Meton Heotona (9) MOMHO NGIYYHTH, 3a-
MeHas f(x) HHTEPAOJAUNOHHEIM MHOIOWACHOM IpMUTAa NEepBOi cTe-
NeHH,

Noayuny gopmyasl MetToga napadon. TlyeTh NpuOATKEHHS Xo_g,
Xs_y, Xy H3BECTHH. [TOCTPOHM HHTEPROAALHOHHEI MHOTouaeH HoioTona
(cm. (11} n3§1rn. 3)

Py(x)y=F(xy) + (x_-"h.”(-\'h, Lpoi} + (x—x,) (x_xh—i)f(xh; Xaoy, Xu-2)

H 0003HAYNM Z=X—X, T0Tda ypaBHeHne P;(x} =0 npumeT BHA
az* 4+ bz4+c=0, (12)

rae a=f(x, s, Ya-2), b=f(x xa-) + (e—m) ) [ (50, Xacy, Xuca), €=
=f(x).

Pemran ypasHenne (12), noayuny asa, MOMKET OBITh KOMINEKCHbIX,
Kophsa, z' n 2, no KOTOPHM BHUHCAHM x'M=x,+ 2 x®=x,+42%.
B gayectse CNeAYIOLLEro NPAGNHIKEHUS B METOAE Mapaso BHOHDALTCS
TO Bz 3HaYenni x'?, x'* KoTopoe JuHKe K X,, T. €. OTBEUAWIIEe MHRH-
MaJdBHOMY TIO MOLYJK KOpHI0 ypaBHeHud (12). MeToa napabon yao-
6eH TeM, uTO MO3BROMAET NOAYYNTE KOMIJICKCHBE KOPHK ypaeHedann (7),
l'lOJ'leYHCb BelIeCTBEHHEBEIMIT HAUAILHBIMHK I'[pHﬁJIHH(EH]-]ﬂMH Xy Xy, Xa
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6. Hcnoansosanne oGparthoil MHTepnoasuMu. Pag uTepaufOHHBIX
METOLOB MOKHO WMOMRYUHTb € (OMOIILI) HHTePTNONAHPOBAHHA (BYHKLHH
=@y}, o6partHoii [(x). 3aMeTHM, 4TO €CNH ¥,-— KOPeHb YPaBHEHWS
Hx) =0, 1o ¢{0) =x.. Takum o6pasom, 3aza4a HaxoKIeHus KOPHA X,
CBOAHTCA K BBIYHCACHHIO 2HA4YeHHA ¢{0).

ITpeanoaoAimM, 4To U3BECTHE NPUSAIIKEHHS Yo Xiy o o0y X K KOPHIO
%.. Toraa momuo BBluHCARTE §,=f(x), i=0, 1. ..., 1, H CYUHTaTh, YTO
10 MEPEMEHHOR y 3aAaHbl Y3/l fu, 4y, ..., Y H B HHX H3BECTHbI 3HAUE-
A X =@ (4}, ..., xa=0(y.). [To gauumn (g, (g}, i=0, 1, ..., n,
CTPOHTCH HHTEPNORAUHOHHBIT MHorouned L,(y) aas ¢ydkumi ¢(y) u
B KauecTBe CReAYIOWETO NPHEIMMKERHHA X, ., OepeTcs L,{0).

Jluneiinan oSpaThan untepnonauus (n=1) NPHBOAHT K MeTOAY ce-
kywnx. Keaapatiunas ofpaTeas HHTEPROIALMSA (n=2) nmpueoaut K
MeTONY

et =X — @ (Yo, Yami) + Lemt 0P (s Yim1s Yrma),

OTIHYHOMY OT MeToNa mapadon. 3aeck @ (Y, Yu-i) H O (e Yot Yr—a) —
pasieneHnble PA3HOCTH MEPBOrO I BTOPOr0 MOPAZKOB COOTBETCTBEHHO.

Caenaem caeaywoliee 3ameqanne. [lepeuncaennne sbime Hrepanu-
OHHbIE METOAW B Cllyyae CXONHMOCTH NO3BOMAIOT NPH 3aQaHHBIX HAa-
YaNBHBIX NPHOAUNKEHAAX HafTH JMHLWb OOMH 13 KopHed ypasherns (1).
UToSu OTHICKATE APYTHE KOPHH, HAZO MEHATL HAYANbHEE npuSAHKe -
HUA, Moxer okasaThes, YTO M NPH APYCAX HAYAABHBIX HAHHBIX METOL
CXOMHTCA K TOMY 3K KOPHIO x =x.. ToTda uesecos6pasHo OTACAHTL 3TOT
KOpeHb, T. €. NPUMEHHTb RTepaUHOHHEIR Meton K g(x) ==f(x)/(x—x.).

§ 2. Cx0nuMOCTD METOIA NPOCTOI HTEPALHH

. Teopema o cxonumoctn. MMepenumem ypasHenue

F(x) =0 (0
B 3KBHBA/JIEHTHOM BHie
x=s5(x) (2)
H PacCMOTPUM METOA NPOCTOlt nTepawita
Y =8(x), k=01, ..., x, 3agan. (3)

ToBOPAT, uTO HTepaUHOHHMIA Merom crodurcs, ecan noc/e 0BaTeNE-
HOCTh {Xx,} uMeeT npexes npu k—»co,

B caeayowest Teopeme QopmyanpyoTes YCIOBHA HA PYHKUHIO
S(X), rapanTHpylOUliHe CYLIeCTROBAHHE W eAHHCTEEHHOCTDL peleRnsa
ypaBHenns (2) v CXOAMMOCTH METOMa MpPOCTOf HTEPAIUHH K 3TOMY pe-
weduo. Hanomuum, uto ¢yrkuun s(x) nasbinaercs JHIUIAL-Henpe-
PHBHO} ¢ NOCTOAHHOA ¢ HAa MHO®ecTBe X, ecAl LaA Beex «, x” X ou-
MOJHACTCA HEPABEHCTBO

s () =s(x") [ <q|v—r"}. @
B raneHefimem B xauecTee X Gyaem GpaTh OTPE3OK
U(a) ={x: |x—a|<r) (5)

AANREL 2r ¢ cepeArHoll B Touke a.
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Teopema 1. Ecau s(x) aunwuy-nenpepoisna ¢ noctoannold ge
=(0, 1) na orpesxe U {(Q), npuves
[s(a}—a| < (I—q)r, (6)

10 ypasHenue (2) umeer na orpeske U.(a) eduncraenrnoe pewenue x.
u merod npoctod urepayui (3) cxodurcs Kk X. npu AO60M HALAIBNOM
npubauxcenun x,e=U, (a). Han noepewnocru cnpasedausa oyenka

| o—x | < g*|e—x.], £=0,1,2, ... (7)

HokazatenbcTro CHayana QOKaxeM no HHAYKUHHE, Y4TO Xyé
el.(a), k=1, 2, ..., T. &. 4T0 METOM IPOCTOI HTEPANUHH He BHIBOAMT
42 npefesibl TOFQ MHOXECTBA, HAa KOTOPOM S{x) JHNIUHI-HETPEPbIBHA C
noctrosHkoi g (0, 1), Ipeanoaoxnm, uro x;=U,(a) npn HekoTOpOM
{220, n aokaxem, uto Toraa x;,,=U,(a). U3 pasencTaa

Xin—a=5(x;)—a=(s(x;)—s(a}) + (s(a)—a)
NOJYYHM

|xi+t_‘a[€|s(xj)_s(a) | + |S(£I)—ﬂ|.
YuuTblBas ycaosHe JUNIIHLU-HENPEPRIBHOCTH, NPeANCOKeHHe RHAVK-
LHA H ycaoBue (6), umeem
|s{xp—s(a)| <qlx;—al<qr,
| % —a|<<gr+ (1 —@r<r,
T. e, X;.,=U.{a).
Otennm Tenepn pasHOCTL ABYX COCefHHX MTepanhit x;,,—x; MMeeM
Xi—X=8{x;) —s{x;-,),
H MOCKOJABKY Bce TOYKH X; =1, 2, ..., HaxoasTca Ha oTpeske U, (a),
foMydyaeM OIEeHKY
| %5005 | << g X—x54 |
H, clel0BATEIBHO,
[ X=X | << |0 —x0], j=1,2,... {8)

Ouenka (8) nospoafer KoKasaTh (pYHAAMEHTANBHOCTE MOC/IEAOBA-
TeAbHOCTH {X,), JeficTBATeIbRO, nycTh p— Ja0boe HATYPAaABHOE YHCAO.
Toraa

o
Xeyp— Xp = z (Xesj— Xprjmr),
f=1
H corsnacHo (8) Hmeem
| «qrAz
l—gq

P
qq |y — xq| <<

P
Kmp— | X — 5| D) ¢t = ¢ |x,—x,,\,

=1

T. €.

®
,ka—xfilél?_qlxl—xol' kp=12, ... 9)
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[lockoabky npapas 4acTh HepaBeHCTBA (9) cTPeMATCS K HYJMIO npH
k—-co U He BaBHCHT OT p, NOCAEZOBATENLHOCTD {x} saBasercs dynaa-
MeHTaNbnoit. Clle)oBaTeNLHO, CyLIeCTBYeT

lim xe=x, = U, (a).

[Tepexoaa B (3) K upeaeny mpu k—»oco U YUUTHIBAS HeNPEPHBHOCTH
QYHRUHE ${X), DOJYUAM X,=S(X.}, T. €. X, — pellleHHe ypaBHeHHs (2).

peanonoxum, ute x.'— kakoe-To0 pemeHne ypapnenus (2), npu-
Haagexamee orpesky U, (a}). Torna

X, — X == (r) — s (x)

H 00 YCJAOBHIO TeopeMbl
fx.—x|<<qlx,— 5]

Tax kak ¢<1, moc/nefHee HEPRBERCTBO MOKET BHNOAHATRCS JHUIbL TPH
X,/ =Xx,, T. e, pellenNe e1HACTBEHHO.
Hokaxem ouenky norpemmiHocts (7). Ms ypasHewua (3) noayunm

Kppr— X =58(X)—x, =3 (X)) —s (x') >
H TaK K4K X, x.=U,(a), npuxoaum K Hepapeuctay
[Xpr1—2, | L g xp—x.], (10)

cnpaseAanBOMY anst Beex k=0, I, ..., H3 KOTOPOro H caelyeT OLeHKa

(7). Teopema | nokasana.
3amevaunne |, Ecan AR DOrpemIHOCTH KAKOTO-MHGO MTEPAUROHHOTO MeTona
BHOOMHACTCA HEDAHEHCTRO
| ¥a—xe| S Megh | 2a—xa],

rae g=(0, 1) n M, we 3aBHCHT OT £, TO FOBOPAT, $TO MeTOA CXOAHTCH JHHEHHO ¢O
CKODOCTI0 FEOMETPHYECHOR NporpeccHit co sHamenateseM g, Takas TepMHHOMOrHA
00BACHASTCA TEM, $TO NPH k-»oo MOTPEIIHOCTL YGHBAST KAK M.

3amevanne 2. 3apukchpyem B nepagedcTme () HHEeKC £ M yoTpemuM p
K Geckoneynocth, Torda noayusM OUEHKY NOTPEWmAROCTH

|2 —*u | < [s(x) —xl, £=12,.., (1)

l—gq

B mpasyw uacte ouewkd (11) BXOAAT TOMBKO H2BECTHHE BEJHUAHH, B To Bpema
KaK olledka (7) COdePHHT 3apaHee HEHIBECTHOR SHAYEHHE X..

[IpuBeaem caencrsus H3 teopemsl 1, copepalune Gonee yroGHbIE
BJA MPOBePKH YCJAOBHA CXOIHMOCTH,

Byaem npennonarate, uto s(x) Henpepuio Auddeperunpyema Ha
orpeske U, (a).

Caepcreue 1. Ecau

bs'(x) | ss¢g<1 (12)

dan x=U.(a), soinoanedo ycrosue (6) u x,=U,(a), To ypaanenue (2)
umeer eduncraennoe pewenue x.=U_(a), merod (3) cxodurca u cnpa-
aedausa oyenka (7).

Jeficteurensro, u3 (12) cneayer (4) ¢ g=(0, 1).
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CnepcToue 2. [Hycre ypasnenue (2) umeer peuenue X., PyHK-
gus s(x) wenpepoisro dudgepenyupyena Ha OTpesxe

U (k) ={x: |x—x.] <5} (13}

u |87 (%) | < 1. Toeda cywiectsyer e>>0 TaK0e, 470 Ha OTpe3Ke U.(x))
ypasnerue (2} ne umeer Opyoux pewenud u nerod (3) cxodUTCR, €catl
roabro sl (x.),

MokazaTteabcTno. [lockoasky s(x) HempepeiBHO AHDDEperILH-
pyema Ha otpeske U, (x.) n [s8(x.)| <1, HaligyTes uHcna ge=(0, 1) #
ee= (0, r] Takne, 4TO

[ (x) [ =<g<I
ong scex xel, (x.}).

2. Metoa AiTKena YCKOPerUA cxodumocTH, TIpeanonoxum, 4to Ka-

Koil-Tu60 HTEPAUHOHHBLE MeTon HMeeT Nuiefinyo CXOAHMOCTE, T. €,

n—x.=aq", ¢={0, 1, k=12 ...

Yucaa a, ¢, X, 3apakee HEW3BECTHBI, HO HX MOXHO HaHTH, HCMOAB3YS
TPH MOCACNOBATENbHH X HTEPAUNH X, Xue(, Xpz. COCTABHM YPaBHEHHS

N—x.=aq", Xpp-Xo=ag", Xype— X =ag**

(3pechp paBedcTBa Halo NMOHNMAaTh Kak NPEGAHIKEHHBIE), H3 KOTOPHIX
Hatigem
Axp == Kpp — Xp==0aq* (g — 1},
Ay = Axp, — Axy = agt (g — 1)?,
(B )?
Atx, )

(14}

x‘ = Xt4s ~—

Merogd Jirkena ycxoperus cxoduMOCTy COCTOHT B TOM, HTO NOCAE
BLIGHCACHUS X,, Xpyy, Xpse BPOHIBOAITCA [lepecyeT No popmye

(Axg,)?
Ay,

{19)

Yo = Xppa —

B 3HAUGHNE Y,., NPHHHMARTCA 32 HOBOE NPpUOAKKeHne. Ecan Obl pabed-
¢80 (14) BHNOMHANOCH TOUHO, TO i+, COBNANC OBl C TOYHBIM PEIUEHNEM
x.. B o6uieM cayuae y,,, A3eT ayullee NpuGIEKEHIe K X., 4eM OYepes-
Had HTepalus x,,.. [TOLIYEPKHEM, YTO TNABHBIM OPELNOAONEHHEM 3AECH
ABAAeTCA TpeOOBaHME JAHEHHOH CXOLHMOCTH OCHOBHOI'O HTEPALHOHHOTO
meToAa. B ciiyyae MeTONOB, HMEWIUHX (ofiee BEICOKYIO CKOPOCTH €XO-
LHMOCTH (HARpAMep MeTola HbioToHa), yCKOpeHne no JATKEHY B op-
Mme (15) nesdderTHBHO.

Ha npaktuke He 0053aTebHO DPOBOAHTL Nepecuer Mo dopmyne
(15) nHa kaxpoh utepauuu k. YnoTpeOGHTENbHEl METONH, B KOTOPLIX Ta-
KOlt nepecuer OCVILECTBIACTCS HHKAHUSCKH, T, €. Uepes onpencnehtoe
YIICNO OCHOBHEIX HTEpaLlHi.

C NoMOLLbIc METOAZ DHTKEHz Ha OCHOBE H3BECTHBIX HTEPALHOHHBIX
METOJOR MOMHO MOJAYGHTH MHOLAZ HOBEE HTEPAUHOHHEIE METOAB!, 00-
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Jafatotiiie §oee BEICOKOW CXOAMMOCTbIO, PACCMOTPUM, HAPHMEDP, Me-
TOA peJakcalHy

HUTTE ) =0 (16)

(oM, (6) n3 § 1), xoTOPH BMeeT JAHHEHHYIO CXOAUMOCTh, eCU
M > (x) >0, O<Tv<C2/M,.

INpeanaosns, 970 NP HEKOTOPOM £ NMOJYUEHEl 3HAUCHHSA Xu Xayy, Lpia
Brivscany coraacno (15) Beanunay

{(%ppy— 'r{‘+l)2
Yior = Kira — ~ (17}
Tpyz ™ Xppy T T

H Nexaiogny u3 (17) ¢ nomouiklo (16) BeanuuHEL X\, Luye Hmeem
Xppp = Xpp = 17, ()(;._-),
Xirr = Xy — Tf (Xu) = X — 1] (x0) — 7] (xp — ©f (X)),
CAeI0BATENBHO,

y p -'m (xy)
iy =X — T .
" F i) — f L6 —tf ()

ITpoBedentble NOCTPOCHHA NO3IBMJIANT NPeRNON0KHTb, UTO ONHO-
IIAroBLifi HTePALHOANBHE MeToq,

i (gp)
Yo =1lt— 1 18
Yot = e e — T 0n — 7 5) (18)

obaajaer Gofee BLICTPON CXOAHMOCTBLIO, HeM HCXOIHHHA METOl pedak-
cauny (16). HdeficTBnTeabno, Kak nokasano, Hanpuvep, B {25], meton
(i8) npu 1=1 (merod Creghencena) nveeT KBAIPATHUHYIO CXGAM-
MOCTh.

§ 3. Cxopumoctb metoaa HewotoHa

1. MpocTofi BemecTBEHHBLIA KOpeHb, [1peAnoa0:KuM, YTO YPABHEHHE
f(x)=0 (1}

HMeeT TNpocToll BeUleCTBEHHEIN KOpeHb Y=x,, Tak uto f{x,)=0,
{(x,)#0. Byaem npeanogarate, uro j(x) IBa1b HempepeHBHO AH-
depeHunpyeMa B OKPECTUOCTH KOPHA Xx,. HMccaenyeu ¢x0anMocTh Me-
T101a HroToHA
f(x;;)
A

3aMmeTnm npexae Beera, uto (2) MOKHO PACCMATPHBATE KAK YACT-
HHH cayyall meToaa NpocTofl HTepauHn

k=01, ... 2

Kpyy = Xp

naa=s{x), k=01, ..., {3
AR KOTOpOro
{ (x}
sS{XYf=x——, 4
{x} e {4)

199



R § 2 6wnin10 mokasaHo, YTO AAA CXOARMOCTH Metoaa (3) noctarou-
HO 1OTpefoBaTh, YTOOH B HeKOTOPOH OKpeciHOCTH HCKOMOLG KOpPHA
BEITOAHANOCH HEPaBeHCTBO
|8 (£} | sSg=<1. (5)
s dyHkuun (4) umeeMm
s (.’C) =f{x,” (:’]'
(" (=)

g ecan x, — kopenb f{x), 10 §'(x,) =0. IloaToMy HaiIeTCA OKPECTHOCTh
KOpHs, B KOTOpOfi BEINOJNHeHO HepaBeHctBO (5). Tem caMbiM Tpu Haf-
JAexateM BrGOpe HavanbHoro npubau:Kenns Meros Hrutotoua cxonnt-
ca. OmHAKO CAEACTBHEM MahocTH $'(X¥) B OKpecTHOCTH X, SBIAETCH
He NPOCTO CXOAHMOCTD, 3 CXOAMMOCTh CYUIECTBEHHO (oJiee GniCTpas, 4eM
8 ofiuleM chaydae MeTOda NPOCToil HTepaund. B caeaywmeii teopeme
NOK23aHO, uTe MeTox HbloToHa HMeeT KBAAPATHUHYI CXOAHNMOCTE, T. €.
4TO OH CXOJHTCA ¥ norpeumiHocTe Ha {(k-+1)-# vTepauud nponopuuo-
HAJbHA KBAAPATY TOTPELIHOCTH HA k-f HTEpanUH.

Teopewma 1. flycte x,— npocroil sewjecTaerAbUL KOPERb YpasHe-
a#un (1) u nycre [ (x)5=0 8 oxpecTrOCTU

Ui(x)={x |x—x,]<r}.
[Ipednoaomcum, «to ["(x) nenpepsigra e U, (x)) u

L

0<m= inf [['(x)]|, My= sup |f" (0] (6)
XSH (%) XS pixa)
npuyem
Mg — x4 |
o < 1. ¥4

Toeda ecau x,e=U,(x), 10 MeT0d Hotorona (2) cxodutcs, npades
048 HOZPELUHOCTY CRPABEFANBA OYEHKA

[—x.| < g** | xo—x.], (8)
2de Moo s,
q=2T< 1. 9)
HokasaTearwctro. M3 ypasaenns (2) nonyuum
Xy — X, =Xp— X, — f(xk}
: TP ()
uaH
foa—t, = O (10)
rae
F(x) = (x—x )} (x) —f(x). (1D
3amerum, yto F{x,)=0n
Frx) = (x—x )" (x). (12)
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*h
Fl=F () + | F'(0dt
£

H BHIpaxenneM (12) nas F/(f), noayuum

h
Fag=§ (¢t—x)/ (.

Tak kak ¢yHKUNR /—X, He MeHSeT 23HAK R4 OTPE3KE HHTErPHPOBAHMSA,

MOXHO BOCNOJR30BATLCRE GOPMYJIOR CpEfHEro 3HAYEHHR MW 3aNHCATh,
91O

E i (xk __x*)g
F () =S (t—x) [ () di=f" (&) q (f—x)di= ——24-f"(§a).
Xy Xu
Fle =0+ (1—0,)x., [6,] <<1. Obpawascs k (10), noayunm
) (e )

xm—x*‘—w ' (13)

T. €. MOrpeiinocTb Ha (R+1)-f uTepauMH NPONOPUHOHANLHA KBAApaTy
NOrpetiHoCTH Ha k-0 HTePAILHH,
Hokaxem ouesky (8) no neaykunn. IMpr k=0 uz (13) NoAYYHM
G (o —x,)?
e i 14
2 (xp) (1)
Ho ycaosuio TeopeMbl x,&<U,(x.), u no3ToMy cornacuo NepBOMY H3 Y-
aopul (6) umeem |f'(x,)|==m,>>0. Kpome Toro, & =0,x,4 (1—8,)x,,
So—x, =0 (x—2x,), [E—x, ]| = | 0o [ [o—x | <1,

T. e. §,=U, (x,). Ho Toraa cornacro (6) |f”(&)|<<M, Takum ofpa-
30M, IPHXOAHM K OlleHKe

xl-‘_‘xt=

TS
fx,— x| g Mals (’;‘;n_—x‘)-

=qlx— x|
cosnanawotedl ¢ onenkoit {8} npu k=1.

Ilpeancnoxum, 94to ouenka (8) BHIIOAHRETCH apu k=!=1, v po-
KaXeM, YTO OHa BBIMoaudercs B npu k=I[-1. Ilpn k={ Beipamenue
{13) npuuumaeT BHA
&)t

iy

NogaxeM, uro x, Ll (x). HeiictButeasto, n3 (8) npn k=!I
HMeeM

Kigy ™= X ==

(15)

e R e N N P AL
r.e el (x,). Kpome 1oio,

N e I T LISk
1. CNedoBatenpHo, Ee /. (x.)



Teneps MOKHO BOCIONB30BATECH VCNOBHAMH (6) U oUugHOTH
[Fx) | z=m >0 [[7(2) ]| <M.

Otcioga 1 u3 {15) noayuum
Ma(x; —x,)?
(B2 "—x,l--<-.. ——“2—;1']—— .

H3 aToro HepaBeHCTBa H H3 HepaBeHCTBA (8), UMEIOWETe CaAeAYIOUUE
BHL NP R={:

|xf_x.12$q2“'1—2 [""0 —X 2'

NONYHHM OUEHKY

Mofx, —x, [ Y Ir1_
s — x| (P 7 | — =g iy — ),
1

T. e. otteHky (8) mpu £=/+1. U3 ouenku (8) crenyer cX6RUMOCTb Me-
Tona (2), Tak Kak oas g (0, 1) npaBas vacts HepaseHcTBa (8) cTpe-
MHTCA K HY.TI0 1pH k—oco, Teopema | nokazana,

Jameuanun L ¥Ycnoswe (7} oinayaeT, 4To HAUAABHOE NPHOMHNKEHUE HaRO
6paTe ROCTATOUHO BAHZKO K MCKOMOMY KOPHIO,

2. Buinonnerue papencTBa (13) O2WanaeT, MTO MeTOA HMeeT KBAAPATHUHYIO CXO-
BUNMOCTS,

3. Nockonbky x,. 3apatee HeH3IBECTEH, WHOCEA TPYAHO TPOREPUTH  YCNOBHE
xe=U (x.}. Ho ecan wuszeectno, uto |f'(x)[Z=mi>>0 B HekoTOpOH OKpPeCTHOCTH
KOPHf, TO ANA OUeHKH OAH30CTH HAYAJBHOPD TPHGAUMEHHA K KOPHIO MOKHBO BOC-

M0.Tb30BATECA HEpaBeHCTBOM
Lro—x.| S [Fxo) [fma. {16)

f{xo) =f{(xo) —f (x4} == (xg—xa} ' (£},
oTkyaz H chenyer (16).

HeficTautensHo,

2. KpaTHute KopHH. [OROPAT, YTO X, ABJALTCH KOPHEM KPATHOCTH P,
ecan

F)y=F@)=...=f""x)=0 fr)*0

Byaem npenmosarath cefiuac, 4to {**"'(x) HenpepulBHA B OKPECTHOCTH
KODHS X, KPaTHOCTH p. B cayuyae KOpHA KPaTHOCTH p KBAaADPATHUYHYND
CXOANMOCTR HneeT meTod HewoTona ¢ napamerpom

*p

F (xk)"*% + f{xg =0, (7

rae tv=p, Cupagefivga
Teopewma 2. [lycre X, — kopens kpatiocTi p ypasuenus (1) u &
OKPECTHOCTIL
Uclx,)={x: Jxr—x,])<<r}

npoussodnas [P (x) oTauuna or nyAA.
Hycre [ (x) nenpepoena 8 U.{x) u

0<m= inf W], Mu= sup [0,

=L, (xy) r=U,p v
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npusem
Mpi-l l Xo— Xa l

map (p+ 1)

< l.
To2da ecau x,=U, (1)), To metod {17) npu 1=p cX00UTCA, NPUIEM
0A% NOZPEUIHOCTH CNPASEOAUBA OUEHKA

|6 — 3, <2 g1 1y — 1,
20e

g=Monloz el )

mupip+1)

JloxasaTeabeTBO TeopeMbl 2 Maa0 OTJAHYAETCA OT AOKA3ATENbCTBa
teopemul | (em. [251). Has norpewnocty x,,,—x, MeToxa (17) ct=p
nonydaeM puipaxeune (10), rae

F (&)= (x—x )" {x)—p[ (x).
Fimigx )=0, m=0,1,...,p—1,p.

INpumensas dopuyay Telinopa ¢ OCTATOYHBIM YACHOM B MHTErparbHOM
$opMe, NOAYUHM, uTQ

IIpy aTom

e
Fie) = —o | €= x) G — 71" 0t

Aa

Hanee, BocnoabaosaBlinck GopMyaoll cpelHero 3HadeHHH, MHOJYIUM
npeicrtanienue F(x,) B Bule
f{D+l] (Ei}]) - p 7o)
—_— X —x ),
(p=+ '

Hna oueHKH  3HAMEHJTEAdA
Brpaxenun (10) ucooabayetcs
dopMyaa Telinopa ¢ ocraToy-
EnM uneHoM B dopme Jlarpan-
®a. B pesyawTaTe noayuaem, uro

|
N {x _x*)p-l 2 ! -
f (xk)=-—(;_—m f{p) (S })- a4 iz

| T Ty, ) x, @

F (xk) =

1

Janee noeTopdiorea Te Ke pace
CY#AeHHA, HTO W UpH AOKA3d-  p.. 6 Monoronnas CXOAUMOCTE METOAA
TEABCTBE TEOPeMH |, HsloTona

3. OpHoCTOPOHHHE NPHOAKKE-
Huf. Ecnn BOKpecTHOCTH KODHA
X, npoussonnas GyHKUMA f{x) coxpaHsieT 3HaK M MOUOTOHHA, TO NPH-
Gaumennna x,, NoAyyaeMmble 8 meTole HbTORA, CXOAATCA K X, ¢ OAHOM
CTOPOHH. 3T0 03HARART, YTO NOCALI0BATEILHOCTh {x,} MO0 MOHOTOH-
Ho yBwBaeT, TaK 4TO X <X, < X, AN Bcex £, AUGO MUHOTOHHO BO3-
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PACTAeT, TAK UTO Xy<C Xpy(<IX. ANA BceX k. MOHOTOHHAS CXOAHMOCTbL
mMeroaa HwewoToHa Xopowe BAgHa Ha pHc. 6. Baxnoe cpoficTBo MOHO-
TOHHOCTH MeTOma HbwTtona Gosee ToMHO copMyTupoBanoc B Teope-
mMax 3, 4. B sTux Teopemax npegnonaraertcs, 4T0 Ra oTpeske [a, b]
ypaBHetue (l} nMeeT eaHHCTBEeHHBI KOPeHb X, H QYHKUHA [(x) ABaX-
AL HenpephiBHO ARddeperuupyema. '

Teopema 3. fTycro dan scex x=|a, b] aubo

f{x) =0, ["(x)>>0, (18)

fr{x) <0, f’(x)<0. (19)

Toeda nocaedosareasnocte {x.), onpederennan coeracuo (2) ¢
X,=b, MOROTONHO yY6bIBAET U CXOOUTCRA K X,.
Teopesa 4. fycre dan scex xla, b] aubo

F'(x)=>0, ["(x)<<0,

(%) <0, J"(x)=0.

Toeda nocaedosaresbnocTe {x.}, onpedesennas coenacwo (2) ¢
X, =0, MOHOTOHHO BO3PACTAET U CXOOUTCR K X,

IockoabKy GOpMYAHDPOBKH M AOKA3aTeNbCTBA TeopeM 3, 4 coBep-
I¢HHO aHAJNOCHYKHE, OrPaHHYHMCH A0Ka3aTeJbCTBOM TeOpeMbl 3.

HokxasaTeasrcTBO TeopeMb 3. MOHOTOHHOCT MOCAENOBA-
TeABHOCTH {X,} AOKaxeM No uHAykuud. [lo ycnoenio x,=b. Ilpeano-
JIOKHM, 9TO /A HEKOTOPOro £ 220 BLINONHAIOTCA HepaBEHCTBA

X, < xph, (20)

AuOC

AUbO

H JIOKaXKeM, YTO Torna
X Ky << Xy, (21

ITepenumeM ypasHenHe (2) B Baae
fleg) —F(x)
f (xk)

H BOCNOJb3yeMca GopMystol KoHeuuux npHpamennfi Jlarpanxa. Torga
NoMYyYHM

K= Kpgp ==

(ep —x} (5

Xp—Xpyy=——————, 22
* kel P (%) { )
rae .= (x, x,). [Tycts Bunoaneuo ycaosne (18}, Toraa
o< L& 23)
' {xg)

NpaYeM noc/icHee HepaBeHCTBO ABAACTCA CJeICTBHEM MOHOTOHHOTO
sospactanun [’ (x). Te Ke campie HepasencTBa (23) BHNOMHANTCHA W B
cayuae ycaoafi (19). Takum o6pasom,
(x,—x ' G)
0 <_—,_ < xk - x*,
I (2
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U M3 (22) noayuum
0<xp—x, XX,

T. €. noayyuM Tpebyembie Hepasenctra (20). Takum ofpasoM, nocae-
A0BATEABHOCTb {X.} MOHOTOHHO YOMBAET H OCPAHHYEHA CHH3Y YHC-
A0M X,. [109TOMY faHHaA MOCAEAOBATENBHOCTD HMEET Mpefies, KOTOpHi
B CHAY HenpepulBHOCTH dYHKUMH f(x) W ycaoBua ['(x,)70 coBmafaer
C KopHeM x, ypaBHerHst (1). Teopema 3 moxazana.

C}l&ﬂaeM 34MeYaHHA OTHOCHTEABHO CKOPOCTH CXOAMMOCTH MeToga HuioToma npH
yenopusix teopem 3 w 4, Ecom navaabnoe npubmumenwe x, BRGPANG A0CTaTOYHO

GAUIKG K HCKOMOMY KOPHIO, TAK YTC BBUTQJIHAETCH ycnoate (7}, To coraacso Teo-

peMe | METOL HMeeT KBANPAaTHUHYIO CXOAHMOCTS H AAst TIOTPEUIHOCTH CNpaBellnBa
ouexka (8).

Ecan xe yenosue (7) ne BRNOJHEHO, TO HA HAYAMbLHLIX HTEPALUAX ROTPEUIHOCTh
Gymer yGuBaTh $0fce MenneHHo. OAHAKG B CHIY CXOAMMOCTH NMOCASAOBATENLHOCTH
{xa} nafigercs womep b=k, nas KOTOpOro ouepearoe nprlauxenne xy, YAOBAET.

BOPHT REpABEHCTBY
M, | Koy 7 |
2”3]_
E C 3TOr0 MOMEHTA CXOAHMOCTL CTANET KBaﬂ.pﬂTH'ﬂ{Oﬁ.

4. KomnaexcHwii xopenb. [Tyctb f(2) — dyHKUHA KOMIIEKCROTO
MEPEMEHAOTO Z=X-+iy W 2,=X,J-iy, —npocToii Hyab f(z). Byaem
CUNTaTh, 4TO f(2) aHAJHTHYHA B HEKOTOPOH OKPECTHOCTH z,. Torna
MOHO paccMarpHBaTh Meto HeloToHa

. k=0,1,... (24)

Cxoaumoctb MeTofa (24) ycranapambaeTcsl B TeopeMe §, KOTOpan
oGobuUiaeT Ha KOMIVIEKCHBIH cayyall Teopemy 1.

Teopema 6. MMycrs 2,— npocroii kopens ypaswenus f(2)=0u
nycre f(2) anasuruqna ¢ Kpyce

Uz ={z: |2—z,|<cr}.
fTpednoroxncunm, uro
inf |f'@|=m>0, sup [['@=M, (25)

=U,(z4) 2=, (z4)
npuem

M;lzg—2,] 1
2m1 < )

(26)

Toeda ecau z,=U,(2,), To merod (24) cxodurca, nputem 843 no-
2PLUROCTYH cnpasedilisa oyeHKa

|2 =2, <g**|7—2], 27)
2de

_ Vylza—z,|
2«"?21

q <L (28)



lokasartensctBo. Jlag norpewnocTn noayuaem ypaBHeHHe

iy ©9)

rae
F2)=(2—2)["(2)=[(2), F'(2) = (z—2.) ' (2).

Bocnoabsceabuiick dopmynoél Heorona — Jleli6uuua, noAyYHM

i
Fey=F@)+ {F' (9d,

T. €.
*
Flay= { ¢—2)} () d- (30)
HoxaxeM ouenky (27) no unaykuuu. Ipu £=0 ua {29) ponyaum
F{z)
Hy—z,=—"1 31
e = (31)

Tak xax z,&U,(2,), nmeeM coriacko (25), uro | (z.) | = m,>0. Oa-
Jee, OLeHHM

Fe) = S"(z_ 2) I (@) de. (32)

Ina storo caenaem B uurerpane (32) 3aMeHY NepeMenHol

2=lz,4{1—1)z,
B fIepenHuieM erg B Buie
1

Fleg) = —2) {1 (2 + (1 — 1) 2) . (33)
1]
Hwneem
2—z =1{(z2,—2), |z—z|=|z—2z |<r,
T. e 2=l5+(1—l)z &V, (2), u cornacho (25) BHMONHAETCS OWEHK:A
[tz (1—1) 2,) | <M.

Orcrona v u3 (33) noaywaem OLIeHKY

[F oz} =< My |2, —2,

1
tdt=05M,]z—z, 2.
A

Yuutnieas (31}, nonyuum HepaBeHCTBO
Mylze—2z,1?
|2z | g Helmnl,
Aty
KOTOpOE cOBNaAAeT ¢ HepaBeHcTBOM (27) mpy k=1.
[peanoaocxum, uto onenka (27) ewnoansercs npH k=I2=1, u no-
KHaMeM, 4TO OHA BHINONHAETCA H NpH 2=I41. 3ameTnm npexie Bcero,
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yTo u3 ouenkit (27) npw A=/ cneayer, uroc zl,(z)). [Tosromy co-
CIaCHO yeaoBHo (25) umeen |[f'(2) | =m,>=>0.
Hanee, ouenuM
¥

Fiz)= S (z—2)f (2 d2.

e

Yunteisasg, uto z=U.(2)), MOXKHO MOAYUUTL OUEHKY 3TOTQ HHTErPAId
TAK e, KaK U OLeHKY F(z,), a UMEHHO

F el < la—al

Toraa u3 (29) npu k=! noAy4um
M-:!Z{—Z,. I2

2m,
u, yuuteisas (27) upu k=/{, npuaem Kk depasedctsy (27} npu k=[41.
Teopema b Lokazana.

3ameTuM, uTC ycaoBHe ¢XoauMocTH (26) osnaqaer 6IM30CTh HA
KOMMJIeKcHOfl MAOCKOCTH HA4a/bHOTO MPHOIHKEHHA 2, K HCKOMOMY
KOPUEY 2. B 4acTHOCTH, 3TO VCIOBHE MOMeET He BHIMOJHATLECH ANA Be-
EeCTBEHHBX HAYANBHBX MPpHOIHAeHN.

[1pn yncaennodl peaansauun merona HbroToHa MOMHO [0.b30BATh-
CA KOM{AEKCHOA apumeTHKofl, ogHake HUoraa ObiBaeT yaodHuee pas-
JMenuth 8 popmyaax (24) neficTaATeNbHLIE H MHUMBIE 4acTH H MPOBN-
AHTb BHYHCAEHHUSA TOABKO ¢ BEULCCTBEHHBIME HHCAAMIL.

IZIH_Z.IQ

*

§ 4. UrepauHoHHLEe METOAL! A4 CHCTEM HEAHHEHHDBIX YPABHEHHH

1. OGwue mOHATHA. PacCMOTPHUM CHCTEMY HeNHHENHHWX YypaBHEHNH

fl (xlt KXoy vony ,’(m) =O'
f‘Z (xlr Koy ovny Im) = 0‘ (l]
For (X0y X0 o0y X} =0,

rae fo i=1, 2, ..., m.— GYUKUHH BELIECTBEHILIX NEPEMEUNbIX Xy, ...

.y X B maawhefiest cuctemy (1) OviaeM paccMaTpHBATh Kak one-
paTopHOe YypasHeHHe B HEKOTOpOM JHHellHOM npocTpaHcTse ff paa-
mepuocTH m. OBoznaunm

x=(X, X ..., x,,.)TeH,
Flxy=(f{x), ha(xy. .o, fu )T

u 3anuureM (1) B BHAE OMEPATOPHOTO YPaBHEHHS
F(x)=0, (2)

rne F: H—~H — otofpaxenie, Heauueiivoe, roolile ropops, n3 H B H,
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MHorHe ofHoWIaTOBHE HTEDAlHOHHEIE METOAB AAA pPelleHHA CH-
¢TeMH (2) MOMKHO 3aITHCATL B BHAE
P 4F
By ————+ F(x)==0, k=0,1, ..., x, 32024, 3
R+l
rae k — HOMep HTepal¥H,
kb ENT
xk=(x1’ oy v xlﬂ) )

Tips — HHCTOBHE napaMeTprl, B,.,— marpuua m)m, uMeiowias ob-
patHyio,

Eeau F— niHefigw® onepatop, To (3) coBRmajaeT ¢ KaHOHR4eCKOH QOpMORA
OAHOWACOBOrG MTEpanHoHHOTO MeTola (cM. § 1 ra. 2), T. e. B BHAe (3) MOMHO 3a-
nucaTh M0G0 OAHOWAroBuli MeTOA AN JHHEHON CHCTeMW ypaeHeHuid. B cayuae
neAMHeAHOM cHeTemp (1) BOSMOXHB METOAHl, COAEPIKALINE HOBYIO HTepaiyile xA+!
HeAHHelHO, H TeM CAMMM He NpeacTasiMele B Brae (3}, OmBaKce Mbl NO-NpeHHeMy
6yneM HaabpdTh KAHOHHYeCcKO#l $opmMol 3anHck MTEPAUHOHHOTO MeTola B BUAE {3).

Jas HaxoxkaeBns x*** no uasecTHoMy x* n3 ypabuenrua (3) Heo6-
XOAHMO PEILUdTh CHCTEMY JHHeHHBIX ajreSpaMvyeckux ypaBHeHuN

Bttt =g(a"), {4)
rae g(x*) =B ¥ —TF (£*). Merog (3) HazbBaeTcss A8HOIM, €CTH
By, =E nns seex k=0, 1, ..., U NeASHoIM — B POTHBHOM caydae. Me-

Tof (3) HA3LIBAETCA CTAYUOHAPHGIM, eCH B H T He 3aBHCAT OT HOMepa
utepaunn k. CHcreMy NHHedHHX ypaBHeHRH (4) MOKHO pewaTb AHGO
npsaMuM, JH60 HTEpalHOHHEIM MeToAoM. B mocsegheM cayvae urepa-
1HH, TPHBOJAAILAE K pelleHHI0 CHeTeMBl (4), Ha3LBAKTCA 8HYTPEHHU-
MU UTePayuAMI, A HTepalHH (3) — GHeWHUMY UTEPAYUAMU.

2. CXOOHMOCTE cTalHOHapHore MeroAa, OCTAHOBHMCH KPATKO Ha
BOMpoce o CxoAuMocTH Meroia (3). Tlpeanonoxum, uto mMerod (3) —
CTAUKOHAaPHLIE, T. €. B 1 t ne sapHcaT ot k. Torna ypasHenue (3) MOx-
RO nepenucarb b BHAE

£ =5 (), (3)
a UCXOANoe ypaBHeHHe (2) — B BHIe
x=8(x), (6)

rae S(x) =x—B*F(x).

Byaewm cudrath, uto H — KOHeUHOMepHOe JHHefiHOe HOPMHPOBAH-
HOe MPOCTPAHCTBO, T. €. uTO onpeaeteH ¢Gyrkuvonan [x[, yrosaerso-
PAICILKA BCeM aKCHOMAM HOPMBI.

Touxka x.<H, nas kotopolt S(x ) =x, HasuBaercs HenodsumxcHol
Touxoil oneparopa S. QueBdAHO, YTO TOUKA X, SABAAETCA pPelleHHeM one-
paTtopHOro ypaehenusa (2) Torga H TOJbKO TOrAa, KOCAa OHA ABAACTCH
HeNOABHKHOI ToyKoi oneparopa S. Takum ofpasoM, OTHICKaHHE KOp-
neif ypasienus (2) 3KBHBafNieHTHO OTHICKAHWI0 HEMOABHXHBIX TOYEK
onmepaTopa S.

Cosopart, uto S AnnfeTcH CauMArOuiisM ONEpaToOPOM Ha MHONECTEE
KSH  wospide -~ e ona oy ens cyinectsyet uncao g&={(Q 1)
TAKOC ¢ L Trzloanu0a. deies 1EPaReNCTBO

|l
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Tenepe Mb B cOcTOAHHY CHOPMYIHPOBATL TeOPEMY, KOTOPAS Ha3bl-
BACTCHA NPUHYUNOM CHUMGIOWUX OTOOPANERU N CONEPIKUT YCAOBHS
CXOAUMOCTH MeTOAA MPOCTOH HTEPALHH

=S (34 (7)

B KOHEYMHOMEDHOM JHHeHHOM HODMHpOBAHHOM mnpocTparcTBe ff. Oxa
ABNACTCE MHOTOMEPHBIM aRaJoroM Teopemet | us § 2,
Teopewma 1. fTycre oneparop S onpedesen na mrodxecrée

U,(a) = (xH: lx—all<r)

U AGAACTCA COUMAIOUUM OREPATOPOM HA ITOM MHOMECTBE € KO3Pu-
YUEHTOM CHATUR {, APULEM

IS(a)—al < (1——¢)r, O<<g<<l. (8}

Toz0a e U,(a) oneparop S umeer eQuncreennyio Henodeuscnyro
Touky x, u urepayuonnsid merod (7) exodurca k x, npu aobom x'=
U, (a). Has noepewnoctu cnpagedauss: oyenky

|2 — x| =< g*)x°—x, |, 9)
&
I — 51 1S (79 — 2] (10)
Hokazarenberso TeopeMbl 1 MOKEO HANITH B [42].
3. MpaMepbl HTEPAUHOHNBIX METOLOB.
[Ipumep 1. Merod peaakcayuu npefcrapiserT coBOi UacTHHIR

caysait metrona (3), koraa By,,=E, 1,y,=1. 370 CTALRORAPHHIA HTe-
PAIMOHHBI MEeTOA, KOTOPHIH MOXKHO 3aNMHCATE B BRAE

=8 (%),
S(x) =x—1F(x).

Meron cxoanrcs, ecnn JIS'(x,)ll< 1. B panuom caygae S'(x) =
=E—F'{x) n

rae

T 8fi(x) 9, (x) 8 ()
Ox, xs dx,,,
, . (x) 8. {x) 3, (%)
F'x)= dx, dx, iz, (11}
U A, 0
- Ox B, dr,,  _

Mpumep 2. Merod MMuxapa. Iycty F(x) npeacTaniserca B Bune

KM oGpazoMm:

F(x)=Ax+G(x),
roie A —marpuua mX m. Toraa ure

A G =0,

PALHH MOXKHO ONPelelHTb CHefyio-
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HrepalHOHHBIE METOA MOKHO NEPEMHCATD B BHAL
A —x ) - F (x) =0

T. ¢. B KaHouu4ecko#l dopme (3) ¢ By =A, Tap=1. MoXKIO u 31€Ch
BBECTH HTePAIOHHbIE (APAMETpP H paccMaTpuBaTh Gonee oGHA Me-

TOS,
1

+ F(x)=0.

IIpumep 3. Merod Herotona nna cucteme ypautensi (1) ctpo-
HTCS Cepyiouium ofpasom,

[Mycts npubanxeHune % =( ,,x., ey :en)r yi#e H3BeCTHO. Bblnn-
weM pasnoxedue GyRKUBE fi(x,, X, ..., ¥u} 00 dopmyne Tefinops 8

TouKe x*,

7, ()

fl‘(xl.ﬂ Xgs v vy xm)‘:fi(xt xﬁs R "Lm'—{_ (x _xl) a +

o, |
+(xg—.\.)) f( ) + s +(-’L'm—xﬁ;) ft '1_O(l¥T 1;’*'.2"

' i

# OTOPOCHM BEJIHYHHBEL BTOPOTO nopsara mamoctd. Torxa cuerema (1)
3aMeHHTCH cHCTeMOH ypaBHeHm‘i

S — o) LI =0, =1, m (19
f=1 i
AnreliHod OTHOCHTEIRHO ApHpALLEHkH x,-—xff, i=1,2, ..., m Pee-
Hie K={x, X, ..., X,)7 cucTeMpl (12) npumMeM 32 cleAyiollee UPH-
OnmxetHue i1 0603HAUMM Uepes
xt= ({7, L, KT,

Takum obpazoM, urepauloddelit merol Hewortona aas (1) onpene-
AACTCA CHCTEMOH ypaBHeHni’l

2 (’Lki-l Of (

f=1

ZE) L pw =0, i=1,2 ...,m (3

a a7
U3 KOTOPOMl NOC/en0BaATeILHO, HAYHHAS ¢ 3aA4aHA0T0 X° = (X, ... Xn)} ,
HaxXOMATCS BEKTOPH X, k=1,2, ...,
Cueremy (13) M0XHO 3a08CATh B BEKTOPHOM BHOE

FreMy (' —x )+ F(x*) =0, k=0, 1, ..., x* 3azan, (14)
rxe matpuna F/(x} ompepenena cornacuo (!1). Takum ofpasom, Mme-
T0oA HEelOTOHA HMeeT KadouHYeckHi BuA (3), rae

B =F' (£, tTwn=1Ll
Haa peanusauuy merola HeloToHaZ HeoOXOARMO CYIECTBOBAHUE

matpuit (F'{x*))~', ofparhirx '(x*}, [lo noBOIY CXOAHMOCTH METOAA
HeloToHa L8 cHCTEM YpaBHEHUH MOMKHO CKAa3aTb TO e, 4TO W B ¢AY-
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4ae OJHOrO YpaBHEHUA, a HMEHHO, MeTOL HMeeT KBRaIDATHYHYIO CXOXH-
MOCTD, eCIH HaualbHoe MpHGAHKeHHe BRIOPAHO 1OCTATOUHO XOPOUIQ,
HPHBEJEM de3 10KasaTeNlbCcTBA QIHY H3 TeopeM O CXOIHMOCTH “eToj]a Heio-

TOHA.
[lycte E™ — MAOKECTRO fm-MEPHBIX BEMIECTEBEHBHIX BEKTOPOR ¢ HopmOl Mxfj=

mn A
=(fo) Al — nopua MaTpRuM A, nopuMHEHAAA  2aHHOA  ROpMe BREKTAPA.
s f=1

Q6o3Hauln

Ur(x®) = {s=E™: || x—x*) <r}
1 npexnonowuM, uro B wape U, (x%) dvekusn fi(x), i=1, 2, ..., m, HenpepuBHo
IHpdepeHIHPYEMHL,

Teopema 2 fIpednososus, wro 8 U(2®) marpuya F'(x) ydosseraopser ye-
aoswo Junumna ¢ noctosnnod L, T. e

LF7 () —F' (x| < Ll 22l

348 ao6bix &), B*<U.(x%). Hycte ¢ U,(x%) mazpuua (F/(x))-" cywqecrayer, npudes
FACMENTEL C2 HETIPEPLLBHOE U
H{F (x))~M<M.

Ecau nawanenoe npubauncenue x° rasoso, w10 |F(xe) << u
M2L
=2

2

¥
Rpudem
= -]
Mn Z -1 <y,
k=t

To cucrena ypaswenud (2) umeer pewenus x.= Er(XU), K koTopomy cxodurca merod
Howorona (14}, Ogenxa nozpeunocta GaeTca nepasescrom

2 k—l

ok

2% — &, i< Mn
l—g

Hoxasatenbctso Teopems 2 MOXHO HailiTh B [42].
[Mpiumep 4. Moduguyuposansei metod HeroTona numeer BHA
FIx®) (M —x) - F(a) =0 (15)

H 006/121aeT auHEAHOf CXOTIMOCTIO. YIpOLleHHe B YHCACHHON peant-
30UHH MO CPaBHEHWID ¢ OOBIUHBIM MeToaoM HbioTOoRa cocTonT B TOM,
970 MarTpuuy F'(x) uapo o6pawlarh He Ha KaXINOH HTEpanuH, a JHIlb
014 pa3. BoaMOXHO LRK.IHYECKOE MPHMEHERHE MOANPHUUPOBAHHOTO
merona Helorora, koraa F/(x) ofpawaerca uepes onpegenennoe yic-
JIO TepauHi.
[Tpumep 5. Merod Hororona ¢ napamerpos nMeet BuA

x‘z«:__xk

F"{x) + Fx)=0. (16)

Ten

PaccmoTpendue 10 ¢UX NOP MeTOAbl ABJANACH JlIHEAHBIMH OTHO-
2HTeNbHO HOBOf uTepaunu x**'. BosMoxuul i HenHelilve MeToRk, KOr-
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Aa AJA BHYHCAeHHA x**' MPHXOAHTCH peliaTh HeNHHEHHbIE CHOTEMBE
ypaBHeHuH. [IpuBeieM npuMeprl TaKUX METOOB.

[TpuMep 6. Heaunedrnoul merod fIxoGu ana cucteMu (1) ameer
BHJ

3 ] ]
fi (-rf. x-f. vea s Kicgy xi+lr xfl—i: LR xm) = 0' (17)
i=1,2,...,m

3Aech AN OTHCKAHHA X' HeOOGXOAUMO PELIHTb M HE3ABHCHMBIX
CKaNfAPHLIX ypaBHeuuil. [l pelleHHs CKANSPHOrO YPABHEHWA MOMNKHO
OPUMEHHTh KaKOH-IHOO W3 HTEPALUHOHHEIX METOAOB, PACCMOTPEHHHIX
B § 1, npudyem He 06S3aTeNbHO NPUMEHNTL OAHH H TOT Ke METON AJA
BceX ypasHeHHH.

MMpumep 7. Heaunednoui merod 3eiideas cocTonT B MOCAeN0BA-
TeJLHOM PelleHHH YPaBHEHHH

P, o™ L B L L A =0 (18)

OTHOCHTE/ILHO NepeMeHHojl E?“, i=1,2,...,m

Bosnemoe pacnpocTpanenne nomyqunu ruGpuAHBeE MeTOAH, KOT4A
BHEIUHHE HTEPALHH OCYILLCTBARIOTCE OIHHM METOOM, 4 BHYTPEHHHE ~w
ApyruM. TIpn aToM wHCIO BHYTPeHHHX HTEPAUHA MOKeT ObITh (PHKCH-
POBAHHBIM H He OYeHb GOMBLUIHM, TAK YTO BHYTPEHHHE MTePALHH He A0-
BOAAITCH A0 CXOAUMOCTU. B pesyasrarte nosyyaercs HEKOTOPHIA HOBBIH
METOA, COYETAIONIHA CBOHCTBA HCXOAHBX MeTofoB. [TpuBedem npumMe-
Pbl T2KHX METOJOE.

[Ipumep 8. Brewnue urepayuu — no 3efidearo u BHYTPeHHIE —
no Hetotony. 3aech B KavecTBe OCHOBRON (BHelIHeH) uTepanny BEIGH-
paercs HenHHeAnuit metop 3efinens (18), a A Haxoxgewus 1o+
ncnoabsyetes Metox Helotona. O6osnaunm y,=x". Toraa mrepaunn
ONpenensioTca CAEeAYOUNM 06pa3om:

aff L] *
E" (xll'l, x2+19 ey x?:li.t y?: x?i-lv AL ] xﬁl) (yf” - yf) +
i
_|__f(xf+1’ 1.y xl';k::: y?) xl‘-l'k-l-l! sr ey xﬁ:] =0)
s=0,1,...,1 gi=xl, y"=xt" (19)

i=1,2,...,m.

3neck HHAEKCOM § 0603HAYEH HOMepP BHYTPEHHEH HTepaluHy,
Huorpa B (19) genaior BCero ofny BHYTPeHHIOW HTepauHio, ToJa-

ras =0, yf =xf, y} = £**. Toraa OPHXOAAT K CAeAYIIEMY HTepa-
UHOHHOMY MeTOAY:

afi TS O YO Ryl kA 3 Rl &
ar (xl r X3 » oty xf—l.sxl':x&'l-lr Yee oy xm)(xi __xl'} +
i
£ Rel Lk &
+ff(x.l+lv so g King, xf:xf+19 ey xm)=0r k=0!l! . (20)
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B gactuocrH, npu m=2 metof, (20) npHHHAMaeT BUA

' ]
A S S S S
0x1

(21)
—g%(xfu' Bt =D+ L =0

Opumep 9. Brewnue urepayuu — no HowTORY u SHYTpennue —
no 3eddearo. Januwem Merton HeoTona aas cuctembl (2) B BHAe

F{x?) (B —a") - F (52 =0, (22}
af. E]

rae F/'(x*)=(ay), a;= f;(” v & j=1,2, ..., m. Qaa pemenun
X .

cHcTeMbl nndefiHbix ypaBHenn# (22) Bocnonssyemcs MeTonom 3efifens.
Hanomuum (cm. § 1 ro. 2}, uro aas aAuHeliHOH cHCTeMBI

Aw+F=0 (23)

meToA 3efigents CTPOMTCA CledyOHM o6paszom. Marpuua A npeacras-
asetcs B Buae cymMmmbl A=A_+ DA, rae matpuusl A_, A,, D coor-
BETCTBEHHO HHXKHAA TPEYrOJIbHAS, BEPXHAA TPEYroibHAA H JHATOHAMD-
Has. Mitepannu metona 3efinens crpoates no npasmay

(A_+D)wH A w+F=0, s=0,1,...,1 (24)

u cucreMa (24) pemaercs nyrem o6palleHMs HHKHeH TpeyroabHOM
MaTpunn A_-+D.

B caydae chereMut (22) nano noaoxuts A=F’(x*), BHYMCIHTD NO-
CACAOBATEABHO BEKTOPH w* cornacHo (24), HaunHas ¢ w'=0, 1 nono-
KUTh @'t =xP+—y*, Tak aro 2= x" L@t

3ameTuM, uTO HTepalu Mo 3efAeNi0 MOXKHO OCYUIECTBAATH H OT-
HOCHTENBHO BeKTOpa x™*'.

[lyeTh B (24) comeplliaeTcss TOALKO ogHa HTepaund, T. . {=0. Tor-
Ja, yuuTHBad, yto w’=0, w'=x"*'—x* noayuum metoa

(A_4D) (#+—x*) +F (%) =0, (25)

rie A_-++D — «HHKHAA TpPeyroabHas» gactb MatpHub Hko6u (11),
BLIYHCICHHON NpH x= ",

B vacraocty, npu m=2 meroa (25} npunuMaer Big
2
DI, ) (A — ) + 1, O, =0,
1

(26)
e ek o 1 — )+ o 0 ) (47— ) el ) =0

axg

Conocrapsenne (21} n (26) nokasuBaer, YTO METOAM, PACCMOT-
PEHHHE B JBYX NOCJAEAHHX PHMEPAX, He COBNAAAIOT.
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TrTABAG
YUCAEHHBIE METOAB PEIMIEHWA 3AAAYN KOUWH

A OBLKHOBEHHBIX OH$$PEPEHLHANBHBIX YPAEHEHNA
§ 1. Hexonnad 2a0aya ¥ NPHMEPH! HACAEHHABX METOROB €€ PEIEHHSA

1. MocranoBKka ucXxeldHoit sapaqd. Bynem pacemaTpHBaTh 3ajauy
Komm pas cucreMbl OOEIKROBeHNEXx JIuddiepeHUHANbHEX YypaBHEHN

LA =j, (>0, u@=uo )

HaH, noapobuee,
d“;:” =il by Uy e ), 10, i=1,2, ..., m, @
w Oy =u =12 ..., . 3)

Xopolo W3BeCTHH YCAOBHA, apaHTIPYOUIHE CYLIECTBOBAHHE H
efHCTBERHOCT pewenna sanaun Koww (em. {39, c. 49]). [Ipeanono-

HKuM, 910 DYHRUAK [, i=1, 2, ..., m, HeNpepLBHBLI IO BCEM apryMe-
TaM B 3aMKHYTOH 06J5iacTH
(o :
D={|!|=a, lwi—uw )jgb, i=1,2 ..., m,

Ha nenpepuiBHOCTH QyHKUNE f, clelyeT HX OFpaHHueHHOCTh, T. €.
cylllecTBOBaHne KOHCTauTal M =>( takoil, uto BCioly B8 D BHINOANAOTCA

Hepasenctea |fi| <M, i=1,2,...,.m.

[Mpeanosoxum, KpoMe TOro, uto B D dbyHKRHH [, yAOBJAETBOPSAIOT
yenosiie JIunmua no aprymMentaMm g, s, ..., Um, T. €.
fl:{ti uly u2| ey u;n)_f{(f| u’li u?’ AR | u”l)l g‘_‘

S L{|luy— ity |+ |ts—tin| 4 oo A [t — i}

Ans awbux Touek (£, ty, ..., W) W (f, 1y, ts, ..., ta) 0baactn D.
Ecau BoOAHeHH cdopMyaHPOBAHHBIE BHINE NPeNIONOKEeHHS, TO
CYIIECTBYET EAHHCTBEHIIOE pellelne

=1, {1), to=u: (1), ..., U=t (!}

cHeTeMbl (2), onpeaenenwoe npu |f|<l{,=min(a, b/M) u npnuuMaw-
wee npa {={ 3a1aHuble HauabHBIE 3Kauennda {(3}.

[Ips HceaeIoBaNNN YNCIEHHBIX METOAOB 1Jas 3azaun Kown Gynem
3apaHee Npeinosarartb, 4TO ee pelueHue CVILeCTBYET, €lNHCTBEHHO H
obnanaeTr HeoOX0AHMEIMH CBOHCTBAMHA [NAAKOCTH,

2. Tlpumepnl YHCAERHBIX METOAOB. CYINECTBYIOT ABe TPYNNb uHC-
ACHHLX METCA0B PLUIEHHA 32A3a4h KOU.IH: MHOrMQUIATOBHE PA3HOCTHHIE
meToab H Metoawl Pynre — Kyrtra. [1puBelieym npuMepit u nOACHOM 0OC-
HOBHbIE TOHATHSA, BO3HHKAIOLIHE NP HCOOJAb30OBAHHH YHCJICHHBIX MeETO-
aoe. Jad npocToTH BajokeHns 6ylem paccMATPHBATBL cefuac OZHO
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YpaBHeHHE
L —feu, 10, wO=u, @
BeeneM no nepeMeHHoMy [ pasnosmepuyro cerky ¢ uiazon 10, T, e.
pACCMOTPHM MHOMECTBO TOUYCK

o= {fh=nv,n=0,1,2 ..}

Bynem obosnayate uepes u{f) Tounoe pewenue 3ajfaun {4}, a yve-
pe3 y.=y{i,} —npud.ukeniioe pewende, 3aMeTHM, 4To NPuOANNEH-
HOE PelleHIle HABJRETCA CeTOHNOU (yHKkyueld, T, €. ONPe1eNeHO TOJALKO
B TOYK2X CETKY .

[Mpumep 1. Merod Jdaepa. ¥pasnenne (4) 3amenaeTca pasHoCT-
HBIM ypaBHEHIeM

Y — ¥,

e ) =0, n=0,12 ..., g =g, (53
Pelletne 3TOro ypasHeHdst HAXOAHTCA RBHBIM 00pPA3cM 0O peKkyp-

peHTHOH dopmy.ae

yﬂ4l=yri+Tf(rvl? yn)' n=0' I.---,yu:un‘

Ilpa ucuoab30BAHIIA NPUEAHEHHBIX METOJ0B OCHOBULIM HB/JRETCH
BOAPOC O CXOAHMOCTH. [loHATHE CXOAHMOCTH OPHOJIHMKEHHOro MeTola
MOKHO CPOPMYNHPOBATL NO-pasHOMY. IIpHMEHATENLHO K Pa3HOCTHEIM
METOLAM, K KOTORBIM OTHOCHTCR H MeTod Jilsnepa (5), nanGosibiuee pac-
TPOCTPAHEHHE MOJIYUHIAO NOHATHe cxodumoctu npu v—-0. OHo oanayaer
cnenyiouree. PHKCHPYeM TOUKY ¢ M {IOCTPOHM [OCAEIOBATE/LHOCTD
CETOK @, TAKHX, 4T0 v—0 u {,=nt={ (Toraa ueobxoaumo n—oc). [o-
BopAT, UTO MéTod (D) cxoduTca & Touxe I, ecaum |y.,—u(f,) |—0 npn
70, t,=1{.

Metoq cxodurca na orpeske (0, T], ecau OH CXOAHTCA B KaXKIoM
Touke t=(0, T].

ToBOPAT, uTo MeTOD umeeT p-fi AOPSJOK TOUHOCTY, ECIN CYILECTBYET
wueao p>0 Takoe, 410 |g.—u{t,) | =0(1*) npu 0.

[Tonyumm ypaBHeHHe, KOTOPOMY YIAOBJAETBOPACT AOZPELUHOCTD M-
r00a zp=yu—u(1,). NoleTaBann ¢, =2,+u, B (5), nONyuUnM

z i

—.z —
T e P by A 2 — it (6}
T T

[pasyto uacTe ypasHeuus (6) MOXKHO NPEACTABATL B BHAE CYMMEI

A1 J2)
PR o i
rae

173 -— L
o == — — o Pt ),

o = Ftn, ttn =+ 20) — f (tn. @),

Gyuxuen P HaspBaeTcs weawIKOd HAM NOZPelnocTe) aANPoK-
cumayil pasHocTHozo ypaswenud (3) wa pewenun ucxodnoco ypas-
Henun (4). Buano, uTo HeBA3Ka npeacTasafer coboit pesyabTart [noacrTa-
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HOBEH TOYHOTO pelllenna #=u(f) B JeBYI0 4acTb PasHOCTHOTQ ypaBHe-
Hust (5). Ecan 6 npnbanxkennoe peitlenue g, COBMAZANO ¢ TOYHBIM
u(ts}, TO HeBsA3KA PaBHAJACH GBI HYJIO. Tosopar, ato paswocrreti se-
100 annpoxcumupyer ucxodHoe dudpepenyuarsnoe ypasuenue, ecau

o0 npu 0. PasnocTamii metron Hmeer p-ji nopadok annporcu-

mayuu, ecnn Py =0(v"). B naubHeiimeM 6yfeT NOKasaHo, uTo npu
OYeHb OGUINX NPENNONOKEHHAX NOPALOK TOUHOCTH Pa3HOCTHOTO METO-
Aa COBNANAET C MOPAAKOM aNNMPOKCHMAIIKH,

PyHRuAA

)
n = f (fu, tin + 20) — f ({n, tir)
O0pallaeTcst B HYAb, €CIM NPaBAS YACTh [ He 3ABHCHT OT PElIGHAS L.
B ofmiem caydae 2 nponopuHoHadbHa BOTPEMIHOCTH Z,, TAK KaK N0
$OpMyAe KOHEUHLIX NPUPAMWEHHT HMeeM

if'=g—f(zn.u:+ezn)zn, 18|< 1.
113

Ilopsinok annpokcumauun mertonma Sitnepa (5) HeTpyAno HaiiTu,
HCTIONIb3Y S pa3fiolkenne no dopmyse Tefinopa, [Tockoanky

« =u'(t) + O (),

a1 g

TO B CHAY ypaBHeHus (4)
W' =’ () + f (tn, ) + O (1) =0 (v),

T. e MeTOA Jiinepa uMeeT NePBbi NOPALOK ANIPOKCUMAIIHH. Iipu BH-
BOJle NPeANQIaranach OrpaHuYeRHOCTh 17 ({).

[Ipumep 2. Cummerpuunas cxema. Ypasueune (4) samenserca
Pa3HOCTHEIM YDaBHEHHEM

Ynpy— Yy
T,

__;U(tm Y F Fltns Yoe) =0, n=0,1, ..., gy=u, (7)

Jlanueti MeTon GoJee CAOKEH B peaiH3alLHH, YeM MeTon Jiiaepa
{6), Tak xak HOBOe 3HaueHme y,., OnpeAenseTcA N0 HAWACHHOMY pa-
Hee Y, NyTeM pelleHHS YPaBHEHHS

yn+1_0»5‘5f(tn+u Yor) =F,,

rae fo=y,40,5tf (t,, y.). Tlo 2TOl NpuaUHE MeTON HA3LIBAETCH Hess-
#otm. Tlpenmyiecreom Meroga (7) no CpaBHeHHIo ¢ (H) aBanerca 6o-
Jtee BHICOKHIT MOPAKOK TOUHOCTH,

JAna neBs3skn

. [ I
'q_)nl) = — Ll-r-—f— -+ - (f (ta, yn) + f (fre1, Yar))
CNPABEAJHBO Pa3JOKeHRe
* s I r '
‘M;l" =—u, -~ %un +0 (172) + E‘un +um1) =

’ T - 1 . . w
=—u «—Eun +E(‘”n+”ﬂ + 1, + 0 (%),
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T. e =0(+*). Takum ofpasoM, meroa (7) uMeeT BTOPOI NOPAAOK
annpokcHMauud. Ha pesyantaTos § 3 6yaeT caelosars, YTO OH HMeeT
i BTOPO# MOPAJOK TOYHOCTH,

[TpuBeaennLie NpHMepHl NPeACTaBAHIOT coboi npocTefilline caydan
PA3HOCTHOLY MET0008, HAH, KAK WX €Ul HA3BIBAIOT, PLINOCTHOIX CXEM.
Meroder Pynze — KyTra OTIMUAOTCS OT PazHOCTHBIX METOLOR TEM, UTO
B HHX [JOMYCKAaeTC BblYuc/HeHHe NMpaBbix vacTedl f(f, u) He TOABKO B
TOUKAX CETKH, HO H B HEKOTOPBIX HPOMEKYTOYHBIX TOUKAX.

[Mpumep 3. Merod Pyuee— Kyrra sropozo nopadxa To4noCTU.
[IpeaAnoaoxuM, 470 NpUGAHIKEHHOE 3HAYEHHE Y, DPEMICHUN HCXOAHOMN
32/1a4H B MOMEHT {={, yXe n3BecTHO. I HAXOKACHHUSA Yoy =Y ({ngd)
NOCTYmHM clefyiownm obpasosm. CRauana, HCOOAb3YA cxeMy ODiaepa

Uy, —Hn
_F_CT,_S?_ = f {fa, Yn), (8)

BHYHUC/AHM NPOMENKYTOUHQE 3HAYRHHE {n4n, @ 34TEM BOCMOMb3yeMcd
Pa3HOCTHEIM YpaBHEHHEM

5'n+1: ¥n =F{tx 1t 0,57, Yupyy), ©)

H3 KOTOPOTO ABHLIM 00pa3oM HaAEM HCKOMO 3HAYEHHE Yy, .

H.ﬂﬂ RHCCJCAOBAHHA HEBA3KH NOACTABUM IPOMEXYTOMHOe 3HAYEeHHe
Yni,=Ya+0,5%f,, Tae fo=f(¢., ¢.), B ypauenne (9). Toraa noayuum
Pa3HOCTHOE ypaBHeHHe

y"——“}i’i— F (a4 0,57, gn + 0,5%fa) =0, (10)
HeRA3KA KOTOPOFO pﬂBHa

B =— T 055, w055 G ). (1)

Umeem

LT 05w 4 0 (1),

T

f (tﬂ + 0,51:, Un + 0151:f (tﬂ' uﬂ)) =f(tm un) +

Of ({py ) Of (fpr uy)
+ 0,5t (T + 0,5tf (p, tn) —

TAK KdK B CHAY (4) cnpasefJHBO PABEHCTBO

Pu O | £ Of
dir B +f6u ’

) = F (tuy 20) + 0,570

Takum oBpaszoM, metoa (10) uMeeT BTOPOH MOPSAAQK MOrPEUIHOCTH
annpoxcumaltnd, P =0(r’), u B otanYHe oT (7) ABAAELTCA ABHBIM,

Peanuzauns merona (10) s BHae asyx stanoe {8), (9) nasneaerca
merodom  npeduxrop — koppesTop  (NpeACKasHIBRIOLLE-HCNMPaBASIO-
ULMM), IOCKOJbKY Ha nepBoM stane (8) npubauKenHOe anaYEHNHe Npel-
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CKA3LIBAETCA ¢ HEBLCOKOH TouwuocThlo O (t), a Ha pTopom stane (9)
3TO npelcKasaHHOe 3nAYeHne HCNPaBJAAeTCH, TAK YTO Pe3y.abTHPYIoULaA
AOrpeulHOCTL HMeeT BTOPOI NOPALOK N T.

Tot ke camuiit MeToa (10) MOKNO peasn3oBaTh HECKOABKO HHAUE.
A HMeHHO, cHAvaaa BuMHCAHM N0CJAEI0BATENbHO PYHKIAI

Re=f(ln, 1), Ro=](1, 40,37, ya10,514,),

A 3aTeM HARAEM Ynp: H3 YPABHEHHA (Y., —la)/[T=Ra.

Takas (popma peanuszamin Meroga (10) nasnBaeTes smerodom Pyn-
ee — Kyrra. [lTockoabky TpeGyeTcs BBIYHC/AHTbL ABEe NPOMEMYTOUHBLE
GYHKUAH, £, W K., DAHHBIA METOT OTHOCHTCHA K J8IX3TARHLIM METOJAM.
B creaywowem naparpade Gyayr paccmotpenn fogee obline f1-3Tak-
neleé veToawnl Pynre — KyTTa, nospoasiomue noayynth GGabloyi Tod-
HOCTb.

§ 2. Mertoapt Pyure — Kyrra

1. O6maa $opmyaupoeka MmeropoB. CemeiicTBO MeTONOB BTOPOTO
nopaaka. I'lo-npekuemy paccMaTpuBaeM 3ajgauy Kown aas oanoro

ypaBitenns
du .
d—;=f(t, @, >0, w0)=u, (1
Henoid m-sranneni merod Pyree — KyiTd cOCTONT B CAEAYIOMWEM,
ITycte pewtenne y,=y(f.) yme u3pecTHO. 3a1ai0TCA YHCIOBHE KO3d-
HUHedTH a,, h, 1=2,3, ..., m, j=1,2, ..., m—I, o, i=1,2, ...
ve.y B, H TORICIOBATENBIEO BEIYUCASIOTCH PYHKLUIH

ky=7[tta, ga), by =1f(ta + asx, Yo+ byThy),
Ry =Fila+ as7, ita + bythy + BaatRs), Lo,
ko =f a4 ant, go bt Daathy + o0 A DincTRioy).

3atem n3 Gopmyan
oo — 4
%__" =§‘ a3,k (2)

f=1L

HAXOJHTCH HOBOE 3HAYEHHE Yny, = (fuyi).
Kozpdnmmeirtn a,, b,;, 6, Bui6upawTea H3 coobpamennil TOMHOCTH.
Hanpiimep, 1aa toro uto6sl ypasHeHue (2) annpokciMHPOBaIo HCXOA-

£
Hoe ypasncnue (1), neobxoanmo mnorpeboBaTh 2 agi=1. Ormernm,
=1
yTo MeTod Pyare — Kyrra npu m>>5 re Hcmoab3yioTes.
Ccranosuyea fodee noipobHO na oTAeabunix Metodax. [lpy m=
=1 noayuaev cxeMmy 3Jilaepa, paccMoTpennyio B nplsepe | u3 npe-
aelaynolero maparpada. Ipn m=2 noayuvaem ceveficTeo MeTo10B

k]=f(tn, yn), k2=f(r“+agt, y"'i"bgl‘[k’), (3)
ey =gat1(0:R,F0:8,).

HccaegyeM TorpewsnocTs annpoXcHMalHy MeTolos {3} B 3aBHCH-
MOCTH 0T BuOopa napaveTpoB. Hcwawouas u3 Doceinero ypaBHeHHs
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QyHKUHY &, B k., MOJy92eM

Uy — ¥

g Glf (¢x, yu) + sz {tn + as%, Ya -+ b:le (s yf!))< (4)

To onpefeNeHHI0 NOFPEUTHOCTRIO AAAPOKCHMALMK HAH HeBAIKOf
MeTona (3) Ha3zblBAETCH BEIPAMENIIE
H

,;” = %_H’l_ '+‘ G]_f (!ri. un‘) + c’_gf (f,; + aitr u—n + bzi_f (fr‘h url}); (5)

nonygeunoe aamedofi 8 (4) nNpubIHKeHUOry pewlcHIA Y, TOYHBIM pe-
WeRHEM U=u({,}.

Haiinem mOPALOK MOCPELLHOCTH aNNPOKCHMALKKE B NPEANOA0KEHAL
AOCTATOYHOH raadkocTd pemenus u(f) u ¢pyuxuny f(¢, u). Jas artoro
pa3NONKIUM BCE BEJAMUHHBI, BXOAAIHEe B BHpaxenne (5), mo dopmyrne
Teilnopa B Touke ¢, Hmeem

173

n+1_“n= ' T - a
LR () T4 () + O @),

af,, 3
f({n + LT, g -+ blefrx) =er - [£791 ;{ + blefn af: + 0 (Tg)‘
a, &
rae fo=f(f, t.), 3—=5~(t,., u,). Hance, cornacko ypasueduto (1),
) 1
NoIyauM 5 o , R
O O O O
=T ot +auf'
IMosTomy

‘||J(1:' —_—— u' _l_ (Ul | a. ) f |
+1; (gb _05)f f_L+(GG _[}E'))_‘F_l +O(1;3) (6}
| fiagdey | * i e g ’ at l .

Orcofa BHAHO, YTO MeToAb (3) HMewT mepsblfl MOPSIOK ANNPOK-
CHMaUHHK, ecau ¢,+0.=1.

Ecait Ke AONOAHUTEIbHO MOTPeBOBATh G.8y=0,0.,=0,5, TO n0JY-
YHM METOAbl BTOPOTO NOPAAKA annpoxcaMauuu. Taxum ofpasoM, Ame-
€TCA DAHOMAPaMETPHULCKOE CeMeACcTRO ABYXITANHHIX MeToa0B Pykre —
KyTra sroporo nopsika AannpokcHMaLuil. 3T0 CeMmeiicTBO MeTOL0B
MOKHO 3aMUCcaTh B BUAE

yﬂﬂ'r_yn = (] — 6) f {ta, ) + 6f 4z + av, Yo + atf (ta, Ya)), @

rae ga =0,5.

B uacrtHocTH, npu o=1, a=0,5 noayuaem MeTo], PACCMOTPEHHBI
B mpuMepe 3 mpefsiavinero naparpada. llpu ¢=05, a=1 nonyvaem
APYToil METOA BTOPOTO NOPALKA:

kl:f(tm y-’-)v k2=f(f.—\+1’. yn‘["tk,),
yrt+l=_!,’;l_+0,5r(k[+kg)‘
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JBYX3TanHbBIX METOLOB TPETLErO MOPAAKA AMAPOKCHMALHH He CYILe-
creyer. Hrobet y6eAdTbeAd B 3TOM, IOCTATOYHO PACCMOTPETh YpaBHe
Hie 4'=u. Jlns nero asyxstamuwli Meton Pyure — Kyrra (7) npuna-
MaeT BHJI

Jan —

¥
- "= (1 + 100) Yo
H NMOrPetiHOCTh annupOKCHMalHK PaBHa
H —_—
PV == — "2 24 (1 4 10a) da.
T

Pasnaraa ¢ no ¢opmyae Tefiiopa u yunTHBaf, 410 @ =" =4’ =
=y, NOAYYHM ,
Y =1 (02— 0,5) 4 — Iﬁ_u(s,, 487, 0<B<LI.

Otcioga BUAHO, YTO HANBEICUIMA AOCTHIKMMBI NOPAROK ATIMPOKCHMA-
ILHH paBeR ABYM.

[Ipusenem npumepst meronoe Pyure — Kytra Gosee BBICOKOTO NO-
PAIKA anNpOKCHMALHH.

Mertoa TpeTberc nopaaKa:

b=t )y Ba=F (et T, st k)

yr“. "_yn
Ry=[(ls + 7, Yo — TRy 4 21k}, -11—

1 ‘
== E (kl “I— 4)‘33 T k3)'
Metoa TpeThero nopaika:

klzf(fn,yn), kﬂ:f(tn'i‘%, 4, _"t?‘)'

= (ki 3%y,

2 2Tk Yo — ¥
bt [ 2, g 2], Sen

Merton gerpeprToro nopsaka:

k1=f(fn,9'n). k2=f(tﬂ+%,y _12&’_')’

ks*f(!n‘{—’;‘) n+ T::), Ry=f{la+ 7, ya+ TRy,

Yoo —¥n — i
T 6
MeTon yetBepTOro nopsAAKa:
kl'_:‘f(f-‘h yﬁ): k2=-f(tu+ ‘:— s Ynt %) ,
T thy
k3=f(fn + 7 b’n‘l‘?J )
Ry==f[{la+ T, Y -+ Thy — 21k, + 21ky),

Hnpy —

=t (kg + Ry)

(ky + 2k, -t 2k + k,).

T
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fIpuBeseHHeie aaech METOAb ABAAIOTCH YACTHHIMH CYMASMH METOLO0B
Pyure — KyTra Tperbero n uerBeproro nopsakos, paccMOTPeHHBIX G-
Apofinee B mn. 3 1 4.

2. DoxazareancTBo cxonuMocTH. JokaxeM, uyTo meToant PyHre —
KyTTa cxoaaTea m NOPAAOK HX TOYHOCTH COBNAjaeT ¢ HOPARKOM ai-
NPOKCHMAIHH.

Buinuimem ypasnense, koTopomy YAOBACTRBOPAST NMOTPEIUHOCTD 2Z,=
=y.—u(t,}. OcnoBHoe yparueHhe Merona Pynre — Kyrra nmeer Bua

Y1 = ¥n . n m
=3 ki) ®
rae )
i-1 N
2 (E/)=f(fn +ar, go -+ 3 bk (y)} , i=2,3,..,m (9
=1 s

ky () =f la, ).

[loncTaBuM B 7€BYIO yacTh ypaBHeHust (8) BMeCTO ¢, BHIPAMEHUs
itz npn I=n, n+1, a2 B NpaBoil YaCTH 3ITOr0 YpaBHEHHA AOOABHM W
BHYTEM CYMMY

o8

D) oiki (),
rae ]
=1 Ny
kf(u)=f(fn+aﬂ, bt Y W), =25 m
fe=t
Ry (@) = f {ta, ua). (10)
Teraa ypaBuehue (8) npumer BHI
M:lp(nu + pe, (11
T
rae
Upyy —Hy -
Pl = — "I S Gk ) (12)

T <
=1
eCTh N0 ONPeNeJEHHIO TIOFPeIHOCTE aNnnpoKchMainu Meroaa (8}, (9)
Ha PEIICHHH HCXOAHOM 3a4aun (1) (HeBA3Ka)} B

Ve =) oitki (g} — ki (w)). (13)

=1

Bynem paccmarpueats (11) Kak ypaBHEHHe OAs NOrPEIIHOCTH Me-
Toaa. OHO BhINoauserca ana n=0, I, ... INockonAbky HauadbHbie 3Ha-
UEHHH {, 3AAAIOTCHA TOYHO, y,=u (0}, BeNUYUHa 2, paBHa HyJio. Bynem
CYHTATb, UTO 3aAaya (1) pewaercs (13 OFPAHHUEHUOM OTPE3Ke Bpe-
Menn 0<C¢=T, n, clefoBaTeNbHO, NPH JIOOBIX # U T BHITIOAHAETCA He-
paBenctso t,=nt<;T.
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[Ipexnonoxum, yto 8 paccMarprBaeMoil 06MacTH U3MEHEHHa Te-
pemetunx (£, u) dyuruas f(f, #) ynonnersopser yesosiio Jiunumiga
No u ¢ KOHCTAHTO L, He 3asucsuiell of {. [IpA 3THX NpeaAnooXKeHHIX
OLUCHHM cHavafna pynkuuaio {3, a 3aTeM W pelWlerue 2., YpasHeHHA
{11).

M3 suipawenait (9), (10), ucnoassysa yenosue Jlunwnua, nomyyum

[
|2 () — ko) | << L(lyn—un|+z v}y | ]kf‘(y)—k:‘(u)\) :
f=1
£=213!--'!’n| |k1(y)—_kl(u)i:;-.£’]yn_un‘-
Ofosuayum
ri=k(y— k)|, i=1,2...,m,
b= max |b;|, g==L|g»—unl. (14)
g
1 fsi-1
Torua cornacho NpeabAyleMy HEPaBEHCTRY GYIeM HMETD
-1
re< Loy tritg, i=2,3,...,m r<g

f=1

HITH, 9TO TO e caMoe,

r,,.,,g_hLbE T!‘,'—';-g, i=0,],...,m_l, ru=0. (]5)

=9
Mlemma 1. Hs nepasencra (15) npu Lbt=>0 caedyror oyenru
el i=1,2 ..., m, (16)

ade p=1+LbT.

Howkaszareawctso Ouenka (16) npy i=1 coBnafaer ¢ oueH-
xoit (13) gas i=0. [lycrb wepasenctBo (16) BLIMOAHEHO IAR (==
=1, 2, ..., k. TlokaeM, uro oHo BumoNHeHO H A8 i=k+1. Uz (15)
NpH [ =k 0CAyYIOM

&
rk+|_éLbZ Trf"l_g.

j=t
COI‘.T[EICHO NPeAnOMOHEHHIO HHAVKUHH EMeeM
ri“c-:-.:pj_lgv f=1,2,...,k,
clzaoBartenLno,
£ kg
W
Tryl 5= (Lb’r 2 pit ])g: (th [;—_l_]_ l) g =p*g,
=1 ,-

4To N TpeBoBanocs,
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Ouenum teneps $yREWIG 2, onpederennyi cormacHe (13).
Hs (14}, {16) caeayer HepaBeHLTBO
e n
[pE <Dl Vi< og D) ot < ogmpn-,
=1 i=1
rie o= max |a;], p=1+Lb1, g=Ljz.|.

15issm
HUTak, okoHYaTeAbBO HMeeM CAelYOILYIo OHenKy aaq P2

[ | s olm (1 -+ Loty ™ | za). (17)

Takum of6pasoMm, Npu BO3PACTAHHH NOTPEWIHOCTH |Z,] BeARUMHA
1] - "
[ | pacTer He GHcTpee fepBON CTENEHH TOFPRITHOCTH.
Tenepb yiKe HECAOMHO ONEANTh HOCPEILIOCTh 2,=y,—u(f,). U3
ypaBnenaa (11} nmeem

Zpp =2y "]" T‘Pﬁf’ + T‘\IJL”)
OTKY,14, YYHTEIBax (l?), naaydyacy HePapcHCTBO
[2an | (V4 ap) 2]+l 42, =01, ..., (18)

rae
a=o(t)=clm{l+Lbg). (19}

3amerum, uto a{t)—=olm npn 1—0. Ecan 1<{t, 10 a{1)<
=z glmelhim-1% 1 e (1) orpadnuena paenoMepno no v. B kayecrt-
Be 1, ¢ GOABIIKM 3aTpyOenieM MOXKHO B3ATb T.

N3 neparenctra (18) cae1veT ouerxa

|zaa <5 (1 -+ a9)™ 2, + 3 o +ar)"™ ], (20)

f=n

KOTOPYIO Jerko I0Ka3aTh NO HHAYKLUHK.
3arpy6naa ouenky (20) w yuntusag, uro z,=10, noayuum

|znn | <<+ )Tl + an)® max | | < fre™n max R UAR
e feasi e jen

rae f,=nr=c7’.

Taxuu odpazom, JoKa3ana

Teopewma 1. [ycre npasus wacto ypasuenus {1) f{f, u) ydo-
s.aersopReT yeaoswro Jlunwuya no eropomy apaymenty ¢ KOHCTUHTOL
L. Nycro 9 — weesska wmeroda Pynee — Kyrra (2), onpederennas
coeracio (12). Toeda dax nozpewroctu meroda npu nv<T enpased-
AUBA OUENKQ

lya— wifs) | << Te*T max e, (21)
osian-1

ede
a=glm(}+Lb1)™1,

o= max |o;|, b= max [byl.
15, 1< ht aszisnt
g = B
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Caneacreue. Ecau merod Pyuee — Kyrra annpoxcumupyer uc-
x00noe ypasnerue, TO of cxoduTca npu 1—-0, npudes nopador TOHHO-
CTH COBRAAAET ¢ NOPATKOM QNNPOKCUMAL UL,

JokasarenbcTBO 3TOrG YTBEPIKIEHHR CPA3y CJAEAYET M3 OUGHKH
(21) ¥ 3aMeqaHusl O pABHOMEPHON OTPAHHYEHHOCTH & (T).

3. Metoaw TpeThero MOPAAKA TOMHOCTH. [lpn pewewdn oGbIKHOBEHHNX BHdde-
PeHUMANBHELY YPABHEHHE 7acTo MCMOAB3YIOTCH METONH TPETBErG K YeTBEPTOro HOPAR-
ka TouHocTd. [TpuBeseM BHBOL Tarux MeToaos. CHAYANa PACCMOTPHM TpexaTanpufl

METOR
Ry = .'F ('fm yn)' kﬁ = f“n + a,T, y,,—l— bathy),
by = f (1 -1 @37y g, + bayThy -+ ByThy), (22)
yn-H=yn+'€(01kl+0'3k2+03k3}.

BrisicRiM, KaKHM YCAORMAM AOAMKHE YHAOBRETROPATEL MapamMeTpw 4, byj, O AAR
TOro, YTOOH HAHHBIR MeTOf HuWes TpeTHfi NOPAAOK annpokcaMaumd, ITorpemHocTs
annpoKcHMantn MeToAa (22) LaeTca BHpaNKeHHeM

Q) By —H
) = -

i + Ulk]_ + O'gkg + 03k3’ (23)

TAe
lk] = f (!n! un)r kg = f “n + a.T, un + biltkl)i
(29
ky = F (i, + agv, s, + byythy -+ byThy)
M tn=u(ly) — pewenne HexogAoTo ypansuenua (1).

[pumensia paanowenne no dopwyse Tefinopa An% GYURIHH EBYX MePeMeHHEIX
H YYHTHBAR, 9T0 By={({n, #n), NoayuuM

2
By =+ astf, + baTh.f, + ‘7 [y + 20b0ff i + 8 ol +0 (1. (25)

3necs snavenus Gywknud f(f, 4) B ee YACTHMX NPOMIBOEHHX GepyTca npH I==t,,
t=ty. Toyno 12K We

ky = f -+ agefy + (buky + baots) 1f, +
2
5 1031+ 208 (unby + Busksd o+ Gy + bk ] + O (59,

Moacrasasw cona
Ih=f, Rk=ftacf+b1ff.+0(7),
TOAYIH M

2
by =+ laafy + o+ b ] +— (63 + 200 (b1 + b3 fFoy +
+ (ot A bs2)* [Puy + Basfify 4 2bsbaf (£ +0 (). (26)

Hanee, w3 pasnoxennii (24)—(26) crenyer
Giky + Gakr+ Opky = (6 + 0y - 03) f +
+ T [(0202 + Caaty) ft+ (0sbn + 63 (bsy + ban) ffu] +

2
+ ‘7 10263 4 052} oy + 2 (0amsbay + G35 (631 bax)) iy +

+ ((0db3, + 03 (bsy + b0 [P, -+ 203850ef f, + 203baabnf (£, + O (9. (27)
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Monyuusm Temeps PasToOMeHHe NO CTENEHAM T PASHOCTHOTG OTHOWEHHA (in4y~—
—#n)/T, BXOAAULErO B BREIPZNEHHE 1A NorpewHocTd annpoxcimamnn (23). [lpu stom
yuTeM, 4TC B CHAY YpasHeHus (1} cupaseanem clefyIoliHe COOTHOMIEHH:

w'=f, u'=f+ffu
U =t 2ffsat PhuwtFufs +F(Fu)2 (28)
Toraza 6ynem HMerh

Buy —8,

. T - ©¢ ., .
T =“n+‘2‘ﬁn+?&,,+0(t}=

TS
=P G G 17 + 7 U+ 24 Phaa+ Ly + 1EJH 4 0().

Orclona B w3 (27} nonydaeM crefylollee pasnomende BHPaMEHRA AAA morpeid-
HOCTH anTpOKcHMaLHn (23):

q;ﬁ}‘ ={g+otoa—1l)f+
5 ([2 @30+ 0305) — 11, + (2 (abon+0u (b + bush) — 11 FF} +

' §
+ 56— {13 (022 + 0303 — 11 [y =+ [6 (Osteb + Gty (b + b32)) — 21 [ +

+13 (Uzbgl - 03 (bag - B3)) — 1] f’fuu -+
+ (60sbsaay — 1} f f, + (60gbachy — 2} F (£} + O (#°).
MTpuparkHBas HyMo kos@duunentel npu T4, =0, 1, 2, noaysaem YCAOBHA TPeTh-
€ro NOPANKA 2NNPOKCHMAINN:
6,+a+om=1,
0213 - Gty = Opbyy + 0s (b3, + b3) = 0,5,
L) I
0203 + 632 = Gaigpbyy + sy (byy -+ byp) = Taby, + Ga (B - b32)* = 3
Gsb32a2 = Gsbnbzl = '6'

[Tocrie npoBeseHnA IKBUBAZEHTHMX MNPEOBGPAICBAHHI ITY CHCTEMY YPABHEHHE MOIKHO
3anucaTe B Gosee DPOCTOM BHIE!

1

1
gty + Oty = -4 0a83 + Gy =7 -

1
ay=bay, Gy =+ bss,  Gabgas = rg (29)
Oy=1—05—03, 03950, ms=0,

Hekawowum ¢ ntomombie (29} u3 Bupamennit (22) kospdmuuentin by;. Toraa moayyum
MeTon

kl = f (tn,i yﬂ)‘ kﬂ = f (tn, + aT, yﬂ + aﬂtkl)v
M)

= f '
&y f( s 0%y B, aaTh 6052

(30}

G ¥
=t = Oyky + Oakp - O3k, Oy =1-—021—ay,

g A A Camapcund, A, B, Fymuu 225



KOTOPHII HMeeT TPETHA MOPAROK ANNPOKCHMAUHH NPH YCAQBHAX
| | .
00y + 0905 = T, oga:+a,a:=g. O30, 850, @31

TarkuMm olpasom, B olimeM caygse CYIIecTBYeT ABYXNApaMeTpHiecKoe cemefictBo
TPeXITANALX MeTofod Pynre — KyTTa, HMelOWHX TpeTHR NOPANOK AROPOKCHMARHR.
3aparas a; ¥ a3 B KauecTRe CBOGOMHEX OapaMerpos, noxyuum a3 (31)

1 L
2% 3 3 2%

0y = N y=—
? 2y (33 — a3) : a3 (03 — as)

{32)

Kpome roro, cherema (31) uMeer npa omonapaMerpHueckHx ceMefictma peine-
HHit, onpefenAeMuX YCAQBHAMH

2 3
ag=03=g. 02+Ua=I- o+ 0, (33)
2 3
a2=? R ;3 =0, 02-:?, 0‘3=#0 mofoe, (34)

1
Hanpumep, nosaraa a,= Y ay=1, nonyuum u3z (30), (32) caeaywuruii metoa

TPETHETC MOPHAKA ANNPOKCHMAUHEN!

k= F Uy 4, k2=f(rn+§. yn—!-lkl),

a
ky=f (fﬂ “+ T, ¥a— TRy + 2vy), {35)
Yoy — ¥ |
AL L. (g + 4k =+ Ry).
T 6

4. MeToap uETBEPTOra NOPAAKA TOYHOCTH, PaccMOTPHM Temeph UeTHPeXsTanHuid

MeTo4
By = [l vy ko= [, -+ ao%, 4, + bythi),
Ry = [ (1 a5v. ¥, + bayThy - BagTha),

{36)
ky=Flt,+ at, g, + bathy + bpathy -f BygThy),
#nr1=Yn+T{Gi R 1.02ks + Tsky+ i),
MMorpemnocts annNpoKcEMAUMK MeToaa {(36) paeHa Do onpejenennic
en Yapy — Uy .
=TT + Orky 1 Gaky 4 Oakg + k4, Er (37)

rie Gynxuny ke, i=1, 2, 3, 4, monydawres w3 (36) nyreM saMeHH y. Ha TORHOE pe-
menne da=u({a).

UToOH NOCTPOHTE CXeMH YETEEPTOrQ NOPALKA ANMPOKCHMALHH, HeCOXOAUMO pa3-
R0KHTh QyHEURE, Bxoanwue B8 (37), no dopuyne Telltopa Ao BeAHUHH TpeTEero no-
PAAKA 00 T BKAKYHTENBHO M NPHPABNATL HYJO HODPHUHEHTH MNPH CTedeHAX T®,
n=0, 1, 2, 3. HeolxopamMo npH 5TOM Y4ecTh COOTHOWEHHA (28) H AHAMOTHYHOE BH~
paxenne gas ul¥, ONyckas BLKNANKH, TPHBEAEM CHCTEMY YDaBHEHKHA, ROTOPON A0/ -
HEl YAOBIETBOPATh KoadpHunenTH MeToaa (36) paa Toro, 4To6H RaHHRA MeTof
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fIMer YeTBePTRIl TOPALOK ANTPOKCHMALIN:

O+ atata =1,

(38)
by =@y, by + by =ag, by -+ byy - by = ay;
Gattz -} 05ty - Oy == “21‘ '
0:05 + 0ya; + 04a; = -‘;— . (39)
0905 + G5 + a8} =Tl ;
(Oshz + 64032) 2y + 04bia0; = % .
{Osbyg + Gibyo) 0 + Gybyal = ]'1‘2' , (40)
Cabaatally -t 03by9aa0 - Ogbgattsay = % :
Oubesbiaty = 7 ar

a .

Crcrema (38)—(41) coctouT Bz opMHHAANATH ypaBHeHHE W COIEPKHT TPHHAA-
aTh Hem3s2CTHEIX. BuepeM B KavecTBe HE3aBHCHMHY BAPAMETPOB HEHIBECTHHE a
H 43 A BHD23IMM OCTanbHEe BENHYNHN YePeéa 3TH HeHzBeCTHHE,

HOan sToro cHavana pazpewraM rpynny ypapmenrA (39) oTHOCHTeALno NepemMeH-
HEX Gz, 03 G Onpeseautent & atofl cucTeMul

8 == 22050 (03 —02) {a—a2) (a—ay). (42}

3TO 03Hav2eT, YT0 MH He PACCMATPHBACM 3HANEHHA MRPAMETPOR Ay, @3, G, YAOBACT-
BOPAOIIKE XOTA OB OAHOMY H3 YC/OBHH

@=0, @&=0, a=0 =0 o=, «a=a
3ametim cpasy xe, uT0 a;7=0, 0,540 cornacio (41).

[Mpexnosomam, uto §5=0. Cryuafl §=0 Gyjer paccMOTpen nosie,
ITpu §70 cucrema (39) uMeeT caefyIolllee peuterne:

_ Gaga, — 4a, —4a,4- 3
T 20 (a—a) G —ap) 43
03 = 61y —das — 40,4 3 (1)

128 (a3 — ag) (0, — ag) *
_ 8oy — 439 — da; + 3

7 (200 — o) (e~ a9 ° @

Touno Tak we, petan cuctremy (40), noayaum
e &
R =T ra
Odbia = ﬁ . (48)
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YareM tenepb cootuowmenne (41). Flpexzge peero samerns, 9o gswe(. JeficTen-
TesbHo, NpH G3=0 u3 (44) n (46) noayuaem

3
Q= 'Z' y Gy=0,
o B cuay (41) mmeem a.%=0. Takum ofpazom, ypaenerne (41) axBHBanenTie ypas:
HEHHIO
LR

24

Moncraenns ciofa BHpameHns IAS O:bas, ubis, O B3 (44), (46}, (48) n npusozn
nojofptHe wieHH, MOAYUHM ypaBHeHRe ap(1—ay) =0, H3 KOTDpOro caefyet, 4to dy=1.

Takum ofipaaom, mpu 650 crcrema (38)—(41) nmeer cneaywiree asyxnapamMer-
PHuecKoe cemeficTRO pemeHHs:

(T3ba2) (Gbys) 3e=

_ 2ay—1
© 12 (ap—a)(l—a "

0 28, — 1
T T Ram—an) (1 —ay) "

a=1, o0y

_ Bosoy—4day —4a,+ 3

T TR —ay(l—a)
) 40— ay— 5ay -+ 2 i
2 — —
! 240,409 (dy — 9) (1— ay)
] —2
b‘a = aﬁ ’

120,405 (a3 — ag)
by =1—bj— by,
by = ap — by,
by = ag,
o= 1—0y— 03— o0,

3zech, KAK yEe OTMedaroch, 03750, 0,750, T. e. 8,705, 6ayay—d0—4a:+350.
IpHBefeRHOe BHIIE pemeHHe CNPABeANHEO NpH §%40, T, e, KOTAA GADAMETPH O, Oy, 4
YIOBMETBOPAIOT YCHAOBHAM

aﬁﬁol i=2| 3' 4l aﬂ%a& aﬁ*aﬁ a&%a‘v
Paccmorpam cucteMy (38)-—(41) mpE Tex SRAYEHHAX WAPAMETPOR &z, O3, Oy,

xoraa §==0, [Ipu o,=0 cncTeMa e MMeer pemenua BosneactsHe (41). Ilpw ay=={
cacrema (40} mpnuuMaer BHA

1
(Osbgs -+ 04bye) a2 = i (Ustgg + Oubyy) 0F = T (49)
1
Tyatighyg = -3— '
1
OTKYA2 CIefyeT, YTO o= 'E H
1
Osbge + Gsbe = — - (50}
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|
Hanee, cuerema (39) npua; = E y a3=0 npuHEHMZET D],

4
Gy 20,0, = 1, u,+4o,a§=3-, 93+ 80,05 =2

H HMEET CAHHCTBEHROE pelllenHe

*

o=

2
a‘=I. 02=§', 0'4_—_

i
[ToacTapnAn 2T 3HAYEHNA G4, O3, G4 H ds = — B ypapHesHa (49), (50), nonyvaen

2
3 [
by = P byy = 120, °
Kpowme Toro, na (41) nmeem
b L _ 6o
O dopeay

Tagum ofpazom, cucrema (38) umeer chenywoulee cemeficrso peumennf, 3aBaca-
ulee OT napaMmeTpa g, =0:

b.gg = g’ ' bl:! = 603!
]
1204
Touno Tax xe npn yenopan gp=a; ctctema (38)—(41) HMeeT pewenne

1
b»:i=—?‘—'503| by = — ’ bﬁ1=E. 01=-6‘""03.

|
===, g=1,

2

2 o 1
—_— T — ’ 0‘=_'
L 3 3 4 Py

1
bpy=——, bp=1—230; by=30,
£ 60, 42 J3 43 3

by=0, by=

aapuCsIliee OT HApaMeTpa Ga=9,
Tlpu a;=ua, AMeeM pelleHne

| i 2
=g =1, =7 = —0 &=,
1 1 1
b:ﬂ:E- b¢-1=—EUT, b¢3="§a.
bﬁ—l—s—:}q-, b3,=%, by =1,
1
%=

3aBHCALIECE OT MapaMeTpa Cyv=0.
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Ofperenntent & ofpalaeted B Hyjb ¢lie B ABYX CAyIadx: apn a,=0 u dy=dy.
Dka3mpaeTed, 4T0 B 3THX CAYYaAx cHctena (38)— (41) we mmeer pemenns, [Tycth,
Hanpitsep, a,=0, Torga B3 nepahix ABYX ypaBrewnfi cheTembl (39) noayunm

30.—2 2 —3a,
=—_— = .
Bay (2 — @) « By {ay —ag)
Mpn s1oM NOCIeAHEe YpaBHeHHe cHetemul (39) NPABOAHT K yCAOBHKY
6aaai—4as—4a;+3 =1, (51}

AHAROTHYHO HAXOKEM, YTo cuctema (40), (41) paspeiunMa OTHOCHTENBHO by, bug,
Byz TOABKO NpH YCAOBHH

‘dy

6a3a3—6@—4a3+3=0‘ (52)

Hs (51), (52) maxoaum az;==0, uro HeposMomHo B cuny (41), Touno T2k *e no-
KA3L/BARTCA, UTO HE CYILECTBYET PRUleHHR ¢ Gy=d4.

§ 3. Msuorowarosnie pasHOCTHbIE METOAB

1. dopMyanposka Metonos. JLia pewenus sagaun Kouy

d
d—‘;———f(f.u), t>0, u(0)=u (1)
BBEIEM CRTKY

o.={ta=n1t, n=0,1,...}

¢ nocTodanHbM waroM t>>0. O6ozuaunM ueped Y.=y(l.), fa=
=f(tn, ¢») DYRKUMH, OMpedeSeHHBIE 1A CETKE . JIurednbin m-uaso-
86LM DPAIHOCTHOIM METOJOM HABLIBAETCA cHCTeMa pasHOCTHRIX YpdB-
HeHHil

LR e e == bufn L fart ...+ binfr-sm, (@)

T
n=m, m+l, ...,

rie a,, b, — uncaoBele KOs HIUNEHTH, He 3aBUCALLHE OT 1, k=0,1, ...
..., M, NpHUEM @,5=0. ’

¥pasnesne (2) caeayer paccMaTpHBATh KaK PEKYPPEHTHOE COOT-
HOWeHYe, BHpakalollee HOBOE 3HAueHHe y,=y(f,) uepes Hailleuibe
paHee 3HAYEHHUA Yamty Ha-zoe vy Pnom-

Pacuer nauwHaercs c n=, T. €. C YpaBHeIlHA

aﬂyfn+aym—+"'+a 0
! 1“ ¥ = ofm +b1fm-—1+ +bmfn-

O7ciola BELHO, UTO A8 Hagada pacdeTa Heo6XoAuMO 3ajaTh fm na-
YaaBHBIX 3HAYCHHN Yo, Y1y - -« y Ym—y. JHAUEHUE Y, ONPLALAALTCA HCXOA-
woft 3agauefi (1), a HMEHHO NOMAralOT Yo=1i,. DBEJHUHHBI , Uz, ...
e .+ Yy MOMNHO BHIUHC/NTbL, HampHMep, ¢ NOMOILbIO MeTofa Pyure —
Kyrra. B aaaenefimem GyieM Npeamonararth, 4T0 HayambHbIe 3Haue-
HEA [y Yoy <« -y Ymoy 3BAABBL

M3 ypasHenna (2) BHAHO, 4TO B OTJIMUME OT METOAOB Pvure —
KyTta MHOTOWAroBbe DA3HOCTHHE METOAL AONYCKAIOT BHIMHCJCITHE
TnpagLX yacTell TOMBKO B TOUKAX OCHOBHOI CETKH @
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Meton (2) naswiBaetcst fanois, ecan b,=0, H, cJAe10BATEIBHO, HC-
KOMOE 3Ua4eHMe Y, BHIPAIKAETCHA SIBHHIM 00Pa20M uepe3 ApenbAyiine
SHAYCHHA Yn-y, Yn-2, ..., Yu-m. B NPOTHBHOM catyyae (T. e. Koraa b,
#0) MeToa HA3HBaeTCH Heasusim. Torna ANA RAXOXKICHHS Yn DPHXO-
JAHTCA pemiaTh HeJluHeHHO® ypaBHeHHe

%yﬂ - Of (rﬂ' yﬂ) =F [yfl—h !fn—z, “ray y.'l—m].
rae
m ak .
F [y.d—‘h Yn-2 .. .y yn—m] = Z (bkfn—k_‘ "_yn-k) f
k=1 *
OGrivno 2TO ypaBHeHHe peuraior mertonoM Heiotona, BRIGHDaS Ha-
4anpHoe npubIHKeHHe 49 DaBHEIM ¥, .,.

3aMeTnm, 4To Ko3(OHUHEHTH ypaBHenna (2) onpemencHmt ¢ TOY-
HOCTBEO 10 MHOMKHTENA, UTOGH ycTPaHUTL 3TOT DPOM3BON, GyneM CuH-
TaTh, YTO BLHINOAHEHD YCAOBHE

t
z bk= Ir (3)
Ry

O3mauaiowmee, 4T0 NPaBad YaCTe PA3HOCTHOTO ypaBHeHHA (2) annpok-
CHMMDYET npaByio yacTh Auddepennnanpioro ypasuenus ([).

B npaktuke BHUYMCIeHHH HaHGOAbIIEE pacnpocrpanedte NOMYYHAH
MeToAbl AxaMca, KOTOpLIE NPeACTaBATIT COBON YACTHAIR cayyafl MHO-
TOWaroBux MeToA0B (2), Koraa mpoussomtas «’ (1) anipoOKCHMHUPY-
€TCA TOMBKO 10 OABYM TOUKaM, f, H {,-,, T. e.

dy=—a,=1, a,=0, k=23, ..., m
Taxnm o6pasom, metoder Adasca UMEIOT BUA

= 3 bfas. @

=0

yn — yﬂ—]._

T

B cayuyae b,=0 Metoam AzaMca HaswBaOTCH AsHbIMU, B CAYYae
b0 — neasnsimu,

Ilpu usyyenun pasHOCTHHIX MeTOZOB (2) M paccMoTpuM mpexpe
BCEr0, KaK BJIAACT BHGOP KOSD(HUHEHTOB @, b, Ha MOTPELIHOCTB afl-
UPOKCHMAUHH, 4 33TeM HCCIeAyeM TECHO CBS3aHHBIE MeXAy coboil
BOTIPOCH! YCTOHUUBOCTH B CXONHMOCTH,

2. llorpemlHOCTh anNNPOKCHMALHMA MHOFOWATOBLIX MeTOZOB, Jlo-
CPCUROCTOIO QNNPOKCUMAYIUIL HA Peienty NAll H28A3KOI Pa3nOCTHO20
#eroda (2) HasuBactes PyHELNA

[} it
= go E:_ UnteF D) Ouf (Faer,y Unes), )

=0

OMYyHalIasics B peaydbTaTe NMOACTAHOBKH TOYHOIO pellernd u({f)
andepennuansaoi 3ataun (1) B pasioctiice ypasieune (2).
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BoiicHHM BOOPOC O MOpAAKe MOrPEeMHCCTH ANNPOKCRMALHE MPH
—0 B 32BUCEMOCTH OT BHGOP2 KO3Q(hUUHEHTOB a,, by, =0, 1, ..., m.
Byaem npexnofaaraTh IPH 3TOM, YTO BCE PACCMATPHBAEMBIS ByHKLUHY
061212107 HEOOXOLUMON TIaIKOCThIO.

Pasnaras QYHKUHR @o-p=u({,—kT) B Touke =/, no gGopumyae
Teftnopa, ROAYUHM

] _ Iu(t‘] ¢
Hyt — ._(_._M + 0 (-tpﬂ)'

1
= I

flfamt, tas) =t (o — RT) =
o=t (4___ kt)! u(!ﬂ..'! Uﬂ)

=2 | _I_O(TD). k=l.2....|m.
f=q {

[MoacTasasa 314 pasfoXeHHd B BbipakeHue (D) AJ/Is MOCPELIHOCTA all-
MpoKCHMANHH, Oyl1eM HMeTh

“og [ E (- pT) Ut (8
bo==2 T(E“TJ +
k=a

=0

m p-1 (___ h}f u(!ﬂ] ({ } A
+ 3 (3 S o=
k=0 om0 ’

el [ a, (--kﬂ*’u‘” “n)
—_Z( e

i=0 \ k=0
(— &0 u (@

+£2(2 P T )—I-O(ra).

=1 k=0

TMocne ouepHIHLIK Npeofpa3oBaHiil NPHXOAHM K Pa3fONeHHID

‘I’r=—(2m a%)u(fn)'f‘

k=0
P m {1}
+ 33 e aE b | 0@ ©
i=1 \ k=D ' =

OTcopa BHIHO, YTO MOCPEWHOCTh ANNPOKCHMALHE HMEET nOpA/IDK P,
€CJN BHINOMHEHBl YCI0BHA

St =0, Y
k=g

SR (ke 1) =0, I=1,2 ..., p. 8)

k=

BumecTe ¢ yenoueM HOpMUpCBKH (3) vpaeremnst (7), (8) obpa3y-
0T cucTeMy u3 p+2 JMHeWHHIX anreGpaMyecKsx YpaBHeHHi OTHOCH-
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TeabHo 2(m+1) HedsBeCTHBIX
Qdy, Lyy o0y Oy bﬂ! blr R ] b!!i'
MO:HO HECKOJMIBKO YNPOCTHTb 3TY CHCTEMY. A HMEHRO, PACCMOTPHM
ypaBHenHe (8) npu I=1,

i m

2 ka, 1+ Zbk=0

k=0 h=0

H y4TeM ycaosHe HOpMHPOBKH (3). Torsa noayuynM ypasHeHue

m
E ka¢= —1.
k=0

OKOHYATEJbHO NONYYAEM CHCTEMY YPaBHEHHI

2 Ry = — l, (9}
k=1
S} 7 e+ 10 =0, 1=2,3,...,p,
k=1
KOTOPAR COACPKHT p ypaBHEHHH H 2m HEH3BECTHHIX &, day ..., am,
by bs ..., b.. Kosdduuuentn @, u b, BHUHCASIOTCA NO GOPMyaaM
a,,=-—2ak, bo=l—2bk. {10}
=] k=1

Has Ttoro yrobu cucrema (9) He GhIa NepeonpegeseHa, HeoOGxo-
BEMO TOTpeGoBaTh, 4TOOH p=i2m. D10 TpefosaHMe o3HayaeT, 4TO
NOPAJOK ARRPOKCUMAUUN AUNEUNBIX M-WA208bIX DASHOCTHLIX METO-
008 e moxer npesocxodurs 2m.

Hrak, HauBbiCUIHK NOCTHIKUMBIE TOPAAOK ANNPOKCHMAUHH HefB-
HbIX M-UFATOBBIX METOROB PaBeH 2m, a ABHBIX — 2m—1.

3amernM, 4TO ecan B cHcTeme (8) or6pocuth noclefgHde i ypas-
HeHHll, n=1, 2, ..., p—1, TO NOAYIHM YCJOBHA, obecneyHBaloOLIHe MO-
PAAOK annpoKCUMALHE p—n.

Has meromor Azamca (4) ycnoBus p-ro nepsfxa amnpOKCHMalny
{9) nprHuMAalOT BHA

m m
ISV E=1, 1=2,8,...,p, b=1— S (i1)
k=1

k=1

Otcrofa BHAHO, YTO Kaussbicwuil nopadox annpokcumayud m-wa-
208020 Meroda Adamca pasen m-+l, a nausoicwui nopadok annpor-
cumayuy aanoco meroda Adaxca (b,=0) pasex m.

d. ¥YcroiiuHBOCTE H CXOQHMOCTH PAIHOCTHLIX METOXOB, OKasHBa-
€TCH, YTO METOAbl HAHBHICIIEr0o MNMOPAAKA ANMPOKCHMALHM NpaxTHye-
CKH HENPHrOAHB I/ pacyeToB, TAK KaK OHW HeycTofiynswl. [loapofno
BONPOCH YCTORUMBOCTA M CXOAHMOCTH Pa3HOCTHEIX METONOB OYAYT
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paccMOTpeHH B CaeAylomeM naparpage, a celivac OTPAHHIHMCA H3JIO-
Keliies caMulx HeoOXOIHMELX CBeJeHRA.
PaccMmotpuM Hapsay ¢ (2) OAHOPOAHOE PA3HOCTHOE ypaBHEHHE

Golat @ Unost . FAWUem=0, n=m, m+l, ..., (12)

H GyaeM uCKaTh pelrewus ypasuenus (12), uMmeiowne Buj v,=g", rie
g — HHLCTO, noagaeallee ONpele/ICHBIO. Torpa aAna HAXQKAEHHSA g
noAYYaeM ypaBHeHHE

ag+a, gttt g Haa=0, (13)

KOTOPO® HA3LIBAETCA XGPAKTEPUCTUHECKUM YPABHERUEM PASHOCTHOZO
meroda (2).

TosopaTt, 9o MeTod (2) YAOBNETBOPAET YLAQBUIO KopHeil, eclH
BCce KOPHH ¢y, G2, - - ., Jm XAPAKTEPUCTHYCCKOTO YPABHEHHA {13) nexart
BHYTDH BJH 12 TPaHHLe eIHHHUHOTD KPYra KOMIUIEKCHOH NJOCKOCTH,
npiueM Ha FpaHHle eAHHHYHOTO KPYra HeT KPaTHbx Kopwefl. Pasuo-
cTHBll MeTon (2), YAOBAETBOPHAKOMHA YCMOBHIO KOpHEH, HA3LBAKOT
yorotuuanis merodom. CyLIeCTBYeT OnpellefieHHoe OrpaHHYeHHe Ha
MOpPAROK aNNPOKCHMaLWM ycTofiuneoro meropa. IlpusefeM Gea AoKa-
2aTe/bCTBA CJAEAYIOIIEe YTBEP K ASHHE.

Mycre merod (2) ydosaersopser yca08uto KopHel u umeer noph-
dox annpoxcumayuu p. Toeda psim+1 npu m HeweTROM U psim+2
npu m «eThoM. AR ABHLLX M-WAR06HLX YCTOUUBLIX merodos nopadok
annpoKCUMayLL He npesocxodur m.

B § 4 6yner noKa3aHa CaeAyoLias TeOpeMa O CBA3H MEXAY ycTofl-
'{HBOC‘;MO H CXOZHMOCTBIO pasHOCTHOro Meroga (2) (cM. Teopemy 2
H3 § 4).

Mycre merod (2) ydosaersopser ycaosuio xopueld u |fu (¢, u) j=<L
npu 0t T. Tozda npu mat,=nt<<T, nzzm u ecex docTaToro
MarOLX T GBOLIIOAHEHA OYECHKT

lga—ult) [SM( max |gy—a@)i+ max |, (19
o/ 1 osghegn—rm

2de v, — nozpewnocTy annposcumayuy, yi—u(ty), j=0, 1, ..., m—1-—
nozpewnocTy 8 SadaRUL HOUGAbRBLX YyCa08ull u M — KoHCTaNTa, 3asu-
cawas ot L, T u ne sasucswiasn or f.

Ha ouenxn (14) cheayer, 4TO €CAH Ha4aJbHBE TIOTPELUHOCTH
y—u(ty), j=0, 1, ..., m—1, ¥ NOrpeirsocT annpoOKCHMaHH Py, k=
=0, 1, ..., n—m, asiaorcs selnyudamu O(t*), p>0, 10 *H
Ya—t(t,)=0(1") Npu nZ=m, T. €. METOA CXOINTCA H HMeeT p-fi nopa-
JAOK TOUHOCTH.

Taxim 06pa30M, HCCAEAOBAKHE CXOAHMOCTH MeroAa (2) cBOMMTCA
K aHafn3y TOrPellHOCTH aNMPOKCHMANHHE H NPOBEPKE YCAOBHA KOPHed.

3aMeTuM, 4TO MeTOAH AlaMca

y —_ _ H
Bt = S bt Y0

k=0
BCErJa YAOBJETBOPAIT YCNOBHIO KOPHEH, TaK KaK MMA HAX &y=-8a;=
=], Teg=¢q=1
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[pocTeIM npuMepomM MeToRa, He YAOBJETBOPAIGLIETO YCIOBHIO KOp-
Hell, fBJiseTcs SBHHA NBYXIIATOBHI METOL
¥, + 4!!;;-1 "‘5.9'_.1-.2 _ an-l + fn—z

6T 3

HMEIOWMN TPeTUH NOPIAOK ANOPOKCHMALHH.
4. fipAMepsl MHOrOWArOBLIX DA3HOCTHHX METOHOSB, Hausncinii
NOpPAAOK aNNPOKCHMAUHH ABHHIX M-INAroBHX MeTofOB AjaMca

%__.-%'_l—=blfn—l + bofnes + ... + bifn-m (15)

|8

pased m. Cornaciic (11) ycAaoBus m-ro NopsAKa aNlpOKCHMALHH
HMeIOT BUJ,

m
> k"'lbk=%, =12, ..., m (16)
k=]

Pewasg cucremy (16), MOXKHO HafiTh KO3 (HIHEHTH MeTOAa HaHBHC-
iero nopsaka (15), (16) npu Kama0M KOHKpPeTHOM m, Tak, npu m=1
noayyaem Meron Jiisepa

¥y = Yny

=fa-1-
T

[Ipu m=2, 3, 4, 5 noayuaeM COOTBETCTBEHHO CAeNyIoclUlHe MEeTOAR
M-TO NOPANKA ANNPOKCHMALHH:

Hn— Huy
T
Y¥n— Yoy
T
Bp— Yo,
T
Yn—8p,y

3 1
=Efn—1_5fn—2s m=2,

= 5 @8us — 16/ + 5y, m=3,
=i(55fn—1 — 59f,, + 37fn-s— Yu-ds m=4,

= ﬁ (1901 sy — 2774f g + 2616, —
- 1274fn_|, + 25][11—5), m =5-

Has HeaBHHX m-AaroBHX MeTOZOB AxaMca

yL—"‘Eﬁ=an+an-l+ v oo F bunfrm (17)

HaWBHCUINA NOPAAOK anNNpOKCHMAUWH pases m+1, Kosdduuuerrn
Meroaa (17) nauehlclIero NOPAAKA HAXOAATCH H3 CHCTEMAL (11) ¢ p=
=m+1. [lpy m=1 noaysaem merton BTOPOro mOpALKa amnpoKcHMa-
UMK

¥n = ¥am
T

'_;'(f!‘l-l'fﬂ—l]l p=2s
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HasbigaeMbtit MetoaoM Tpaneuuit. [Ipuw m=2, 3, 4 nmoayyaem cooveer-
CTBEHHO CAeavioulne Metoist {(m—+1}-ro MOpAAKAa annpoKCHMALHKH:

I o = Bfat 8fan—fa) =3,

Yn—Ynu
T

InT b 7-5125 (251fs + 646f s — 264f g 4 106fss — 19fnd,  p=5.

L]

'—"%(gfn“f‘ lgfn—l_sfn—z'{'fn-s)' p=4n

Briniicaunbie BHLIe HedABHBle METO1bl coaepxaT HCKOMOE 3HaJYeHHE
HeJIHHef HO, MO3TOMY AJd HX Peanun3alHH HeOOXOAUMO NMPHMEHATE HTe-
pauuoHHue MeToan. Hanpumep, A sedBHoro Merona AfaMca uerTsep-
TOTo TIOPAAKA HCNGAB3IYETCA HTEpaLlHOHHbI[':I MeToqd

y§'s+1} - yn—l —

T

= (O (te, 42+
+ 19f (fn-1, #ua) — Bf (Cns, Yao) + F (las, Ya-a))s (18)

rae § — HOMep HTCpalHH, S=0, 1, ... B kKauectTBe HauaAbHOre 3Hauve-
HHA y;?:' MOJKHO B3ATH pelleHHE, NMoJVUYeHHOe C NOMOIWbKD ABHOIO Me-

ToAa AgaMca TPETbero MOpPSAKd, T. €. MeToAd

9 =Yy 1
T e (23] by Yt} — 16f (Faot, )+ 5 (o, Yoa)). (19)
3anuckwsan (18) B BuAe

g = f (b Y + F,

3
noJyuyaeM, YTO ecnd ’é-‘fl M, TO HTepaANHOHHBIY METOA CXOAHTCA
y

JtM
TPH YCJIOBHH T< 1, KOTOpOE BBIMONHEHO NPH OOCTATOMHO MAJIOM T.

Ecau B (18) orpaHuyuTthbea TONBKO oAHON HTepauueil s=0, To no-
JYYHM METOA, HA3biBaeMBIfi METOAOM NpeiHKTOp — KOppeKkTop (mper-
CKAa3BIBAIONIe-HCOP ABIAIMIRIE).

§ 4. CX0AHMOCTE H OLUEHKA MOrPEITHOCTH
MHOTOILATOBOIO PA3HOCTHOIO MeTOAA *)

1. ¥paeHenre ana norpemnoctyd. Iasg sanaun Kown

L=ft.), >0, uO=u (1)

*) TTpu mepBOM 4TeHsH ITOT naparpad MOMHO ONYCTHTE,
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PACCMOTPHM mi-UIAroBHil pa3sHOCTHHI MeTOA
ﬂo!(,; + alyn—l + ML + amyn-m

T = Bf (tm yﬂ) +
+ blf (tn-h yrt—l.) + et + bmf (!ﬂ—ﬂh yn-m); (2)
rae a=m, m+1,..., 3agadbl Ha4YafMbHBIE 3IHAYEHHS Yo, Yy ..., Y

B HacTosmeM naparpade BHSCHSIOTCA YCJAOBHS, IPH KOTOPHIX CXO-
AuTCA MeTOA (2) B A210TCA OUEHKH MOMPEMIHOCTH 2, =y,—it{l,) B Al0-
Golt moMeHT BpeMeHH f,=nt, n=m, Yyepes HaqanbHble NOTpelIHOCTH
Zy, 211 .+, Zm=y H UEPE3 MOTPEUINOCTD ANIMPOKCHMALIHH,

[Tonvyaum ypaBHeHHe, KOTOPOMY YIOBAETBOPSET MOrPEUIHOCTb Zn:=
=y.—u{t,). TloncraBias B NeByl0 4acTb ypaBHeHHs (2) BMecTo y;

BHIpaXeHud u(l;)+z, j=n,n—I1,..., i—m, NOJAYYHM
%2, + 42,y + .-+ BnZnm . ot + Httpmy + e Crttn—m 4
T T

+F Bof (s Ya) + 04f (o rs Yod) + . . o+ birf Gty Yrom)-

Hasnee, no6asuM K MPaBOil 4acTH 3TOTO ypaBHeHHs H BHIYTEM H3 Hee
BBIpANKEHHE

bof(t,., uﬂ)+blf(tn—h un—l)+ L +bmf(tn—m’ un-m) -
Toraa ypaBHeHHe X5 NOrpeliHOCTH NPHMET BHA

aﬂzn + alzr;.. + et + amzn—m
2 = Yu-m -t Pn—m, (3)

T

a=m, m+1, ...,
rie 49epes Yo, 0003HAYEHA OrPEIIROCTE AINIPOKCUMAIHH
P = — Ootdyy ‘l"al"‘n—l't R +
= bof (ta, tn) + 01f (far, tn-1) + . o - bnf (Fainy Bam) (D)
il 4epe3 Qa—m — QYHKUHA
P == by (f (Uny Yo} — [ (Eny ) -+ by (Flnas Yna) —f Uy ta)) + o .
e bm‘(f (fn—m- Yn-m) — f (tamms Up-m)).  (5)
[TorpemtnocTh aDNPOKCHMALMH WP OUEHHBANACL B 1. 2 § 3, rae
Guian HafineHE! YCAOBHA p-ro NOpAfKa annpoKcHMaund. B wacTHoCTH,
NPH BEINONHEHHH 3THX YCAOBHE Yoo —-0 Mpu 1—-0.
DOYHKIHA Po—m, BXOAAIMAA B NPaABYK 4acTb ypasHuenus (3), aasHu-
CHT HeMHHEHHO OT MOrPeuIHocTH 25, j=n, n—1, ..., n—m. Buj Hean-
HeAHOCTH omnpepensercs ¢yukuued f(¢, u). B panvuefiimeM 6ygem

npeanoaarath, 910 f({, u) yaosjeTrsopAeT ychaoBuio JIWNnuna no BToO-
pOMY apryMeHry, T. e.

(2, u)—f(¢, w)|<<L|u—u] (6)
AN BCeX £, uy, U4, W3 paccMaTpHBaeMoit o6nacri. Torza us (5) cnenyer,
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Uto o4 QJYHKLI,HH QPu-m BHINOJMHEeRNA QUEHKA
[ @nem| KOL{|2a] + [ 2a-i|+. . o4 | Zamoss | + | Za-a), (7}

rae b=max(|bo|, | s, ---» |Bm|).

B ranbuefinies GyIeT MOMLyuYeHA OLENKA pellleHHs 2, ypaBHeHus (3)
YEPE3 2o, 21y - -y Zm—y H ¥y j=0, 1, ..., n—m, U3 KOTOPORt GyleT cie-
IOBaThb cxomnMocTh Meroza (2}. [NpeaBapurenbHO HaM NOTPebylOTCH
HeKOTOpbie CBeNeHHs U3 TEOPHH PA3HOCTHHIX YpaBHeHHH.

2. OpHopogHOE PA3HOCTHOE YPABHEHHE ¢ NOCTOAHHBIMH Koadiu-
uueHTaMH, YactHele pemenns. PaccMOTPHM pasHOCTHOE ypaBHeHMe

aoﬂn+alun—l+ LI +amUn—m=0: n=im, m+l: L] (8)

K03 OANHEHTH KOTOPOTO &y, 4y, - - . , @m HE 32BHCAT OT A1,

Dyaem HcKaTe 4acTHBIE PelleHHA ypaBHEHH:H (8), nmewmHue BHA
v,=¢", TAe ¢-—uucllo, TOATEKallee onpefeNeHHio. I[loacTaBaAs
Taa=g"*, k=0, 1, ..., m, B (8) u cokpawas Ha ¢"~™, MOAY4NM YpaB-
HeHHE

ag™ta, g+, . g tan=0, (9)

KOTOpOe HA3LIBAETCS XapaKTePHCTHUECKHM YpaBHEHHeM, COCTBETCTBY-
IOWHM PasHOCTHOMY ypaBHenHio (8). MuorowieH

F(g)=aw"+a,g™ "'+ ... tan-1g+an (10)

HA3BIBAETCA XAPAKTEPHCTHUYECKHM MHOTOWJIEHOM pPa3HOCTHOTQ ypaBHE-
nus (8).

Takum o0pasoM, pasHocTROe ypaBHenke (8) uMeer peiteHne ¢
TOTAa K TOJMLKO TOrAA, KOTAA ¢ ABJASETCA KOPHEM XapaKTepHCTHUECKO-
ro ypasHenus (10). Bosee Toro, ec/lH KOpeHb ¢ HMEET KPaTHOCTL 2>
== 1, To pasnocTHoe ypapHeHne (8) uMeeT HacTHbE pelleHHs v.=m'g",
j=01,..., r—1

Horamem mocneatee yTeepmpaenne. TIONCTABNAA Ua-p==(n~~R}/q"-* 8 (8) =
coKpauas Ha g™~ ™, NOoAYYaEM YpasHeHue

Mt
S ag™* (n— 8 =0, (t1)

E—=d

kotopoe npH j={0 coBOanaeT c XapaxkTePHCTAYECKHM YpaBHEHHEM (9}. TIpeacrasrm

MHOTO4IeH
3

2 a g™k (1 — ky! {12)

h=0

B BHLe JuHeRHofi KOMOHHALEH XapaKTepHcTEYeckoro Muoroumena (10) B ero npona-
BONRMZX Fi(q}, i=1,2,...,j—I.
Ias sTOrG BOCHONBAYEMCH CHAgana pasnomenreM no dopMyne Gusioma HewoTona,

!
=B =fa—m +(n—8)) = JCjlr—m) (m— R,
=0
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fU=0 ... G—i+1)

roe C} = m » C}=1. Toraa nomyunM
m f
D ati=0lmt = FCa—m)' F @ (13)
k=0 {==0
e
m
Fi(@= 2 m—k 7 ag™®,  1=01,...,], (i4)
h=p

aprieM Fq(q)=F(g).
anee, 0Go3HauuM z=m—R, f;—(2)=2!"! W s3anHweMm MHOrounsH Fy_i(q)
8 sune

m
W]
Fig@= D f_ @aq™™*
k=q
Hutepiosupyes GyReumo fini(2) anreSpLaudecknm MHOLOWIGHOM CTENeHK i—!
Qo ysaam 2zi={, i=0, 1, ..., f—I B DaHHOM CJy4ae MOFpelIHOCTD HHTEPNCAALAH

TOKLECTBEAHO DABHA  AYMIO, Tak Kak f,_(2) =2z~ — mHorownen crenens j—L
IMo3tomy cornackHo HHTEPTOAAUROHHOR topryne HeloToua umeeM

j~t
fie @ =f; @)+ E frat s 2sy ooy 2} 2—20) ... (2—2_ ),
(=

rae fi~e(20 2o 0y 20) — pa’neneruas PasHOCTL {-10 MOPRAKA QYHKHHE 27-1, nocTpoek-
RAA 00 YSIAM Za=0, =0, I, ..., i Tpu I<j umeem f;_i{z)) =2/t =0 o

i~
fra @ = Do oo 2)6—2) ... (2—12,).
i=]

Iogcrannag cioga ze=m—~k, noaydnm pu {<j

oy
=B = N Y m— R m—k—1) ... (n—k— (i — ).

i=1
Hrak,
m =i
Fij@= 2} o™ D dim—tyme—t—1) ... m—b— (i— 1)),
k=0 fam]
=0, 1, ..., j—1, (15)
rie obaanagedo dy, sr=fs_1lz0, 2,, ..., 24),
C ApyTolt CTOPOHH, fafl TPOU3BOAHKX F(1(g) MHOroyJeHa {10} ameem
m
(FRO@D=m—Bm—k—1) ... m—b—G— D ag™, (16
k=g

i=L 2 ..., m
Conocrasasa (15) 1 {16}, monyaum
=
Fro@=Dd; aF9@. 1=0,1,...,j—1I

{=1
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Moaromy TomaectBo {13) MOoXKHO NepenncaTtk B BHte

" -1 J=f
D=k ¢t =tn—mf Fo)+ D) Clin—m)' D) d;;_ 4'F" () =
k=q i=q =1

=1

=1

i ¢ -t
=n—m) Flgy+ D ¢'FY () ( ) Cidi it — m}") .
¢

Hrak, nosyseno crepyioulee NpeacTaBaerne MuorouseHa (12) B puae AwHeAHOR
KOMOHHALHH XapAKTEePHCTHYECKOrO MHOrounexa F{g) u ero npoH3BoaHLIX:

m

§
e a— B = (n—m) F(g)+ D} 64F9 (9, {17)

k=a i=1
ji
rie b; = 2 Cj{ (n—m)'ds, o1, a di, y—1 = pasgencHHan pazHoOCTh QYHKUWA 2/~ mo-

=0
CTPOGHHA IO yanaM 2o=0, 2;1=1, ..., 2;=1

Eciu ¢ — KopeHb KDAaTHOCTH ¢ XapaKTepHCTHHecKOro ypasuedMsa (9), ¢ F(g)=
=0,...,Fe=D{g) =0 n apapaa wacts ypasuenna (17) obpamaetca B uyab Bph j=1,

J=2, ..., j=r—1, CaepopaTeacio, GyHKuuA 4, A4", ..., W'-'g" ABAAIOTCA pelle-
HHAMH PasHOCTHOrG ypaBHenns (8}).

3. OHOPOANOE pPa3HOCTHOE YpPABHEHHE C MOCTOSHHBIMH Ko3ddn-
UHEHTAMH, ¥YCTOAYHBOCTL MO HAYAMABHBIM JAHHGLIM, 3ajavwa Kowmu aaa
ypaBHeHHA (8) COCTOHT B OTHICKAHNH CeTOUHON (GyHKuUMH v,, yioB.Ie-
TBOPAOIMLCH APH BeeX nZ=m ypaBReHulo (8) W HpHHHMalOUlel npn n=
=0, I, ..., m—] 3ajaHHBe HayaJbHble 3HAYEHHH Uy Uq vy Umeye

B naapnediem GydeM cuHTaTh, YTO @,7=0. Torja ypasheuue (8)
MOMHO Pa3pelidTh OTHOCHTENLHO Uy!

4] &
m m—1 [
Uﬂ = — Uﬂ—nl —_— ﬂn—n;+1 T e T Un.—»l.-

OTciopa caeayer, uto Opu @, 70 pewenne sazaun Kown cyuecr-
BYeT H E€HNHCTBEHHQ,

FoBopat, uro ypasHenue (8) ycroduuso no HawasvHbiM OanHbIM,
ecJI CYUeCTBYET NOCTOSHRHAA M,, He 3aBmcAllan OT n M TakKasd, yTo
MPH JI00LIX HAYadpHBIX JAHKBIX Ug, Uy, ..., Um-, AJS €70 PEUIEHHS BHI-
NOMHAETCA OICHKA

ol <M, max |oy|, n=mm-+1, ... (18)
8l feg =

Tem caMbiM yCTOHUHBOCTL 03HAYAeT PABHOMEPHYIO 1O A OTDaHH-
YeHHOCTDb pellena safayn Kowmn,

OxasuiBaercsl, YTo YCTORYMBOCTE HAH HEYCTOHUMBOCTH YpaBHEHHS
(8) Mo HauaNBHBIM JaHHHIM HEJHKOM ONpefeNReTcs PaclolomeHleM
KOpHe#l XapaKTepucTHUECKOro ypasHenna (9).

Byaem rosopuTh, YTO BEINOAHEHO YCA08Ue KOPHEH, ecld BCe KOPHH
¢, ..., Gm XapaKTEPHCTHYECKOrCe ypaBHeHHA (9) JexaT BHYTPH HAR
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Ha rpaHHLe eIMHHYHOre Kpyra KOMIVIEKCHOH NJOCKOCTH, NpHYeM Ha
TpalHie eAHHHYHOIC KPYra HeT KpaTHHRX KopHefi. CnpaBennupa

Teopema 1. Ycaosue kopuel neobxodumo i JdocTaro4no Gas
yerotwusocry ypasnenus (8) no HQUAAbHbIM OAHHOIM,

Horkasateancrpo. JlokakeM cHayana HeoBx01uMocTh. JIyeTs
ypaBHenne (8) umeeT KopeHb ¢, Ans kotoporo |g|>>1. 3aiaman e
KauecTBe HaYaMbHBIX AAHHBIX PYHKUHH v;=¢', j=0, 1, ..., m—1, no-
AYYHM DelieHHe U,=g¢", AZ=M, HEOTPAHHUEHHO BO3PACTAIOLLEE TpH
f—co, Jlna TAKOro pelleHns HeBO3MOMXKHA OleHKa BH1A (18) ¢ xkon-
crantoit M,, e sasncaweit or n. Crenosateapwo, ycrosue |g:| <1,
k=12, ..., m, 1e0BX00HMO AT YCTORUHBOCTH.

[Tycto ypaBuenne (9) HMeer kopeHb g KDAaTHOCTH r>>1, 145 KoTo-
poroe |g|=1. Toraa passoctHoe ypaphenne (8) HMeeT pelleHHe n'='g~,
pactyuee npu fn—o00 Kak n™”', W, CJ1e10BATENbII0, B 3TOM CJyuae oleH-
Ka (18) Takke HeBoaMoKHa.

Ilpexkae 4eMm nepexofuTh K AOKA3aTEJbCTBY A0CTATOMHOCTH YCa0-
BHIt TeopeMbl 1, HeoBXOAUMO TpPOBECTH HEKOTOPhE BCNOMOraTelbHHE
OCTPOEHHA.

3annuem (8) B Bujle IKBUBANCHTHOH CHCTEMBL YPABHEHRA

Un—msl = Un-msy <+ Uny =Upy,

a a
' tH—1 &
Un—m — Ui — .00 — — Oy
Iy i

Up== —

H MPeACTaBHM 3TY CHCTEMY B BEKTOPHOH (opMe

Vo=8V..,, n=m, m+1,..., (19)
rjie V,-,,= (Un—m+1‘ Unemyzs o ooy Un)r)
- 0 1 0 . 0o -
0 0 1 . 0
S = 0 0 0 1 ' (20)
G Ty =2 _51_1_
- % dg g dy

Hawanbubilt Bektop Vooy= (U, U4y .. ., Uney )™ 320aH.

HerpylHo npoBepHTb, 4TO MHOMECTBO COOCTBEHHBX UHCEd MaTpH-
I S COBIANAeT ¢ MHOMECTBOM KOpHell XapaKTepHCTHYECKOTO YpaBHe-
Hua {9},

Jemma 1. Ecau 6otnoaneno ycrosue xoped, To cyujectsyer
ropma |l sextopa raxas, «ro das noduunennod nopmer Marpuyet S
cnpasedauso nepaeercrao ||SI.<<1.

lokazarenbctBo. 3aMeTuM, YTO NaKHAA JeMMa YTOUHSET
JdeMMy 1 u3 § 3 ra. 2, nosToMy ¥X R0Ka3aTedbCTBA MOXOXKH (cu. [2,
¢. 338]). C nomombio npeobpasoBaing nonoGus

5= QsQ™ (21

241



npuaeneM S K MOZHGHHEPOBAHHOI KOPLAHOBOi dopMe

-3, 0 "
s=| 5. .
_.0 ‘§f _
Tle Sy — 1160 4HCI0, AK60 XKOPAAHOBA KAETKA
9. & 0
Se=| . - X
9. ¢
0 ¢

4, — cOBCTBEHHOR YHCAQ MATPHUM S, e>>0 — awboe uucno. OueHdm
HOpMY

m
S| = max S | = max (| S Seeei ).
“ “C 1S i fgl. 1 H l Lgigm “ i I + | [E231 D

3i1ech §;; COBMAZAGT C OAHHM H3 KopHe#l XapakTePHCTHUECKOrQ
YypaBiueHid, 4 BHEJHAT0HAIbHBLT 3/18MeHT

- 0 B cayyae NpocTOrO KOPHA S,

S, =

B B CJAY4Yae KPAaTHOMO KODHA 5.

Ecait $q:,4=0 141 HEKOTOPOrO i, TO MO YCAOBHIO JeMMH |s| <l
Ecnu ke Siipg =8, TO S.—i—KpaTHblﬁ KOpeHb, H COrJacHO YCAOBHIO KOpP-

Hell BHINONAAGTCA CTPOroe HepaBeHCTso |S.| << 1. Ho Torna npu mocra-
TOUHO MAJOM € HMeeM

185 | -1 Sizm | < 1.

Takum ofpa3oM, BEIGHpAA g AOCTATOMHO ManslM, noayuuMm {(S|l =g
= [. BreaeM HODMY BeKTOpa

lyh. =l Qulk, (22)

rae Q onpexeneno corvacuo (21). Torma nonyuum [|SI.=[Slle< 1.
JlemMa | poKasaHa.

3apepwnM Teneps AokasarteabcTeo Teopemul 1. ITokawxewm, yto ye-
nosHe KopHell AocTaTOYHO AMA yCTOfYHBOCTH ypabHeHHa (8) mo wa-
YAALHBIM LAHHBIM,

N3 ypapuenns (19), yuutnBan semmy 1, noAyyHM HepaBeHCTBO

MVl < BSHAV -l 1 Vel
H, CTe0BATENLHO,
WVale I Vasills,  n=m, m+1,... (23)
Mo onpenenentio (22) Hopmet [f- ||, umeenm
VI =QVlle<Z IRl Vit
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C npyroit ctopoHbl, 111 J0doil HeBHpOXKIeHROH MaTpuun Q cnpa-
BeIJHBO TOXIECTBO
V=0-'QV,

H3 KOTOPOTO ChAelyeT OUeHKa
IVIe=<I1Q e QVIc=1Q- V..
|. onpeaedena paBeHcTBOM (22},

Taknm o6pasom, ecnu HopMa {-
TO BLIIQJHAITCA OLeHKH

(Q"lle) = Vel < IV QUi Vil (24)
H3 (23) v (24) nonyuaem
IValless MUl Ve dle, (25}

rae M,=lQ-"lciQllc. 3ameTuM, uTo KokcTaHTa M, He 3aBHCHT OT A.
H3 (25) creayer HepaBeHCTBO
|oa]l S My max oy, (26}
a=fsm-L

03Kayawilee YCTOHYHBOCTh ypashHeHHS (8) no HauAJ bHRHM IAHHGIM,
Teopema 1 NOJHOCTBLID AOKA3AHA.

4. Ouenka pewenus HeONHOPOJHOTO YpaBHeHwWA. PaccmoTpHM 3a-
Hauy KOWH 27151 HEOBHOPOAHOTO PasHOCTHOIO YPAaBHEHHA

Qfnt Qlfn—t+ . Tnlfeem=Tdn-m, (27)
rie n=m, m-1, ..., BQAHYHHE Yo, Yu, .. ., Y-y 3A3HB, NPABAT YACTH
gw £=0, 1, ... ~—3anannan pyHruua, Ecan a,5=0, To aaa xax1oii npa-

BOfi yacTH peluienke 3aflaun Kolin cyuiecTsyeT 0 eaAHECTBeHHO. OHO MO-
#eT SHTh HafiZeHo no peKkyppeHTHONH Gopmyae

t 2y @ T€n-m
Yn=——"ln-m— Ynmmel = oo = —— Yoy +
a . i a 2%
n=m, m+1,..., (28}
HCX0AA H3 3adaHHDIX HAYAJBHEIX YC.HOBHﬁ Yoy iy v sy Hn-y H H3BeCTHOH

npapoil YacTH 4.

B npeprinymem nynxTe nodyueHa OUeHKa PEWIEHHS OJHOPOAHOTO
yPaBHeHHsA yepe3 HauaNbHule AaHHHE, 03HAYAKWLIAA YCTOHYHBOCTH MO
HAYaJbHEIM A2HHLHM, IloMyunM Tenepb aHaJOrHYHYHO OLEHKY peLieHus
HEOJHOPOAHOTO YpapheHHA (27) uepea Havya/JBHLIC JaHHHE H NPasy
JacTb.

OCHOBHLIM Pe3yAbTATOM 3[ech OyZeT AOKAa3aTeJbCTBO TOTO, YTO
ecau 00nopodnoe ypasnenue (8) ycroliwuso no Hawassnoiym dansois,
To dasa HeoOHOPOdHOz0 ypasuenus (27) cnpasedausa oyenra

| 42| < M; max |5"f|+-'”22 T| grl, 29)
g fegm-1 te—a

rae M, n M, ve 3aBucar ot n.
Brinonnenne ouenxn {29) o03Hauaer no onpefelento YCTOHIHBOCTh
ypaBuerua (27) mo npamoft vactn, TakHum ofpasom, Gyfer NOKasaHo,
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4TQ M3 YCTOHYHBOCTH MO HAYA/IbHBIM XAHHEIM CJAEAYET YCTOAYHBOCTH
1o npasoit YacTH,
IpencrasuM ypasreune (27) B BEKTOPHOM BHIe

Yo=SYori+1Gomy, n=m, m+1, ..., (30)
e Yo= (Yn-mits Ynmminy oo oy Ya) T
I
GM=(0, 0oy 0, 222 @31)
%y

MmaTpuua S onpefesena coraacuo (20).

[lycte ypasueHne (8) ycToHdMBO 1O Haya/dbHBIM JaHHEM, Toraa
€OTJIacHO TeopeMe | BHMOAHeHO ychoBue KopueR. IIpH 3TOM YCaOBHH
8 COOTBETCTBHH ¢ JeMMOR | 1/19 HeROTOPO#i HOPMH MaTpHub S cnpa-
Beaauso HepasedcTBO (|SH <1, Takum o6pasom, ua (30) nonydaem He-
paBeHCcTBA

IYilleSlYhslle 2l Gooilie,  k=m, m+1, ...

CyMMHDYa 5TH HEDABEHCTBA [0 £ OT M [0 7, NOAYUHM
-1

L+ S TG

k=rmi—-1

Henoabsyem majlee HepaBencTBo (24), ycTaHaBAMBaioulee 3KBHBA-
MeHTHOCTE BOPM |- [, u |i-llo. Torza us (32) noayunm

(@Yl <IQk (1Yonk+ 3 <10 uc) e

'\ R=ri—1

[ Yol <<IYnm

.- (32)

YautoiBas cnennanbhbii pun (31) sektopa G, umeem

“Gk"(::'M ,

[}
i, CNeJOBaTeNbHO,
n-1 H=t1l
|
N tGele=— >} tlg:l
k=m-1 % k=p

Orcona 1 13 (33) nonyyaem TpeGyemoe HepaREHCTBO

A=t
lgales My max |g;| -+ M, > vlgels 34
0= feg =l k=0

rae M,=[Q-{IQlle, M= M,q;". Hanomuum, yto Q — Matpuua, npe-
obpasylotas S cormacio (21) K MoOAM(PUUAPOBAHHOR KOpAAHOBO
thopme,

5. OueHkH NOTPELIHOCTH PA3HOCTHOTO MeTOAA. BepHeMCH K ypaB-
HeHHIO ANA morpewdoctd (3), nonyuenHoMy B n. 1. Ham Hyxho one-
HHTb MOTPEIUHOCTE METOAA Z, 4&Pe3 HOrPelHOCTh ANNPOKCHMAIHH Yy,
k=0, 1, ..., n—m. Ecan 66l QyHKUMA ¢, PaBRaSack HYJO, 2=0, 1, ...
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ey H—M, TO AOCTATOYHO OBIIO 6Ll BOCHOML30BATBCA OUeHKOH (34).
Oanako HaMuyBe GYHKLHH ¢, 3ABHCALEH OT pelUeHHA Z H XapaKTepH-
BYIOLIEH HENNHEHHOCTL 3aAaUH, YCJIOKHAET HOAyUeHHe TpeGyeMblX ole-
nok. Caeays [2, c. 484], ZokaxeM, YTO cnpapesauBa

Teopema 2. [lycrs sce xOprI XAPAKTEPUCTUHECKOZ0 YPABHEHRLA
(9) rexcar snyTpu usn na zpanuye edunu4nO2o KpYea, nputes HA 2pa-
#uye net kparuoty kopred. fMycrs |f.(t, ) | <L 022 1=(0, T). Toeda
npu

N
11, = Slal L (35}

das pewenun ypasuenus (3) cnpasedausa oyenxa

H=rt

2. | =z Mee™ max  |z;| + M, > Tlbel, a=mom41, ..., (36)
9 fm-1 e
2de
M, =QlilQ"Ye,
M= o =MoL, o=2F (4| | 6] + | as] |6,
|21 4 k=1

Hokaszareapctso. CorfacHo GopMyse KOHEUHBIX MPHPAIIEHNI
Jlarpanxa umeeM

f(tn—ht ynv—h}_f(tn—h) un—k) = znhhzn—hv
rge

In—h=fﬂ(1‘n—l: ﬁn—ﬁ) [ ﬁn—h=yﬂ.—k+9zn—kr oéeg I' k=0' I, 2, ey .

IlpencraBuM QYHKUHIO @n-m, ONpefeNeHHyIl0 coTnacho (5), B BuZe

"

Ppam == bu[ozn + Z budn-t2np. (37)
k=1
IMoacrasaas (37) B ypasueuue (3), NOJYYUM
(@y— byly 1) 2, = 2 (— e - thelns) 2oe + Tr-m. 38
k=1

H3 ycaosus (35) caenyer, uto

| 2y — Thol, | ;“%‘ >0, (39)
N03TOMY ypasHeHHe (38) MOKHO PaspelllHTb OTHOCHTENbHO 2,
Mo —a, 4+ 5hl Y
2, = kT “kek , g Tm (40)
e 2y — Tbofg dyg— 1b0£|]
Io6apass & nparoit uacth ypasHenus (40) u BHYNTas W3 Hee Bbipa-
KeHue
"t
@y
2 “— Zpaty
k=1 %
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nepeauuem (40) B BHIe

m H
zn=._2 ﬁzn_k+t‘§vmzn_k+t—&'—m—, 1)
k= % . =1 Gy — Thlo

rae

_ aobki,,_k{— ﬂkbofa (42)
g (@ — Tholy)

Ilpeacrapum ypasHenue (41) B BexTopHoit dopme. Jas 3toro Bee-
leM BeKTOPH

Z"= (zﬂ‘m—rlt Zremgly + v vy 2,,) r)
P, a
Yo = (0, vere O, _...'1...".‘_.....)
ao_'tbaln
H MATPHUB
0 .. 0 o o ... o
Vrl—1= """" , S = Q 1] 0 e 1
0 ...0 ai a, . 2y @
P e Om & g @ &

Torna nonyunm, uTo ypasHenue (4]1) 3KBUBANEHTHO BEKTOPHOMY ypas-
HEHHKD)
Zn=SZn—l+Tvn—izn—t+Tllrn—i- (43)

Jad olledKH pelleHns ypaBHenus {43) wenosnbayem aemmy 1 us i 3.
Cornacuo zroii nemme, 1S[l.<51 B HexoTOpo#i Hopme ||-||.. [ToaTomMy Ha
(43) noayunm

"Zn”véllzn—-lno‘f"r” Vn—l]]'ltzn-ﬂ"-‘i"T”‘P‘n—tH'v (44)
Tlokamem, uto [V,.—ll. orpaunyena 4yncAOM, He 3aBHCAMIHM OT 71 A

7. Coraacho (39), (42) umeem
lanll bl 4 1a,l 1o

| vne | < 2 L k=12 ..., m,
e
MO3TOMY
m
I Vn—1![c=2 | Une | <L,
k=1
roe
9 rt
v=-—"-2 (4] {0e] | ae| |0, ). (45)
a

o k=1
Jaa no6oro Bektopa x HMeeM

WV rzle=11QVa-ixllo= 1 (QV,-. Q™) (Q) llc =S
QY Qe Qxlle S M| Vo ilchxd.,
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rae M, =[1Q:Q e CnegosaTtensHo,
WVadle M AV llcss ML,
IMoacTapnss aty ouenky B (44), NPHXOAHM K HEPABEHCTBY
1Zallv s (14 v} 1 Zpmill e 2l -y, (46)
tnek=m m+1,...,c,=MuvL U3 (46) noayumut

n

lZh <+ 7%)" | Znal, +7 D 1 ¥Wen

=T

< AT 3 [Waale 67)

k=m

L=

rae t,n=1t{n—m)<<T.
Hanee, yunroiBan (24), (39}, umeenm

1Zel. 2= Q) [ Zale = Q) | 20,
"Zm—iH..QHQHC “zm—LHC':"'UQﬁC max IZ."L
i1

sl QU it =~ | < 22 e

a9 — Thyly | ag)

[loacraBnana 37 HepaBehcTBa B (47) 1t oGosvawas M,=[QlcX

XN Q*ie, Ma=AM, % , MOAYYHM OLEHKY
U}

n—-m
|l Myes max 2]+ M, 5, ol el
0sfEm=1 k=0

coBnagamomymw c (36). Teopema 2 nokazana,

Caencreue. Ecau Ossnv<cT, soinoaneno ycaosue xopued,
|2;| >0 npu 10, j=0, 1, ..., m—1, u passoctnoe ypasnenue (2)
annpoxcumupyer ucxodnoe ypasnenue (1), ro pewenue pasHocTHol 3a-
dayy (2) cxodurca npu v—0 k pewenuo ucxodnod sadauy {1).

JloxasateabcTRO cleAyeT HeMefJdekHO H3 olleHKH (36}, ecal yuecTs,
4TQ

=t

<T :
2 e ST max A

k=0

§ 5. YucneHHOe HHTErPHPOBAHHE XKECTKHX CHCTEM
0GB KHOBEHHbIX NH(PepeHIHANBHBX YPABHEHHI

1. ¥ca0oBHO yCTOHSHBBE H 26CONIOTHO YCTORMMBME PASHOCTHLIE Me-
rouw. [Iasa zamaun Kown

%zf(t,u), >0, n{l)=g, (1)
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GyaeM paccMaTpHBAaTh PA3HOCTHLHIE METOALI BHAA
Ht ak "
Dl TyH:Z bef Unky Ynp)y, n=m, m+1, ... p4}
k=0 k=0
B § 4 nokaszauo, yTo yCTORYHBOCTD H CXOAHMOCTE METOAA ONpeassa-
I0TCA pacnofnQieHHeM KOPHEH XapaKTepuCTHYECKOr) YPaBHeHK S
L3
2 akqm—k =1). (3)

R”=0

A umenno, TpeSyercs, 4TOObL BCe KOPHH YAOBJCTBOPAIH YCAOBHIO | ] <<
= |, npuueM KOPHH ¢, ANA KOTOPHIX |¢| =1, He ZOMKHH GHITL Kpar-
HbIMH.

OTH YCIOBHA YCTOMUHBOCTH ABJAIOTCA OUERb OOIUHMH H HE MOTYT
y4ecTh MHOTHE XapaKTepHble ¢BOACTBA pellieHuil ucxoaHofl Anddepen-
UHATbHOA 3agadd (1) U anOpOKCHMUPYIOMIErO €6 PA3HOCTHOrO MeTONA
(2). Onu 03HavalOT JRWb, 4T BCe PelleHHA OJHOPOAHOTO PAa3HOCTHO-
TO YpaBHEHHH, COOTBETCTBYOMIErO (2), 0CTal0TCsl OTPAHHUEHHEI M ADH
N—00,

B wactaocTtn, Apu Taxom noaxoxe xosbduuuedtn b, £=0,1,...,m,
BXOIAIHE B NPABYI0 YaCTh YPaABHeHUa (2}, HHKAK He BAHWAIOT HA YCTOH-
UHBOCTh,

Ilpennonoxnm, ofiHaKo, 4TO 3apaHee U3BECTHA TA HJW MHAA XapaK-
TepHasd 0COOGEHHOCTh B NOBEACHHUH pellieHHs HCXOAHOH AUQdepennaib-
HO#t 3ajayn, Toraa ecrecTBeHHo TpefoBaTh, 4TOGH 3T4 OCOGEHROCTS CO-
XpaHsaJdach M y pelleHHA pa3HocTHOro ypasHeHud. Takoe TpeGoBaHue
NpPHBEAeT K CYKEHHIO KRACCA NONYCTHMHX Pa3HOCTHEIX MeToZoB. B Ha-
crofillem naparpadc GyayT pacCMOTpPeHH METOABl, NPeAHA3HAYEHHHIE
anA pacyeTa aCHMNTOTHYECKH YCTORYHBHIX peureHuil ypaBHewus (1),

PaccMOTpHM cHauasia xapaKTepHEIR npuMep, YpaBHeHHe

jj =hu, >0, u(0)=up {4y

rae <0, nMeeT pellenue

u () =u,eM,
MOHOTOHHO yObIBalolllee NpH f—-co. FIpi 106X 12>0 ana pewenna 3To-
rO YpaBHeHHA CNPABEANHBO HEPABEHCTBO
le(t+<) [<|ua(t)], (5

03Hauapinee yerofiunpocts pemerus #(f).

EcrectBentno TpeGoBaTh, YTOGH N 4AA peilleHHs pa3HocTHOft 3aiaun,
annpoOKCHMHDYOILefi (4), BHNOAHAMOCH OB HEPaBeHCTBO, AHAJOTKYHOE
(5}. PaccmoTpnm ¢ 3T0# TOUKH 3peHHS MeTOR Diilepa

@:}%, n=0,1, ... 6)
M3 ypamsuenna (6) nonyuaem
Yars=GqYn, g=1+1A.
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QOuerka uaa (5), 1. e. HEPABEHCTRO
|yn+1|€|yn|) n=l, 2,... (7)
And MeToga (b) 6yseT BHIMOAHEHO TOrAA H TOALKO TOFAA, Koraa |g| =<

=< |. B cayuae A< 3To ycJoBHe 3KBHBAJEHTHO CAEAYIOLLEMY OTPAHHU-
HyeHH®H Ha War .

E

07 v =g

s

l (8)

TaknMm oOpa3om, pasHocTHbA MeTon (6) ycTOHUMB B CMBIC/iE BBINIOM-
HeHHs OUeHKH (7), eC/IW WIAT T YAOBATBOpPAET HepaBeHCTBY (8).
PaaHocTHbIE MeTox (2) Ha3bIBaeTCs abCOAMTHO YCTOH4ugeiM, ecln
ox yeTofiuue nNpH A6MX T2>0, H YCA0BHO YCTOHYUBHIM, €CAN OH YCTOM-
YHB NPH HEKOTOPHIX OTMPAHHUYSHHAX Ha mar 7. Mpt BHAeNH, UTO MeTOX
Jiinepa (6} ycnopno ycrofiuup npa ycnosun (8). [pamepom abcoawoTHo
YCTOHYHBOrO MeTOAA AAA ypaBHeHHS (4) ¢ A<( ABAAETCR HessHbl Mme-
rod Diirepa
Ynpy — Yn
T

Ana xotoporo |g| =| (I—ta}~'| <1 npit mobuix 1>>0.

[TpHBesenHble 30€Ch NPOCTHE NPHMEPBl XAPAaKTEPHBl TeM, YTC U AAR
6oJee OOIIMX ACHMATOTHUSCKH YCTOHYHBWX cHCTeM AHgpdepeHuHalb-
HEIX YPABHEHH ABHLIE PASHGCTHHE METOAB ABJAAOTCH YCAOBHO YCTOM-
UHBHIMIl, 8 CPeAR HESBHBX MeTOZOB CVIIECTBYIOT alCOMIOTHO YCTORUH-
BHE MeTOAb.

YcnoBHaA yeTOWYHBOCTD ABJAAETCS HEAOCTATKOM SAIBHOTO METOLA, TakK
KaK BEHYXKHaerT Opath cAHLIKOM menaruil wmiar T, Hanpumep, ecau )=
= —200, To ycnosae (8) BelnoaHeno npM t< 0,01, H AJA TOTO UTOOBI
BBIYICANTE pellerne u({) npHu {=1, HAKO cLeNAaTh CTO WATOB NO METOLY
Difinepa, HenBHEI MeTOA JHUIEH 3TOTO HELOCTATKA, OIHAKG €T0 NpHMe-
HeHie K 3afaue (1) NpUBOANT K HeOOXOAWMOCTH PEIleHHMA Ha KAMAOM
Miare cHcTembl anrefpandyeckix ypaBHeHUil, B ofluem cay4ae HeJIHHef-
HOR.

2. TlonATAe MecTKOH cHeTeMbl AN(PepeBUHANLHBX YPABHERHH,
MHorue uz paccMmoTpedusix B § 1—4 uHCICHHBIX METOAOB HHTETPHPOBA-
HUA OOBIKHOBEHHBIX AN (bepeHLHANLHEIX YPABHEHHI nepedocATes Oe3
H3MeHeHHE Ha cHCTeMH nuddepeHIHANbHHX ypaBHeHHH. OnHako 8
¢llyuae uHC/eHHOrQ pelleHHs CHCTeM YPABHeHMH MOTYT NOABHTbCA A0-
[OAHUTETbHBlE TPYAHOCTH, CBA3AHHLIE ¢ PA3HOMACWITAGHOCTIO [TPOLEC-
€OB, OMHCLIBAEMbIX JAHHON CHCTEMOH.

[TosicHuM XapakTep BO3HHKAIOIINX TPyAHOCTEH HA MPHMEPe CHCTE-
MBI, cocTosAMeli B3 ABYX HE3ABHCHMbLIX YPaBHEHAH

iy + oy =0, dur +at, =0, >0, (9)

di dt

= ’."yﬂl—l.!

rae d; H d, — NOJOKHTENbHE e NOCTOAHHLIE,
Cuerema () umeer pelleHie

ty (= 0V emd, 1ty () = 1, (0) 7,
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MOHOTOHHO yOmBalOUlce ¢ pocTom f. [Ipeanoaoxnm, yro a, ropasno
Goablue, vem a,. Torma KOMNOHeHTa u,(f{) 3aTyxaeT ropasao GhicTpee,
qeM ,(f), H, HAYRRAA C HEKOTOPOro !, moBejeHue pemenua u(f) =
={u,(f), #.({)} MOUTH MOMHOCTBIO ONPEALJACTCS KOMMOHEHTOR &, (f).
OnHako OKa3bIBAETCH, YTO NPH PELUEHHH CACTeMEl (9) PasHOCTHRIM Me-
TOAOM IUAr YHTErPUPOBAHHMA T ONpeAeafeTCA, KAK MPaBHJIO, KOMIIOHeH-
TOR #,(?), He CYUeCTREHHON C TOYKH 3PEHHA TOBEJEHUs pelleyusn CH-
crembol. Hanpnwmep, metoa 3iinepa

gt n R
1 1 . 2 3 "
—T‘-+alul—0' —t—""l‘ﬂzu,:O, (10

rae u? =u;(t,), i=1, 2, 6yser ycrofiuus, ecAN War v yAoBAeTaopsaeT
ONHOBPEMEHHO ABYM HEeDaBeHCTBAM 14,32, 1@, =<2 Tlockoabky a,>
>a,>0, yesople ycTofUHBOCTH NPHBOAMT K OrPABHUEHHI0 TS 2/d,.

[TpHBeeHHH] NPpHMEp MOXET [10Ka3aThCAd HCKYCCTBEHHBIM, TaK KaK
ACHO, YTO KaMA0e H3 YpaBHeHHit cucTemb! (9) cliegyeT pemaTs He3aBH-
CHMO OAHO OT APYLOTO CO CBOUM LUAarOM HHTErPHPOBAHHA T, j=1, 2,
= 2fa,, 1,<<2/a,. Onnako ananoruyHble TPYEHOCTH BOZHHKAKT 11 NPR
pewenun nioGoil chcreMbl OOBIKHOBEHHBIX AHG(EPEHUHANBHEIX yPaB-
HeHHi

da
W = Au, (i

eCJIN MATpHLLA 3TOR CHCTEMBl HMEET GoJabIWON pa3bpoc cOGCTBEHHHIX UH-
ceda,

[Tpeanonoxum, wanpumep, yto marpuuy A cueremu (11} MOXKHO npHBecTH npe-
ofipazopanieM nogobua Q-'AQ k araromannkoMy eway. Toraa sameda u=Quv mpe-
oGpaayer cucteMy (11) B CHCTEMY He3aBHCHMEIX YpamrHendd

dy
— = Q'4Qv,
5 =

MATPHUA KOTOPOW MMeeT Te e COOCTREHHNWE WHCAA, 4TO H MaTpHua A,

C¢opmyanpyem Teneph onpenetenue KecTKOA CUCTeMEl YPaBHenHil,
PaccmoTpum cHavana cucremy {11) ¢ nocTonHHOH, T. e. He 3aBucRNIed
or I maTpulei A. Cucrema anppepeHuHansHux ypasuennsi (11) ¢ no-
cToAHHON MaTpuuell A{(m X m) Ha3mBaeTca xecTkoid, ecan

1) Re h,<0, £=1,2,....,m

(T. e. cHCTeMa acHMNTOTHYECKN yeToliutBa no Jlanyaosy)
2) oTHOUIeHHe

max |Rel,|
_ lmhem

min |Red,|

1ghem

BEJUKO,

Uneao s naanBaeTes vucioum secrsoctu cucteMs (11). Bropoe Tpe-
GoBanHe He YKA3BIBAET rPaHHIY AJA $, HRUHHAR C KOTOPOI CHCTEMa CTa-
HOBITCH KOCTROI.
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Ecan matpHua A 3aBRCHT OT £, To dy=1a(f), k=1, 2, ..., m. Tlpu
KamgoM { MOKHO oflpefeHTh HIICAO KeCTKACTIl
max |Reky (8} ]
s (f) — 1=thatrn

min [Rek, ()}
=

B stom clnyqae CBOMCTBO JKECTKOCTH MOMKeT 3dBHCEThL OT HAJUHB OTpe3-
Kd HHTCTPRPOBAHUA. Cucrema

du
d—:-—A(f)u

HaswipaeTCa HKecTroid Ha unrepsase (0, T), ecan Rer,(H) <0, k=1,
2,...,m, nag peex t= (0, T) n yneno l's,up 3 (f) BeaHKO,
=(0.7)

Tak e, Kak n B cryuae cueremm (10), nerpyano MPUIiTH K CAeRY10-
uieMy BuBOAY, PeleHne ecTKOA clCTeMBl COAEPIKAT Kak GLICTPO YOH-
sawliine, TaK H MeAdleHHO yOulBawilie coctapisomiue. Haungaa ¢ He-
KOTOpOro ¢2>( pellienHe CHCTEMSbl TIOYTH AOMROCThIO ONpPEAeseTcs MeA-
JelHo yObBaolel coctabiaomell, OfHAKO NPH HCMONB30BAHHH SIB-
HBIX P23HOCTHHIX METOA0R OHCTPO YGBIBAKIIAS COCTABAAUIAA OTPHILA-
TEJTbHO BJAHAET HA YCTOHYMBOCTB, YTO BHHYMKIaeT OPATh Luar HHTErpH-
POBAHHA T CAHIIKOM METKHM.

Brixon 13 57oil napagokcanbholl cHTYANNN BB HaifiieH B MpHMeHe-
HHH HEeABHBLIX alCOMOTHO YCTOMYNEHIX Pa3ROCTHLIX MeTodoB, Hanpumep,
cuctemy (10) MoXHO pewarth ¢ MOMOULBI0 HesBHOTO MeToRa iiiepa
u;’l'l'].__.

" el __ 0
1
4L 4 qupr=0,
T

1 I,
2 P+ aultt =0,

KOTOPHIL yeroitunas npi Beex v>>0. TMostomy war wATErpupoBaHus T
3/lech MOKHO BHIGHPATb, PYKOBOACTBYACH AL COOGParKeHHSIMH TOU-
HOCTIH, a He YCTORYMBOCTH.

3. Heauneiinwie cucrembl SHQpepeHUMARBHBIX YPaBHEHH#E. OG06-
(UHM ROHfITHE XKEeCTKOCTH Ha cAyuafl HeTHHel O cHeTeME

du
E‘"i(ft H), t>0! {12)
roe

w(ty=(u (0, u,{0), ..., us @),

Fit, =y w), folt ), ..., Fult, ).

3adukcupyem kakoe-1n6o peuienne v(f) cuctemn {12) u obpasvem
pasHocTe 2(¢) =u(f}—uv(f) meway NMPOH3BOJBLHEIM DELICHHEM cHCTeMH
(12) n garnbiM pemeHueM v{f), 31a pasHOCTb YAOBJAETBOPRET ClEAYIO-
urefi cucreMe ypapHeHnit:

j? =f{, o)+ —Ffeltio@®), k=12 ..., m (13)
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Bynem paccmatpusate z{l) Kak Majoe BO3MyIlleHHE, BHeceHHOE B
OCHOBHOE pellieHHe v (¢),

ITpoBeaem pasnoxenue no hopmyse Tefinopa B npapoil yacTH CH-
crembl (13). Taxk kak

fh(ty u)=fk(ts Ly, Uyy on oy u"‘):

HMEeM

Blota—it =3 220 0 1 oqey,

f=1 !

rre yepes o(}z|) o603HaueHbl BENHYHKE Goee BHICOKOr0, YeM nepBHi,
MopAiKa ManocTh fo 2. B pesyasTaTe pasnoxenns cucrema (13) npH-
MeT BHJ,

L — Aty 2+ oz, (14)

rae yepes A{t, v(f)) = M—a—w 0003HaYeHa MATPHLA ¢ 3JeMEeHTAMH
i

3 4, v () L
a;;(t,v(f)):.u.(_)' L,}‘=l'2"“,m‘
au;'
Or6pactisag B (14) BeauyHHH o(|z|}, nonyunm Tax HasblBaeMy CH-

CTeMy ypaBHeHH#l NepBoro NPusJHNKeHnd
20— A¢ e )w . (15)

Cucrema (15) sapasercs cHeremolt JnHedHbIX AhddepenunantHpix
YPABHEHHH OTHOCHTeAbHO @ (f), Tak Kak {ynxuua v(f) 3azana,

Onpenenenne xecTKOCTH CHCTEMBI HeAWHERHBIX Anddepernnannb-
HLIX YpaBHEHHI| CBA3AHO KAK C AAWHBIM (HKCHDOBAHHBLIM pellieHneM
v(f), Tak H ¢ ANHHOH OTPeska HHTerPUPOBAHMA.

Iyets M (8), £=1, 2, ..., m— coBcTBeHHBE YHCIa Matpuuel A (2,
v (i),

Hucso xecTkOCTH $(¢) onpeaeaeTes Kak

max |Re}, ()]
5 (t) - T km

min | Re ki, (¢} |
1=t

Cucrema (12) HasuiBaeTcss scecThod na peutenun v(l) u na dannom
unrepsase 0<i<T, ecau
1) ReA(t) <0, k=1,2,...,m, 1aq Beex i= (0, T},

2) meao sup S{f) BemMKo.
t=0,7) .

4. CneunanpRble ONpefeneHAs YCTOHYABOCTM, [lpu ncenenopannn
Pa3HOCTHbIX METOA0B ANA KeCTRRX CHCTeM YPABHEHHH 05bIYHO paccMa-
TPHBAIOT YpaBHeHHe

du
dt

=}

U, {16)
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e A — NPOH3BONBHOE KOMIACKCHOE uneno. CpoficTBa pPassiHyHBIX pas-
HOCTHHMX METOZOB H3YYAIOT M CONOCTABJAKT Ha NMPHMEpPe MOAEIbHOrC:
ypashenus (16). Jlna toro uro6u ypaBHeHHe (16) neficTBHTeAbHO MO-
AeNNpoBane HexomHyio cacteMy (1), HeofxoanMo paccMaTpHBaTh ero
anABcex TaKHX A, KOTOPHIE ABAAIOTCH COOCTBEHHBIMH YHCAAMH MaTpH-
e A.

PasvocThnii MeTox (2), npuMeleRHbifi K ypaBHennio (18), nmeer
BHO

"

Z (ak“}lbk)yn-k=0v n=m m+1, ..., (17}

k=0

rneél.=1'l-—- KOMOJEKCHBI napameTp,.
CJIM HCKATh pelieHHs vpasHenus (17), umelolye BN y.=g", TO
A4 ¢ NOAYYAM XaPAKTepHCTHYECKOe YPaBHeHHe

S (@ — uby) g+ =0, (18)

=g

oTJAnyaiolieecs OT ypaBHeHHR (3) TeM, uTO ero Koa(upHIINEHTH 3aBUHCAT
oT napametpa |w=7A. [Ipy Manmx p KopHY ypaeHeHn# {3) v (18) Oanz-
ki, OAHAKO B RaflbHeHAlIeM MBI He 6yaeM fesaTh NpPednoJioXeHHH oTHO-
CHTEIbHO MaJIOCTH .

Kpome o6punoro onpefefienns yeTofiuMBOCTH PasHOCTHOrO MeToAa
{Bce KOpHH xapakTepHcTHuecKOro ypasHenus (18) He npeBocxoisaT IO
MOAYJIO eNHHHLIY), B CNydae MECTKHX CHCTEM HCTONbL3YIOT H Apyrie,
Gofee y3kHe onpejeneHus yCTOHUHBOCTH. 3Aeck MH PacCMOTPHM IBa
TaKHX onpefencHusn: A-ycrofunpuil meton B A{a)-yeTofiuuBni metoa.

TIpensaputencno sBeneM cleayiclee nouatne. Ofaacrere yeroiiu-
a0cTy PAsHOcTHOoee meroda (2) HAZHIBAeTCH MHOXKECTBO BCEX TOUEK
HOMNIJICKCHOH MJOCKOCTH p=+A, 418 KOTOPHX IAHHBIA MeTOR, NpHMe-
HeMHHI K ypaBHeRHKy (16}, apasierest yeTOHUHBRIM,

PacemoTpum, nanpumep, aBHuIf MeToa Shepa

L L
T '_f(!fh yrl)'

B npumenennn k ypaBHenuio (i6) aTor MeTOA NpHHHMaeT BHI
a1 = (I"l'"“)ym P-=T7*«
Yeaosne yerofivusoctu |14 p| << 1 10s KoMnaeKeHOTO p= u,+i|, 03Ha-

gaeT, yTo (po+ 1)+ < 1. Tem caMbim oBsacTe YCTONYMBOCTH AaH-

HOTO METORA NpeAcTaBasAeT cobofi Kpyr € AHHHYAOIO PaaNuyca ¢ LeHTPoM
B Touke (—1,0}.
Hns HesiBHOro MeTona Jilnepa
yrt-‘.—l -

Yn
= f (tnn; ym-l.)

00M1acThi0 YCTOMUNHBOCTH HBAACTCS BHEUFHOCTh KPYra eRHHMUHOTO pa-
Auyca ¢ ueHTpoM B Touke (1, 0).
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Pasgoctuutii MeTog Ha3blBaeTcss A-ycToduusois, ecity o6nacTh ero
YyCTOHYHBOCTH COJEPIKHT JEBYIO NONYMIOCKOCTh Re u< (0, Ormerun, 4ro
ypaeueniie (16) acumnTorTHuecku yeroHuuso mpn Re A <0. Tlostomy
CYUIHOCTh NPHBEACHHOTO ORAPEAENEHHS COCTOHT B TOM, uTo A-ycrofiui-
BB PA3HOCTHHII MeTon ABAAETCs alCOMOTHO YCTORUMBHM (ycToltau-
BHM NpH JOGEX T2>0), ecan YCTOHUNBO peuleHHe HCXOAHOTO AHGde-
PEHUHAJIBHOrO YPaBHEeHH,

HeTpyaHo suneTs, yro Heasubili MeToa Jiepa aeasercs A-ycroi-
YIIBBIM, a ABHLIA MeToa JitJepa — He ABJAETCA,

Paccmorpum elue oAHOILIATOBHIT METOA BTOPOTO MOPAAKE TOYHOCTH

%t—ﬂ;‘jq = 0,5 (f (fn'rh ym-l) + f (tm yn)) (]9)
Inad ypasHenna (16) MeToa npHHIMAET BHA
_ __t40,5u
Yo =2QYn, @G T—0.50 5

Otcrona BnaHo, uto {¢| =<1 Toraa i ToMsKO TOTAa, koraa Re u=50, Cae.
AOBATENbHO, METO/ (19) sapyageTes A-yeTofluluBhbiM,

ITpu pellenun KECTKIX CHCTEM YpaBHeHIl HRJIO OH XKeJaTellbHO
{0AB30BATECH HMeHHO A-yCcTOMMBEIMM pPA3HOCTHHIMH METOZAMH, Tak
KaK YCJIO0BEA HX VCTOHUHBOCTH He HAKJAAAHWBAIT OTPAHHYEHHA Ha war
1. OxaswBueTCd, OAHAKO, YTO KAace A-YCTONYHBELX METOAOB BechMa
v30K. B uacruocru, cpedu merodos suda (2) He cywiecTsyer A8HHLX
A-ycrodauselx meTodos.

Ona nokasatenscTBa 3dmHUIEM XapaKTePHCTHUECKOE YpaBHeHHe
(18) B BHAE

a 7L a M=} e g
W= W Fag” 4. Tay, ‘ (20)
bog™ + 0" L+ by,

Ecau (2) — aBHBIfl m-maroeetit metod, 1o b,=0, a,5=0. Moryt oka-
3aThCA PaBHBIMU HYJAO U IpyrAe Kos@dHUHeHTH by, HO He BCe, TaK Kak
o yCelI0BUR by+8,+...+b.=1 (cm. (3) ua §3). Ilycts bo—b =

coo=h, =0, 6,70, 0<,f<m Toraa n3 (20) noayuum

aﬂqm +alq”’ 1+ e + ‘m
L= = .
bfq + v + bru
Ovcwoga BUAHO, 910 npr Godbuinx ¢ GyHKUUS u(g) Beder cebs Kak

4 .,
3 T izl
.

CaAenoBatebno, afis NKHOrC A0CTATOMHO GOBILIOTO IO MOAYJIO UHC-
Jaa p (B TOM uHCAe H AJAS W, JeXKAUX B JeBOfl MOAYINOCKOCTH) Hali-
nercs xopeHs ¢ ypasuenus (18) ¢ jg|=1.

Hokasano (cM. [37] H ykasaHRYio TaMm JHTEpaTypy), 4T0 cpedi He-
ABKBLY AUHCIHBLY MHO0MO2086IX Merodos HeT A-ycrotsudetx #erodos,
useroluy nopadox TOYHOCTY 8oiute aTopozo, Tlpumepom A- yc*roﬁquao—
CTH METOJa BTOPOTO NOPAAKA TOUHOCTH ABJASETCH CHMMETpHYHas CXe-
ma (19},
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B cBasn ¢ a1AM 6bLIO BBEACHO €lle HOCKOABKO OUpedesennl yeTofl--
YHBOCTH, KOTODHIE ABJSAITCS MEHee OTPaHHUUTENbHBIMI, UeM onpeaene.
HHe A-ycToftympocTH.

Pasnocruntit Meroa naswiBaetcs A({a)-yeToiivussis, eclin 00AaCTE .
€r0 YCTOHURBOCTH COAEPIKHT Yroa

larg (—w) | <e, p=1h

1 o
B uacrhocTH, A(?)-YCTOﬁLIHBOCTb coBnafaer ¢ A-ycTofiunBoCTbIO.

HoKa3aHo, 4To Hu 045 KAKO20 a He cyujecTsyeT as8nozo A () -yerodi--
%8020 suHeldroeo muozowazosozo meroda. [Toctpoennt A (o)-yerofivy-
Bblé HEABHEE METOAB TPETLErD A YETBEPTOro MopaaKa TouHocTH, K num
OTHOCATCA, B MACTHOCTH, YHCTO HeSIBHHE MHOTOIATGBHE PAZHOCTHBIE
CXeMHl, Y KOTOPBIX NpaBas 9acTh f(f, #) BEIUHCAAETCA TOABKO NPy {=
={,, a nponssoaHan #’'(f) annpoOKCHMHPYeTcs B TOUKe f, N0 HeCKOJb-
KM npeanaymum toukaM. Hanpnmep, cxema

25y, — 48y, + 365, — 169,y + 34, _,
12t

= f (fn, y,-t) (21}

HMeeT ueTBepTHH NOPANOK TOYHOCTH U A{a)-ycToHUHBA NPH HEKOTOPOM
a0,

5. Yucro nesnBHbie pa3HOCTHBle MeToAbl. B HacTosmee Bpemsa npu
HHTCrPHPOBAHHH KECTKHX CHCTEM YPaBHeHHH (IHPOKO HCIOAb3YETCH
metoa lupa [37], B 0cHOBY KOTOPOro NOAOMEHH YHCTO HEABHBIE MHOTO-
iIArOBbIe PA3HOCTHEIE METONE BEICOKOTO MOPANKA TOUHOCTH,

PaanocTHell MeTOn

"

2 -t = 1f (fn, Yn) (22)-

k=0

HAa3blBAETCA HULTO HEABHHLIL, On ABJACTCH YACTHBRIM CiAydaeM Meropd
(2), koraa

1=ba=...=b,=0, by=1
Ans oTeicKaHns ¢, noNyuaem na (22) nenuuefinoe ypasHeHHe
aoyn - Tf (rrh yﬂ) = 2 alin-k, (28)
k=1

KOTOPOe MOMKHO DellaTh TeM HAH HHBIM HTEPAUHOHHMBIM MeTo10M,
Yenosua p-ro nopanka anmpokcamaunn (9), (10) uz §3 8 caywae
MeTofa (22) npHHAMAT BHA

n 0 fira
{
ao=—2 dz, 2 kag =1, E Fa, =0, 1=2,3, ..., p. (24)
k=1 k=1 k=1
OTcl08a BHAHO, YTO HAWBHICHIAA AOCTHKHMBI NOPAIOK aniipoKclima-
UKH YHCTO HESBHOTO fM-1IaTOBOTO METOAA paBeH M. ¥NOMAHYTHH Bhilie

meTod I'Mpa HCIONB3yeT UHCTO HEABHLIE CXEMbl JAHBHCLIErO NOPSI-
Ka annpokcaMauun. Cucrtema ypassennit (24) 114 onpeaenenus
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KOYOPULHERTOB @y, ..., d» METONA HAHBLICUIETO nopsaKka HNMeeT BHJ
a,+2a,+.. . +ma,=—1,

a+2a,4. . .+m*a,=a,,
{25}

a,+2"a, 4. . .+ mna,,=0.

ITa cacteMa OIHO3HAYHO PA3PeLIHMa, TAK KaK ee onpejennTedas OT/H-
YeH 0T HYJIA.

Ipu m=1 meton (23}, (25) coBnagaer ¢ HeABHBIM MeTOXOM Jfine-
pa. lpr m=2 0 m=3 nonyuyaem Mmerosnl

‘gyn — 2Una+ %%—2 =1f ({n, ¥u), (26)

%yn - 39'::—1 + %!)'n-a - % yr‘!—:l = tf (!ﬂl yn)‘ (2?)

HMeloWHe, COOTBETCTBEHHO, BTOPOd U TpeTHit BOPAfoK TouwocTd, [IpH
m=4 u3 (23), (25) noayunm cxemy (21). Jns npakrueckux pacueTop
UCTIOABLIYIOTCH aHANOTHIABIE METORH BIIOTE A0 ACATOrO NOPSAAKA TOY-
HOCTH,

BaKAO OTMETHTB, YTO YHCTO HESIBHHE PA3HOCTHHIE METOAB 00.1a-
AZ0T XOPOWMMIT ¢BOACTBAMH YCTORYMBOCTH, MO3BOJNAIGWHMMHA HCOOJbE-
30B2TL HX AaH PEUIeHNA MECTKHX CHCTEM ypﬂBHeHHr{.

Pacemorpum Gostee noapoGHo MeTon BTOPOTO mopagKa (26) u nail-
Aem 06JacTs ero ycrofiunpocTd. Jas mMOAeNsHOrG ypaBHenua (4) Me-
Tox (26) npuHUMaeT BHA

3 1
?yn — 2Yn + E'yn—e = UYa, (28)
rie p=th EMy cooTseTcTByer xapakTepHcTHUecKOe ypaBHeHNUe
3 Yoa 1
(E—}l)q-—2q+3=0. 29)

Ham Hy®HO HafiTH MHOMecTBO TOoueK G KOMMIEKCHON MAOCKOCTH
=MFiQ,, AR ROTOPBIX 06a KOPHA ¢,,(u) ypaBHeHus (29) we npe-
BOCXOAAT 1o MoAyTo exnHuly, [paduuell obnactn G AsAfeTen MEOMe-
CTBO TAKMX TOYEK M, I7IA KOTOPLIX [g] =1.

Bripasum n3 ypasHeHus (29) napamerp u uepes nepeneHsoe g,
T. €. 3aMAIIeM

3ot (30)

to | w

,J,=
Orciona BuIHO, uTo ecan [g]=1,T. e. g=e~", 10
p=%—28£¢+]?€2f¢. (31)

[Ipu H3sMeHenn aprymenTa ¢ o1 0 00 2% TOUKA | ONHCHBAET 3aMK-
HYTY KPHBYI I', COMMETPHYHYIO GTHOCHTENBHO AEHCTBHTENLHON OCH
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(em. pue. 7). lna touek p(g), pacnofoXeHHBIX CHAPYKR OT 3TOH KpH-
BOH, BEINOAHEHO YCIOBHe |g|<C1, mostomy o6aacTe ycToltunsoctn G
Metona (28) npeactamager cofiofl BhewrocTs kpusoit I'. Touku, pac-
noJNI0KeRHble BHYTPH [, cocTaBafioT ofaacTb HeycTolunBocTH. O603HAa-
yasi x=C0Ss «, MOXNO nepenncaTth {31} B BUAE

p=(1—x}*+iyl—x*(2—x),

OTKyAa caedyeT, YTO BeA Kpueas [ pacrnosoxena B npasofl noay-
niaockoeTH. [lostoMmy ofaacts yeToilgau-
BOCTH MeT0Aa (26) nHeNHKOM COAepMKHT
JIeBYI) NOAYTINOCKOCTE M TEM CAMBIM Me-
ToA (26) sBrsiercs A-ycTOHYMBLIM,

Hceneayem awalgornudniM — o6pasoM
06/18¢TH YCTOAYHROCTH METONA YEeTBEPTO-
ro nopsiaxa {21).

3anuceiBas XapaKTePHCTHYLCKOS
YpaBHEHHE B BHAE

p=s (25 — 48071 +360*— 16474347

Puwe. 7. Ppannua  yeroityaBocTH
MeTora {26)

H nofaraq g=e %, HaXOJAMM ypaBHeHHe [PAHHLL, pa3ledalouell 06-
JacTH YCTOHUHBOCTH U HEYCTOHUHBOCTH:

p=—%(] — @+ f’”—;ﬁ(ﬁxsﬁ 16x* +4- 15x — 8),

rae x=cos ¢ (cM. puc. 8). B oTaHYMe OT NpeAbLIAYILEro pUMepa, BMe-

KOTCA TOYKH FPAHHUB, PAcnoJoXeHHble B JI€BOH NOAYNAOCKOCTH. [lo-
aTOMY MeTod (21} e aApaderca A-yCTOMYHBBIM.

Hajipem Temepnr 3Havenme ¢,

S, npu xotopom wmeton (21) Afe)-

SRR ;/ //7 yeroityus. Jlna storo xoctatouro

00 halita yroa e, KOTOpHIt ofpasyer

' KacaTtenbHast y (cM. puc. 8), npo-

xoaAmasa yepes touky (0, 0), ¢

OTPHLATEAbHEIM Hanpas/JeHHeM
OCH W,
QOfcanaunm
2
oW =— (1 —x@x+ 1),
Puc, 8 [paniua ycrofiumpocTH MeTo- WT—= 32)
aa (21) pl(x)=T(6x3-ISx2+15x—8).

YeaoBue kacauns y ¢ rpadnnell onpemenseTcs CAELYIOLIAM YypaBHEeHH-
€M OTHOCHTE/LHO apaMeTpa x:
mey WO

Po()  me(r)
9 A, A, Canapexuit, A, B. Tyaun 257
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H3 (32) noayuum
o (¥) =8x (1 — 1)*,
(34)
: — 8xb 1653 — 427 — 5
Py () = + 13 7 - I,
—_X
) Vpaenenue (33) mocfle TMOACTAHOBKH B HEro BHPaXKEHHH AAA M,
o, by, 0 U3 (32), (34) ® mpHBEACHHS MOAOOHLIX UNEHOB CBOAHTCA K
nnHefiHoMy ypaenennio x—0,2=0. ITpn x=0,2 n3 (32} moayunm
4 _ V2.6
Toe MT T e

Pop=—

TaK 4TO

V689 g
tga_pc_ 505 >Vé6.

Tloatomy MeToa (21) A(a)-ycrofiuns, rae o=arctg 6= 68°,

B zakJQuelHe OTMeTHM, YTO MOApoGHoe HJIOKeHHe YHCAEHHLIX Me-
TOHOB PCIIEHHST JKECTKHX CHCTEM AudibepenunaaLHHX YPaBHEHHA co-
JAepxutes B kHurax [26, 37].



YACTb II

PAZHOCTHBIE METOJb!I PEMWIEHHUS 3AJAY
MATEMATUYECKOHM ®HU3HUKHU

31ecs M3naraTca MPUGAMKEHHBE METOLBL pelreHys KpaeBblx 3a-
fay A48 ypaBHeHHH ¢ YacTHRIMH NpoM3BOOHLIMH, B ocHOBe 3THX MEeTQ-
AOB NEXHUT cBeAeHHe AHOPepeniHaIbHON 3a8a4u K CHCTEME JUHEHHBIX
ANre6panyecKHX yPaBHEHHH NyTeM 3aMeHbI AuppepeHnHATLHOrO One-
PaTopa pasHOCTHHM,

FITABA I
BBOJLHLIE NOHATHSA

§ 1. MprMepn pa3HOCTHBIX aNMNPOKCAMA NI

Pasnnyube cnoco6u NPUOJHKEHHON 3aMeHkl OTHOMEPHKX IHbe-
PEHLHANLHBIX YDABHEHHA DASHOCTHHIMH M3YYaJUCh B §4 u. I. Hanowm-
HUM TIPHMEPE DA3HOCTHLIX annNpPOKCHMAUMil M BRegeM HeobxoauMbIe
ofosxauentin. Byaem pacemarprsath PaBHOMEDHYIO CETKY ¢ wWwarom A,
T. €. MHOXeCTBO TOYeK

(ﬂh={x§=£h‘ £=0, =+ l| 1-2, . .}.

Iycte #{x) — nocratouno rmagkas $hyHKUMA, sagmanuan Ha OTpes3Ke
By — % 4y —d,
[%i-s, %:44). OB03HAUMM 2,=1(x), Uy s = — T iy ==
L M T8y
X0 h
Pasnocrume orhomenus iy Uz p > HABBIBAIOTCS COOTBETCTBEHHO

NpPaBOH, NeBOl M LeHTpaJdLHORK PA3HOCTHBHIMH NPOUIBOAHBIME (DYHKIHU
u(x) B Toyxe x;. Kamnoe ua stux P43HOCTHBIX OTHOLUEHHH ANIPOKCHMU-
pyeT #’(x) B TOuKe x;, T. €. npu (PLLKCHPORAHHOM X; u npr A—0 (Tem ca-
MBIM IPH {—-00) NpeAesoM 3THX QTHOLICHHI SRALETCH o (x:). Mpoeoas
pasaoxetne no popmyae Tefiropa, noayunm

ty, o — 0" (2 = 0,bhu” (1) + O (h¥),

Uy —u' (6 = — 0,5hu" (x)) -+ O (hY),

4o u' (x) =0 ().

Orciofa BUAHO, 4TO J1€BAA W NPABAST PA3HOCTHHIE NPOH3BOAHEIE afl-
MPOKCAMUPYIOT U(X) ¢ MepBHIM MOpSAROM 1o h, a LUeHTpatbHan pas-
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HOCTHAsi NPOU3BOAHAS — CO BTOPHIM nopsakoMm. HeTpyaso nokaaats,
YTO BTOPAA PazHOCTHAS NPOU3BOAHANA

o, o— i S 7Y .
u Tt i M 2upt oy

XX, L h - hg

annmpoKkcHMHpYyer u”(x;} cO BTOPEIM NMOPAAKOM No h, pHUYeM cnpasef-
JIHBO PA3JIoXKeHue

2
U=, =i (%) = % u'V{x) + 0 (hY).

xx .0

Paccmorpum anddepeHnnanpnoe BrpaXkenue
d

du
Lu=—1{k(x) — |
(e ) (1)
¢ nepeMeHHBIM KoshdHuMEHTOM £(x). 3amennm Bhipaxenwe (1} pas-
HOCTHRIM OTHOIIEHHEM

—n U, —a,

. I u£+1 =1
Lut=aug)va= (am — 4 J {2)
rae a=a(x) — yHKUHS, onpejeNeHHasl HA ceTKe . Haligesm yeaosus,
KOTOPEIM XOJKHA yOOBJeTBOPATL GYHKUHA a(x) AAA TOro, HTOGH OT-
HOWeHUe (ay:),: annpokcumuposano (ku’)’ B Touke x; CO BTOPHIM TO-

paakom no f. [Moacraepada s (2) pasnoxenus

* h = h2 " g
yp ==t +Eui+ ?“i + 0¥,

. ko, R

Uz =t — - U + < + O,

rre &/ =u'(x,), noayuum
_

Qyoqg = ’
L,r;u‘= Hh 3 ui“l"

hiay, —
8

a. + a "
1 {
i U

‘1 W o).

C npyrofl CTOpOHHI,
Lu= (ku') =ku"4-F't’,
T. €.

Lt — Lut () === — ki) o] + (Lo ) ui -+
13 : g

hla,, —a

-+ ) u; + 0.

Otcrona suano, uto Lyu—Lu=0(h?), ecan BHOONHEHB] YCAOBHS

T

iy — % ' P
Lk (x) + 00,
Yenosust (3) HasHBAWTCH JOCTATOMNGIMYU YCAOBUAMY 8TOPOZO HO-
padka anaposcumayua, TIpy Hx BEBOZE NPEANOAATANOCH, UTO GYHKIHA
1(X) HMeeT HENPepblBHYK YETBEPTYIO NPOH3BOAHYIO B R(x) — audde-
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penunpyemas ¢yeknus. Herpyano nokasats, 4to yeaosusm (3) yao-
BJAETBOPAIOT, HANPUMep, CALAYIOUHE (GYHKUHH:

=05k x) +k(xi)), a=*Fk(x—05h), a=VEX)EX).

3aMeTHM, 4TO €CAH MOAOKHUTL @;=Fk(X}, TO NOJAYYHM TOJIBKO nep-
BHA NOPAIOK annpoxcumauun, B §2 Gyaer paccmorpeR perynspubil
MeTOX NONYYEHHs PA3IHOCTHBIX allnpOKCAMAIi Buia (2).

B kayecte cieaywouwero mpuMepa PaccMOTPHM Pa3HOCTHYIO an-
NpOKCHMAlHIO onepaTopa Jlanaaca

u |
lu=75+47- @ =
dx} dx}
I 1
Breaem ma naockoetn (X, X.) nps- S
MOYFOJIbHYEO CeTKY ¢ wWarcM #f, mo Ha- |/ P
MPABJACHUIO Xy H C WAIOM /%, IO HANPAB- 2 L

JIEHHI) X,, T. €. MHOIKECTBO TOYEK

on={(x}, x| i = ihy, xl=jhy 1, j=0, A

+1, +2, ...} |
{cM, puc. 9), n ofiosnauum

e BT 2y ‘
[N AN 2 ’
[ hl

Pue. 9. Cetka ®r B HATHTOYeU-

R 1IN .
Ui pay = 2y F g HBIH wabaoy

u;lxi aff - hg

W3 npeabliymnx paccyaennil clefyer, uTo PazHOCTHOE BHIpAKe-
HHe

Ly = u?m.if- + N eenedi ©

annpoKCHMHpYer AHQ{epeHunanbioe BhHpaeHne (4) co BTOPHM NO-
PAUKOM, T. . Lutty— Lu (], x}) = O (75 4 O (h3). Bosee toro, paa PyHK-
Uil (X, %;), o6RANAOMAX HENPEPHIBHLIMY 1ECTHIMH POH3BOAHEIMH,
CNPaBe/lIHBO pasiOKeHue

B2 (s, £f) e My, o)
. S O [Lee ! 2 1?73 i 4
Lhu;'; — Lu (xl_, Xa) = [—Q“_E;I— ET + O (hl + hg).

1

Pasnocrioe BHpaxenne (5) uasbiBaeTca naTuTOUedHbIM DPA3HOCT-
Holy oneparopom Jlanaaca, Tak Kak oHO COAEPKHT 3HAUCHHS QyYHKOHH
u(x,, x;) B NATH TOUKAX COTKH, a HMeHIIO B Toukax (£, x0), (x\=*, x}),
(21, 3™} (cM. pHe, 9). YKasaHHOE MHOXKECTBO TOUEK HAZLIBASTCH Lad-
A0KOM DA3HOCTHOro onepatropa. Bo3MOMHB PA3HOCTHHIE ANNPOKCHMA-
IHH onepaTopa Jlannaca n Ha mabaonax, cohepxaliix Goabllee YHCAO
TOYEK.
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§ 2, HOCT[JOCHHB PA3HOCTHHIX CX€M HHATErpO-HHATEPNOAALHAOHHBIM
METOROM

1. MocrpoeHHe Pa3HOCTHOH cxeMul. Jaaaun maTeMaTHueckoH ¢H-
S3UKH GOPMYAHPYIOTCH B BHAE QCHOBHOrO A depeHUHANLHOTO YpasHe-
HHA H LONQJIHHUTEJBHHX (HAYaNbHBIX, TPAHAYREX)} YCJOBHH, oGeciiedu-
BAIOIHX CYLRECTBOBAHHE H €AHHCTBEHHOCTL pelieHHs. THNHYHBIMH [IPH-
MepaMH ABAAKOTCA: 3anaya Jupyuxae aaa ypaenends Jlannaca, sanava
Kown B ¢MelllaHHBle 3324y ANA yparHeHUH TapaboNHdYecKoro 1 runep-
foauueckoro THNOB, [T0H pasHOCTROG cxemOl TOHHMAKT COROKYTTHOCTH
PAIHOCTHHIX YpaBHEHHf, anNMPOKCHMHPYIOIHX OCHOBHO® YpaBHeHHe H
AONONHHTENBHBIE YCAOBHS MCXODAHON Anddepeninanbnoil sagaun. Cy-
HIECTBYIOT PasJHYHBIE CNOCOOH NOCTPOEHHA PAa3HOCTHHX cxeM, B atoM
naparpade 8yner paccMoTPeH OAMH M3 €nocoBOB, HOCHALINA HA3BaHHE
UHTE2PO-HATEPROARKUORKO20 meToda (WIN meTeda Saaauca) TOCTpoe-
HHS PASHOCTHRIX CXEM.

B gauecTee nprMePa PacCcMOTPHM NMPHMEHEHHE MHTETDO-BHTEPNONA-
UHOHHOIO METOZA K MOCTPOCHHIO DPA3HOCTHOM CXeMEl cledyiolilell Kpae-
BOH sajauy Aaf ofbKHOBeHHOre AHP(GEpPCHUHANLHOTO YPaBHeHHA BTO-
poro nopaaxa:

(R(x)u'(x)) —q () u(x)+]() =0, 0<x<, (1)
—R(0)&'(0) +pu(0y =p,,  u(ly=p,, (2)

rae k(x}, g(x), f(x) — sapaHHBe NOCTATOYHO MMaAKue GYHKIHH, YHO-
BAETEOPAIOUIHE yenoBhaM k(x) =k >0, ¢(x) =0, ¥ p=0, pn., p.— 3a-
Aauupe yueaa, [pu chopMyaUPOBAHHLIX NPEATOAOKERHAX CYLIECTBYET
H eAWHCTBeHHO petieHHe u{x) sagaun (1), (2), BymeMm cuntats, 410 370
pellieHNe ABJIACTCS AOCTATOYHO IVIAAKIM,

Ypapuenne (1) MOXHO TPAKTOBATh KAK YpaBHeRHE YCTAHOBHBLIETO-
€A pacupelieleHUs1 TeMMOepaTypH #{x) B cTepue AAMHH [, HA QAHOM
KOHUE KoToporo (x=1[) noanepxHBaeTcs 3ajagHas TeMnepaTypa .,
2 Ha gpyrom (x=0) NpOHCXOAHT TeNAOOGMEH ¢ okpyKalomell cpeaoit
no saxony Helorona (cm. [41]). Ipu stom 2 (x) — Koaddunnedt Tento-
nposoaHocTH, —k(x}u’{x} — remioBoll noTok, kKoabhdHmHeHTH §(X),
f(x) xaparTepH3yOT NAOTHOCThL TENAOBEIX HCTOUHAKOB,

AAg nocTpoeHRs PasHOCTHON cXeMH BBeeM NPEKLe BCEro Ha OT-
pesxe [0, ] paBHOMEDPHYW CeTKY C INaroM fi, T. e. MHOMECTBO TOYRK

wn={x,=ih, i=0,1,..., N AN=1}.

O603HATUM Xiy( =X, F 05k, w{x)=k(X}t'(X), W1 p=W(Xig1ys) W
NpoHHTerpupyeM ypapHeHue (1) Ha oTpesRe [Xi—yp, Xiane). Torga no-
JAYyYHM YpaBHEHHE

Fiat, Xiply
Wigy, — Wiay, — g g (%) u (x) dx + Y f(x)dx =0, 3

xf__% x,E_./.

KOTOpoe mpeacraeaser ¢ofofi ypaHeHye GanaHca Tennia Ha OTpesKe
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[Xe_ts20 ¥s50002). Nanee, 3amennm unrerpan

Fivyy
q (x) u (x) dx
LT
*ivly
€ro npuOANMEeHHEIM 3HAYEHHEM fi; j g{x)dx ¥ BBeAeM OGOSHAYEHHA
x{_y'
RIfA Tiply
=y [9@an q=p | s @
Ei 1 Eiats

B peayaetate BMeCTO ypaBHeHHs (3) noayanm ypaBHerHe

ey — W
H:%A.*dﬂ‘._]_@i:g_ (5)
Bripasum Tenepp wi., vepes 3Hauenna GyHKUHE 1(X) B TOYKAX CETKH.
Qng storo mpounterpupyem coorHouweHue 1’ (x) =w(x})/k(x) Ha orpes-
ke [x;_,, x,]. Toraa nonyunum

X X
it 5 2 gy, [
£(x) & (x)
Li-1 i1
QO6osnanan L
Xi -
a; = l dx ] (6)
h k{x)
Xi—1
M,—u;
MOAYUHM Wir/2® a; ‘—hfl=a;u;.‘., Wi = Goyillys

Moacrapans stu Bhipaxenus B ypaBHeHHe (5), MOAYYHM PasHOCT-
HO¢ ypaBHEHHE, COAepIKAllee 3HAYCHHA HCKOMON (YHKUHH B TONKaX X,
Xigsl

I
n (@inlie, —aqts ) —dat; 4 @ =0

HJIH 5 COKPALIEHHOH 3aNMHCH
(au;)x.i —dw; + =0, @)

D70 ypaBHeHHe 10 CBOEMY MOCTPOCHHIO SIBJALTCSA Pa3sHOCTHBHIM aHa-
JIOTOM  OCHOBHOrO AR(pdepernHaNbHOrC ypasHenus (1). 3anuchieas
YpaBHerHe (7) BO BCeX TOUKAX CETKH, B KOTOPHX OHO ONpefeleHo, T, e,
npa i=1,2,..., N—I, nonyunu crcremy n3 N—I AuseliHBIX aareGpan-
Y€CKHX YpaBHeHHR OTHOCHTENbHO N -+ | HEU3BECTHHIX Uo, K, - . . , Uy. [Ba
HeIOCTAIOUIHX YDaBHEHHA NMOMY4AlOTCs NyTeM annpOKCHMALHH TPaHMY-
HBIX YCOBHA (2). ORMUM H3 5THX YpaBHEHHil RBIACTCA YCJIOBHE ty=
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=|i2, 4 BTOPOE MOXET ObITb MONYUEHO HHTErPO-HHTEPROAALHOKABIM Me-
togoM. JLas sToro MPOMHTErpHpYyeM OCHOBHOe ypasHeHHe (1} Ha oTpes
ke [0, x4,], rme xy =054
x% xlf‘
wy —wy— { g u@dr+ [ fmde=0. 8
Q Q

[lonarasi, Kak n paHee, W~ aug, Roayunm apu i=I, uT0 @, 2=
=a,u; . BHpamenue 111 @, CAEAyeT H3 TPARHYHOTO YCIOBHA IPH X =
=0: w,= —p,+ pu,. Hakoueu, nonaras

.\.'1/’ X!‘/’

{amudr=y, § qidx

MOJYYHM H3 TOXNAecTBa (8) Pa3HOCTHOE YPaBHEHHE

% il
ay  —Buy 1 — S q()dx+ S f()dx=0. ®)
a 1}
O6o3navas
X1 14
dy = 0I5h f gix)dx, (P":Fls_n_ Sf(x)dx,
0 0

nepenuiieM ypasrenue (9) B nae
—yily ot ([5+0|5hdu) o=+ 0,5h9,.

L3 aToj1 3anHcH BHAHO, 4TO NOJAYUeHHOe YpaBHEHHe ABJseTCA PAa3HOCT-
HBIM AHAJOTOM rpaHu4roro yeaoeia —&{0)u’ (0) +pu(0) =p..

B naabHefiiiemM pelleHHe PasHOCTHOH 3anayd B OTAHYHE OT peHle-
Hus guddepennranbroi 3ajaun 6yaeM obo3HavaTh GYKBOH y, TAK UTO
yi=y(x,), x;=0, O6bennuss Bce ypasrenus (7), (9), nonyuaem cie-
AYIOLLYI0 PA3HOCTHYIO cXeMy Aas 3agaun (1), (2):

(ay;)x.i—diyi"l‘q:'i—‘_—*o, £’=ls 2| ---.N—l, (lO)
— &Yt (ﬁ+0»5hd0) Yo=M T 0,5}1@0; Yx= s

[Ipu ananuse pasnoctHod cxemul (10), kak BnpoueM H JAwHOH ApY-
rojt pasHOCTHOR CXEMEl, BOHHKAIOT CASAYIOUIAE BONPOCEL: &) CYLECTBO-
BAHMe U eflUHCTBEHHOCThL PEUIeHAs CHCTeMbl AHHEHHHX anrefpanaeckux
ypasreHuit (10); 6) KAKHM METOAOM HAAO OTHICKHBATE 3TO PeILieHHE;
B) KaKoe OTHOIICHHE lIMeeT CHCTEMAa PasHOCTHHX ypaBHerud (10) k ue-
XOLHO# 3aaaue (1), (2}, HHaue TOBOPS, NePEXOANT AH PA3HOCTHOE YPaB-
nenwe (10) B ypaBuenue (1), ecly IIar CeTKH i CTPEMHTCS K Hyaw0?
ro BOMpOC 06 annpokcuMaunn andipepenunanbnoil sagaun (1), (2)
pasHocTHOl cxemofi (10); r) CXOANTCS AN pewlenne y(x) PasHOCTHOH
3afaun ® pewieHHio u(x) muddepeHnHaNbHOd 3agaul TpH A—>0?

Ha nepehie fBa BOTpOCA MOXKHO OTBETHTbL HEMe//IeHHO. PasHocTHASA
3agaya (10} aBagercd THOMYHBIM NPHMEPOM 3aaadiH, KOTOpaA pellaeT-
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CA METOROM MNPOTOHKH, HAJAO0XKEHHEIM B 1, 7 § 4 u, I, Cucremy ypapueHHi
(10) mMoxHO 3anucaTh B BUIE

Aiyt—i_ciyi‘l‘Biyﬁi: _Fi» 1=], 2,...,N—1,
yo = xlyl + l"’l! yN = xgygr:“l‘;rllg,

rxe
Ai=a, Bi=a,,, Ci=atay, +hd, Fi=h*p, %.=0,
— 1 ~ __ h{m -+ 0,5h0)
Hy = ry v M=
1 + hal (ﬁ + 0! 5hd0) 0

U3 ycaopnit a,>0, p==0, d;2=0 cneayer, uro C,2=A;+B:>0, T. e. Bb-
NOJIHEHBI YCOBHA YCTOHUHBOCTH nporoHkH, [lostomy pasnoctnas sama-
42 (10) oAHO3HAUHO pa3peliuMa H €6 MOXKHO PellaTh METOROM MPOFQH-
KH 00 dopmynam (44) —(46) uz §4 u. 1.

Bonpock anmpokcHMaluR B CXOXMMOCTH OGCYHAAIOTCR B CAGAYIO-
meM naparpade.

§ 3. HeonedoBaHie ANMPOKCHMALIMH H CXOAMMOCTH

1. Annpokcumauna auddepennnanbhors ypasnenus, B § 2 pacema-
. TPHMBajiach Kpaepas 3ajaua

(k{x) (1)) —q(x)u{x)+f(x) =0, 0O<x<], (D)
—k (0}’ (0) +Bu (@) =p,, u(l)=p, 2
k(JC)201>0, ﬁ;o’

AN KOTOPOH HHTErPO-HHTEPNOAAHNOHHHM MeToAdoM ObLjla ToCTpoeHa
Pa3HOCTHAA cXeMa

(e —dii + =0, =12 ..., N—1, (3)
—_— ﬂlyx.o +‘Ey0= !-711 yN = }12, (4)
rae
X7 -1 :
| dx .
al’—(?j‘ k(x}) r "'—lv2t°-<th (5)
i1 ;
iy, *itty
d.-=% j g(x) dx, q;,:hl E Fiody, i=1,2, ..., N—1, (6
x“_;/‘ xi_%
B=p+ 0,5kd,, M =mn,+ 0,547,
| 4,50 | 0.5k
dy= 0.5 j g (x)dx, Po= 3 en 5 f (xydx.
0 1]

OGosnauum uepes Lu(x) JneByio wacTh ypapuenus (1) H uepes
L,y:— nesyio uactn ypaBrenns (3), 1. e.

Lu()=(R(x)e) — g () +F (0,  Lugi=(a4)e— digii + u.
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Iyere v(x) — poctarouto raaakas GyHkuds u v{x,) — ee sHaueHHe B
TOUKE X; CETKH

on={x;=ih, {=0,1,..., N, AN =1} (7)

Fopopar, uTo pasHocTreiil oneparop L, annpoxcumupyer Juddepen-

yuarerotii oneparop L 8 rouke x=x;, ecan pasnoctb Ly,—Lv(x) crpe-

MHTCA K HyJio npu h—-0. B sToM cayuae roBopaT TakKe, 4YTO Pa3HOCT-

HOe ypaBHenue (3) annpoxcumupyer nuddepeHmnaNvHOe ypanHeHHe

1

UTo6el yCTAHOBHTh HaJIHu¥e annpoKCUMAalHH, AOCTATOYHO Paisdio-
XKHTh N0 dopmyste Tefjiopa B TOuKe X=X, 3HAUEHHA U, =0 (X R},
BXOAfAIUME B PAsHOCTHOE BHpaXkenue L,v;. Boxvlaa yacte 370d padorhl
npoaejtana 8 § 1, rae noKka2aHo, 4TO NPH YCIO0BHAX

ah-ih'_ a; —_—p (xi) _I_ O (hﬁ)' a”'_l-l-_fi. =k (xf) + 0 (hz) (8)

BHIOOJHSAETCA COOTHOMICHHE
(avs)e.i— (R (x) v (¥)) {x#‘ =0 H?).

Ecan kpome TOTO, HOKAXEM, YTQ
di=q(x) +O(R), @=f(x}+0(A%, (9
TO TéM caMbIM GYZeT yCTaHOBJIEHO, YTO onepartop L, annpoKCHMHpyeT
L co BTOpHIM NOPARKOM 0O A, T. €,
Lo—Lv(x)=0(r), i=12,...,N—1 (10)
H’[‘al{, A0Ka3aTedbCTRO BTOPOro MOpPAAKA allpOKCHMALHH CBOAHTCH

K npoeepke venoenil (8), (9) ans xosdduunenror (5), (6). ITporepum
cHayana BelonHerue ycaobuit (8). O6o3nauasn p(x)=~"'(x}, nonyuum

£t
L1 =+ o, J
=% j'p(x)dx—p;_,4+ — Py + O (),

*i-1

CACA0BATRbHO, 3 }
R Py P p
0= by ————2 L O =k, — — — + O{).
£ i—4 12 p?_l/: + ( ) =y 12 pf
AHanoruuuo

g p:
oy = ki — L L O (),
a+1 t 12 P? ( )

Orciofa NoIyYHM

a“?'t“ =k(x)+ 00,

= B " hok g 0 ) =k (6) + 00,

a a

5

h

T. e. yeaopugt (B) BHNOAHEHH, Ycaopud (9) BHINOAHEHB B CHY TOTO,
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YTO 3aMeHa HHTErpPanon (6) 3HayeHHAMH ¢, f; cooTBeTCTBYET npuban-
HKEeHHOMY BLIYHCHICHHW 3THX HHTErpajos no Qopmyte NpiMOyroAbHH-
KOB ¢ Y3/10M B cePefHHE OTPE3Ka HHTerpHPOBAHHS.

2. ANNPOKCHMAUKA CPaHAYHOTO ycaoBHA. HecnefyeM MoOrpeiinocts
ANNMPOKCHMALHN DA3HOCTHOTO TFPaHAYHOTO ycaosHa {(4), Obosnauum

Lv(0) = —alv,bo—}—ﬁvu_ Ecan v{x) — npouzpodabnas mocTaTouHQ TAAf-
Kas (pyHEUHA, TO OUEBHIHO

Lo(0) = —k(0) 2 (0} F-Bu(0) + O(h),

T. €. AMeeT MEeCTO anNpOKCHMaLHsA Neproro Nopsiaka no A, Oguako ecan
v=u(x) — pemenne 3amauu (1), (2), To pasHocTHOe TPaHUYHOE YCAO-
BHe (4) uMeeT BTOPOil NOPAROK aNNPOKCHMALHH, T. €,

— @yt g + ity — iy = — £ {0) ' (0) + Bu (0) — p, + O (4.
Hokaxem mociennee yreepxaenne, [lenons3yn pasnomenus
Ueo= (U —l) [i=1(x, ) + O (K},  x,,=0,5h,

iy =k1;2+o (hz) ’
NOJYYHM

Aty =wy, + O (1% =w, + 0,50w, + 0 (h) =
=k(0)u’ (0) + 0,5k (ku")’ (0) + O #Y).
OTtciona uMeeM
lat (0) = — K (O) ' (0} — 0,5k (ket’)’ (0) + Pty — 1y + O () =
=[—#0ya" (0) + Bu (0) —p, ]+ 0,50 [— (e')" (0) + dytty—ape] + O (1%)
YuntHpas rpauHyHOe yeaosue (2), moaydaem
L{0)=0,5h [ — (kW) (0) + dytty—pa] +-O (h?).
BupajeHue, cTOAllee B KBaZpaTHHX CHKOGKAX, NpecGpasyem, YUHThE-
Baf ypaeHeHHe (1), k BuLy
— (k)7 (0) + dyrty—po= — (ku')" (0) + ¢ (0) u(0)—F (0) +
+ (di—gq(0))r,— (f{o)_q)n) = (dy—q(0) ) uy— (f(o) — Qo).
Hs coorHomrennit
1
1
=g | 10dr=9@+0®, 9=F(0)+0()
1]
noaydaem N -
bt (0) = — aytiy o + Buy — py = O (1Y),
970 H Tpe60BaJOCh ACKA3ATH.
Takum 06pasom, NpH LOCTATONHON IIAAKOCTH KoadduuuenTos &(x),

g(x}, f(x} n peuwtenns u({x) pasHocTHas cxeMma (10} anopokcumupyer
HCXOARYO 3a0avy (2) €O BTOPHIM NOPALKOM no A.
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TIpn npaKTHYECKOM HCNOJBb30BAHHU PA3HOCTHON CXeMbl IS HAXOK-
HeHHA ee K03DHUHEHTOB He 06S3aTeAbHO BHIYHCAATL HHTETpajn (4),
(6) TOuHO. MOKHO BOCHONL3OBATLCS KOIPPUIHCHTAMH, NOAYHEHHEIMH
NyTeM 3aMeHbl 3THX HHTErPajioB KBALPAaTYyPHHIMH (POPMYAIMH, HMEI-
pmMu rounoers O (1) u Bewe, Hanpuep, B pesyninTaTe npHMeHeHHH
OPMY/IEL HPAMOYFOJBLHHKOR NOJMYUUM clefyoliine KO3QPHUHEHTR: ;=
=k{xi—0!5h) » di:'?(x‘i)l q)i=f(x-')-

[TpumMeran opMyny Tpaneutit, noayYuM

g — 2Ry 4, = Ji= + iy, - Finy, oy

Ttk 2 v 2
Tpencrabiente KOAMMUUHCHTOB PA3HOCTHOH CXeMBEl B BHJe HHTErpa-
0B (4), (6) oka3nBaeTCd NOJAE3HbIM MPH HCCREAOBAHHY CXOAHMOCTH B
caydae paspHBHEX QyHRUMIL £(x), g(x), f(x) {cm. [32]).

3. ¥pasneuue ujsa norpelroctu. PelucHue yi==4{x;) pasHoCTHO/
safiaud (3), (4) 3aBHCAT or wara f ceTkH, y(x) =y (x:). Ilo cymecT-
BY, MH HMeeM ceMeficTeo pewenuit {g.(x,)}, sapncawee o1 napaMeTpa
k. ToBOPAT, UTO petiieHne yn{x) PasHOCTHOH 3ajayu cxOOUTCA K peule-
HHIO (X} HCXOZHON AubQepeHUHanbHOl 3ajaud, ecau npu A—0 no-
TPelHOCTE gy (X)—u(x), i=0, 1, ..., N, cTpeMHTCA K HYJI0 B HEKOTO-
poil HOpMe. B macTosimem naparpade B KauecTse TAKOM HOPMEI Gynem
6pats HOPMy B ceToyHoM npocrpaHcTBe C(as), T. €. FOJOKHM
Jon — ey, = max |4 {x;)—u(x;)|. Topopar, 4TO pa3HOCTHASA CXeMa

X =y

umeer m-ff HOPAOoK TouNoCTY (MU CXOOUTCS ¢ NOPAOKOM M), eCAH
m
nyh - uuc(mh) é Mh 1

rae m>0, M>>0 — KOHCTAHTHI, He 3aBHCALIHE OT A.

Berlme 6BJI0 YCTAHOBASHO, YTO cxeMa (3), (4) Hmeer BTOpOil mOpPA-
10K annpokcuManuu. JoKaeMm Tenepb, YTO 3TA CXeMa HMeeT H BTOPOH
nopsaoK ToOyHOCTH. i 3T0r0 Mpex e BCEro BHINHIIEM ypaBHEHHE, KO-
TOPOMY YIAOBJETBOPSIET NOTPemAOCTs 2Z=y—it(x:). [loacrasum y,=
=2~ u{x;) B ypasHenusn (3}, (4). Toraa nony4HM ypaBHEHUN

(az})x.i_dle':_lpi- £=1t2! “‘!N_l! (ll)
— 25 —1—on=\?,, 2y =0, (12

rae 0GO3HARYEHO
Py = — (atg)e; + ditti -+ @i, V)= Qlle,e — Py M

dyHxiMs 1, BXOASILAR B MpaBylo yacTb ypasHenua (11}, xaswisa-
eTCSl NO2PewROCToI annpoKcuMayit Judpeperyuarviozo Ypasenusn
(1) pasunocruvis ypassesuesm (3) xa pewtenuu 3adadu (1), (2).Bn 1
6110 nokazaHo, uto Y= 0 (h?) npu h—0, i=1,2, ..., N—I, Ananorud-
HO, BEJHYRHA v, SABAHETCA NO ONPEAENCHHIO NO2PEUHOCTHH) ARRPOKLL-
Mayity kpaeaoeo Ycaosus (2) pasHOCTHOIM KPAessiM YCACBUEM (4) Ha
peuterny 30daqu (1), (2), npnuem v,=0(h?). Takum 0BpasoM, CTPYK-
Typa ypasbenuit gas norpewsoctn (11), (12) Ta Xe, yTo H y pasHocT-
nof cxemut (3), (4), OTANUAOTCA TOMbKG [IPABBIE YACTH, .
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Uro0n A0Ka3aTh CXOAHMOCTH PAa3HOCTHON CXEMH, OUEHHM peLicHHe
3anaun (11), (12) uepes npavrie yacTu v, v,, T. €. MOJYIHM HEPABEHCT-

BO BHAA \
“z"amh) = ‘Ml(llqjﬂctmh) + i\’l |) (13)

¢ KoHCTaHTOi M,, He 3aBucAuelt or /. H3 5Toro nepaBencTBa u Gyzer
caenoBate, 4to jz|, , =0 (A%).

OTtMeTHM, uTo HepaBeHCTBa BHAa (13), HasHiBaemple anpUOPHEIMH
QUEHKaMH, HAUIIR MHPOKOE MPHMEHEHHE B TEOPHH PA3HOCTHHIX CXEM,
TMockonwky cTpyrTypa ypaBHeHMit aas norpemwoctn {11), (12} Ta we,
9TO W Y Pa3sHOCTHO#H cxeMbl (3), (4}, a OTAHYAIOTCH TOABKO npapble
YACTH, TO OleHKa (13} BHIMONHAETCR OAHOBPEMEHHO C AHAJOTHYHOH
OlEHKO#H

"y"(‘,‘(mh} g r'Ml (" P ”Cf@h) + l El |)

A pasHOCTHOR cxeMu (3), (4} npu p.=0. [NTocnenHas oueHka BHIA-
HACT YCTORYHBOCTE PelileHHR PASHOCTHON 3a7aYH NG NPABHIM YacCTAM )
Mo,

4. Pa3HoCTHBIE TOXAECTBA M HepaBeHcTBA. JLas TOrO UTOGHI A0Ka-
3aTh HepaBeHCTBO (13), HaM MOTPeGYIOTCA HEKOTOPEIE PAa3HOCTHBIE TOX-
AeCTBa H HEPaBeHCTBA. Bynem paccMaTpuBaTh ceTounbie yHKUMH, 3a-
RaHHble Ha ceTke (7). Oﬁoaﬁatmm y=y{x), XS0, Yoi= Yy} b,

fnd

Yoo = (Ye—v-) /h, (y, )= E yuih, (¥, v] = 2 gavh.
i=l1 =1

CﬂpaBe,ﬂ.ﬂHBO CALAYIOlee PAZHOCTHOE TOXAESCTBO:
({/) Ux) = (U’ y}] + HyUn — Hals. (14)

HeficTBHTENBHO,
N-1

M- N Y
(y, v) = Z Yity,ih = 2 Yi (Vi — i) = E Yiai— 2 Y=
i=1 =1 =3 i=1

N N
=D\ im0 — Yot — 3 Yt + yavy =

i=1 (£

1

N
= — 2 Vi (Yi — Hi) -+ Yty — Yoy,

i=1

YTO H TpeSoBaloch AoKkasath. Toxpecrso (14) HaswiBaercs dopuyroi
CYMMUPOBARILA 1O HACTAM,

fMoacrasann 8 (14) BMecTo v BbIDAXKEHHE Q27 H BMECTO Y HYHKIHIO
2, NONYYRRM NEPBYI0 PASHOCTHYIO hopmyay Tpuna
(2' (az;)-‘:) = (at (2;)2] + asz’NzN - a’]’_z-f.ozﬁ' (15)
N
3neck (a, (z)*] = M ai(z; )'h. B uacThocTH, ecan zy=0 (kak B

i=1
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sagave (11}, (12}}, To noayyum
@, (az)) = —(a, z%] — I12x 0%y, (16}

Qf6oanaunm
A'V

[l = S )

=1

H AOKaKeM, aTo 048 10604 ceTounoil gynkyun z,, ydoarersopaioueil
yeaocauwrs 2y=0, cnpased Aus0 HEPABEHCTEO

|2 e << L) 25] (17)

,[[J'Iﬂ HLOKAa3aTeNbCTBA BOCIOAL3YEMCHA TOXAECTBOM

N N
gp=-= 2 hz'x' F i 2 .I'/.E(l'fﬁ.z;.f)v [== 0! ]l ey N— li
I=is1 f=i+1

H npuMenum HepaseHcTBO Koin — ByHsAKoBCKOro

N 2 N N
F=t+1 f=i+1
Torpa noayuum

‘E a;by
N 5 N N v
|Ze|’-<~.(2 h)(z hz%.,-)=(t—x=-) 2 e <E 3 heg,

j=i+1
f=i+1 f=in f=i+1 i

QTKyHa cpasy caeayer Hepasenctso (17),

9. JoKa3aTeabcTBO CXOARMOCTH. Bo3Bpamasch K A0Ka3aTeqbeTBy
CXOAMMOCTH cxeMhbt (3), (4), NOAYYHM TOXAECTRO, KOTOpPOMY YACBJe-
TBOPSAIET MOPPEIIHOCTh Zi=y,—4(X;}. JINA 3TOr0 yMHOXHM ypaBHeHIe
(11) na hz, m npocymMMupyem 1o i ot 1 go N—1. Toraa noayaum

(a5}, 2) —(d, &%) = — (¥, 2)
Orciona, npuMenss pasnocTHY Gopmyay Cpuxa (16), nofyuum
(@, 2] + ay20,02, + (d, 28 = (W, 2).
Hanee, cormacuo (12) nmeem
hZx.0% = Eﬁau —Vidy,
CNef0BaTeNbHO, CUPABSANHEC TOKASCTRO
(@, 21+ Bz + d, ) = (b, 2+ vyz. (18)

W3 storo Tokaectea u Gymer ceffuac BHBedeHO TpeGyeMoe HepaBEHCTEO
suaa (13).
3aMeTHM npexie BCEro, YTO €CAH

k() 20,>0, $20, g(x)=0,
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T¢ KO3QQPHUHEHTH PasHOCTHO#H cxeMbl (3), (4) YAOBAETBOPAIOT Hepa-
BEHCTBAM

az2¢>0, P=0, dz=0 (19)
370 yTREpKIEHHe CPA3y CJAEAYEeT U3 ABHOTO NPEACTABACHUS KOIDPHIH-
eHtos (5), (6).

Bocnoansopaswucy (19), oueHHM cliaraemble, BXOAfILLHE B JIEBYIO
4acTk ToXKAecTBa (18), cneayiomum obpazom:

N N
(@, 2] = Z a;z;_‘.h =0 ) Z;,sh =717,
=

=1

Pz >0, @ 2 =0.

TOF}la npuuaeM K HepapcHCTBY
ez Pt 2+ 1v] |2l (20)

Ouenum CBEPXy MPaBYI0 YacTh 3TOT0 HEPABEHCTBA. ByfeM HMeThb
MN=1
(0. 3+ 1vllze = D) [bedlzih 41yl 2] <

i=1

“‘-<~”2||C((.;h;(2‘ |‘]J£1h+|"11 ) -

i=1

IMogcrasaas a1y ouenky B (20) uw yunrteiBan HepaBeHcTBO (17), moay-
YHM

.

M-1
lebion <[ 3 101+ 12k

i=1

N—1
I
oy < (3 1008+ Dy |) .
i=1
OKoHuaTeJpUQ

P2l < o ¥k + 14D (21)

Nockomry [ ¢lc,, =0(h*), |v,|=0("), u3 uepabercrsa (21)

ClefyeT, 4TD OOCPEINHOCTE 2= Y —(X;) TAaKXKe ABAAETCA BeJHYHHOMH
O (h*) npu h—0, Utak, cnpaBeJHBO clenyoLiee yTHEPKICHHE.

fTycre k(x) — nenpepuisno Judppepenyupyemas u g(x), f(x) — He-
npepuiensie pynxyuu npu x<|[0, 1], pewenue u(x) sadaqu (1), (2) 0b-
AGOaeT Henpepoleksiml YeTeepToLMY Npouseodnsimu. fTycre Kosdpuyu-
enTol pasnocTrol cxemst {3), (4) ydosaersopawor ycaosuanm (8), (9),
(19). Tozda pewenue pasuocrrod sadawu (3), (4) cxodurca npu h—-0
Kk pewenuro tcxodnod dupdeperyuannnoil 3adaqvu (1), (2) co aropsim
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nopﬂé‘chM noe h, TOK 4TO 8BNOARAETCA QUERKA
“y —u “C[mh] é .:"‘/”12,

ede M — noctosnnas, ne sasucaujas or h.

daMeyanna 1. M3 L0KA3aTeabcTBA BHAHO, UTO KOHKPETHHHA BHA KOsppHLA-
entoB (5), (6) He BanseT Ha CRPABEANMBOCTb BEICKAZAWHONO YTBEPMACHAA, BAHCHO
AHWE pEAOAREHnE yeaormd (8), (9), (19). 2. Moxko ocialuTe TpeGoRanHA HA LAAl-
KocTe Kos(buinnentos £(x), g(x), f(x) w pewenua u(x), CAHAKO HPH STOM AMPHOP-
Ame OueHKH BUAa {21} cranopaTcA GecMOMe3HBIMA, TaK Kak Hopmaj ¥ “Ctoml MOmer
H He CTPeMHTLCH K HY.MWO. ,U.DK&S&TEJ]I:CTBO CXOAHMOCTH B Kaacce pPaipHeHBX KOB[[J-
d]HU.HEHTDB H B CAyuae HepaBHOMEpPHHX ceTol, OCHOBAHHOE Ha OlLeHEAaX MOrpetioCTH

§—u(x:} uepez cialnle HOPMH HOIPEINHOCTH ANRPOKCHMAUMH i, HAMPHMED HOPHMH
M-L {

Busa pll= D) 4

i=1

2 |, moxno nafitn & §32].

f=1

§ 4. Pa3HocTHbIE CXEMBI A5l YPABHEHHA TEMIONPOBOAHOCTH

1. Uexopnaa sapaua, Byaem paccMaTpHBaTh CAeAVIOUIYIO MEPRYIO
KpaeByo 3aAauy AAs YPABHEHHA TeNJONPOBOAHOCTH C MNOCTOAHHLIMH
kosdduuuentamu, B obmacty {0<x<l, 0<é< T} TpeGyeTca HAlTH pe-
{IeHHe ypaBHeHHsA

du Py
—=32 +f(xlt)' (l)

ar X

YAOBJETBOPSAIOHICE HAYANBHOMY YCIAOBHIO

i(x, 0)=n,(x) {2}
W FPaHHYHBIM YCIOBHAM

a(0, ) =p.(£),  u(l, ) =p(2). (3)

3aech (X)), u(?), ua(¢) —samanuvie dynxuun. Hssectwo (cM.
(411}, 9To mpH ONpeAeNcHHBIX NPEANMOIONKEHHAX TJAAKOCTH pellenie
sagaun (1)—{(3) cyulecrByer H eguHcTBeHHO. B panpHefilleM MpH He-
cAenoBaHHM aNupPOKCAMAlNN Pa3HOCTHHX cxeM OyaeM npeanojarath,
470 pellene u(x, ¢) ofaagaeT HeOOXOAHMBIM 10 XOAY H3JOKEHHA 4UC-
JIOM NMPOH3ABOAHMX MO x # 1o {. Pemenne sanaun (1)—(3) ynoBrerso-
PACT DPUHUHIY MAKCHAMYMa H TeM caMblM HENpepuiBHO 3aBHCHT OT Ha-
4aNbHEBIX ¥ FPaHHYHbIX JAHHBIX,

2. flawan cxema. Kak Bcerna, OAA NMOCTPOEHHS Pa3HOCTHOA CXeMBl
HaJ0 Mpekae BCEro BBECTH CeTKY B OOMACTH W3MEHEHHS He3aBHCHMBIX
nepeMeHHBX H 3aiaTh WA0GJ0H, T. €, MHOMXKEeCTBO TOYEK CEeTKH, ydacr-
BYIOIIHX B annpoKCHMALHu AnddepeHnHaabHOro Bhipakenns. Beenewm
CeTKY Mo nepevMeHHOMY x TAKYIO iKe, Kak 1 B § 3, T. €.

o= (= ih, i=0, 1,... N, AN =1},

H CeTKY 10 NepeMeHHOMY [ ¢ IaroM T, KOTopyo 0603HauHM
oc={t,=nt,n=0,1,..., K Kt=T}
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Touku (x;, £,), =0, 1, ..., N, n=0,1, ..., K, o0pasyloT yaau 1pocT-
PAHCTBEHHO-BPEMEHHOH CeTKH i =wsXw, {(cM. puc. 10). ¥Yaawl (x,
£.), npuHagaexkamue orpeskaM f,={0{x 1, 1=0}, [,={x=0,0=<Ct<C
<7}, L={x=1,0<t=<T}, HasuiBawTCA
2PAHUYHBIML Y3AAMI CETKH Wsy A OCTAlb-
Hble y3Nul — aryTpenHusy. Ha puc. 10 rpa- 7
HHYHBIE Y3AB 0003HaYeHB KPECTHKAMM,
a BHYTpeEIIHe — KPYKOUKaMH.

Canem Ha3bIBAETCH MHOMKECTBO BCEX Y3-
JIOB CETKH (). HMEWIMHX OAHY H Ty XKe
BpeMeRHYIO Koopamnnaty. Tak, n-M cJjoem

T .
]133blBaeTCﬂtMHO}KeC;'BO y3J08B ETn T AR
xln!xtn!---! xytn'-
(o, £}, (6, 8) (£ } Pue. 10, IMpoctpaHeTBeHHO-
Hansa ¢yukunu y(x, {), onpeneneHnoli na BPeMEHHAR CeTKA @a, ¢
CeTKE @y, BBeJeM 0003HaUeHHA =
=y(x1'1 fﬂ)‘)
n _y?ﬂ_"'y? noo_ y?+1_2y?+y?—1 4
Yr,i= -_—’IT_ * y;x_( = e . ( )

Hnorna nAn ynpolleHHs 3aMHCH HHAEKCH [ U 1 GyaeM onyckate, 060-
sHauaf ¥ = Yri Y5, =V5, ..

(T tars) Ty p by (Tirbniy) (Tivn Zoti)
(er—fv:n) (*Il'fzn) /*I'H,?‘rfﬁ) (xt':rn)
a &
(Zim ptnad) (Zirtnsr) (Zovn Taws) (Ziln+1)

|

i - —
(If:'—frrff:)" _/Il'?tn) /“rﬁr:rn) (J:‘ w'rfr.-) [‘r{':ﬂ_} /xﬁ-f!z‘n)

KZ‘L‘,Z:,}._?)
o 2

Puc. 11. llla6é1oHbl pasHOCTHHX CXéM! @ — ABHAA ¢XeMa; 6 — UHCTO HEABHAA CXEMI;
& — CHMMETPHMYHAA CXeMa; 2 — TpexcaociiHad cxema

HTo0E annpokcHMupoBaTh ypabhenue (1) B To4ke (X, ty), BBEAEM
Wabaon, 1306PaXKeHHBI Ha pHC. 11, g B COCTOAWIUI U3 YeTHIpeX y3J0B
(Xier, 12), (x4 ), (%, Loy). [1ponaBoanyo Gu/di 3amennm B Touke (x;,
{s) P23HOCTHBIM OTHOIIEHMEM 7, a NPOU3BORHYID O°u/Fx* — BTOpOil
PA3HOCTHO NPOHU3BOAHORN y;x.r [Ipasyio yacte f{x, {) 3aMeHHM OpH-
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OJHKEHHO CeTOYHOH QyHKUHEA ¢f B KayecTBe @7 MOXHO B34Tb OAHO
U3 clie Ay OlHX BEIpaXKeHH il

| LA I 'rf!/i-l iy
o t), f fon tydx, o= | at 5 F(x, Ddx.
iy, in i,

B pe3yJibTaTe NOOJAYYHM PA3HOCTHOZ YpaBHEHHE

G = i,
— =t )

KOTOpOE alMpOKCHMHPYeT HCXO0jHOoe AuddepedilnalbHoe ypaBHEHHE B
TO4YKe (X; f,) ¢ NEPBHM NOPARKOM 0O T U BTOPHIM NOPALKOM Do £ MpPH
VCJIQBHH, UTO PA3HOCTh @"—f{x;, {,) HMEET TOT e HOPAAOK MaJOoCTH,

Moy paswocTHON cxeMofi NOHHMaeTcs COBOKYIHOCTE PA3SHOCTHBIX
ypaBHeHUI, aNNPOKCHMHPYIOIIHX OCHOBHO® ZHU(depeHIHANBHOR YPaB-
HeHHe BO BCex BHYTDEHHHX Y3JaX CETKH W JONOJHHTe/NbHHE (Hayajb-
HBlE H rpaHHYHBlE) YCJAOBHA — B FPAHHYHEIX Y3Jax ceTKH. PasnocTHyo
cxXeMy N0 aHasOrHH ¢ AHddepeHunanbroli 3afayei 6yaeM HazHBATDH
TaK}e pasrRocTHoH 3ajadeii. B nanHoM ciiyuyae pasuoCTHAA CXeMa HMe-

€T BHA
Mz’lﬂ:yg = 5’:'!4-1 _zfdl T y?—l + (P?.

£=1; 2»-'~’N_l’ ﬂ.=0, 110--;K_I$ hN:l’ KT=T1 (6)

y:=!.11(f,1), ym=l—lg(tu), n=0t1321 ---'K»
y‘il:uo(xi), 1=0, l, ey N.

ATa cxema npencrtaslifer cofoli cHcTeMy JHHeHAHHEX aarefpauye-
CKMX YPaBHEHHH ¢ YHCAOM YPaBHeHHH, PaBHBIM YHCAY HEH3BECTHHIX.
HaxoanTh peltenne Taxkofl cHCTEMH cileayeT no choaM. Pertenne na uy-

JMEBOM ¢J10€e 2321aHO HAYAMbHBIMH YCAOBHAMH Y =ua(xd,i=0,1,..., N

Ecan pemenne 47, =0, 1, ..., N, Ha caoe n yxe Hafifiedo, To peure-
Hue Y™ Ha cloe n+ | HaXOAHTCA o ABHOI dopuye
y:l+l=y?+r(y;x;+(p?)) £=l!2t ---'N_l' (?)

a sHaveHns " ==, (fan), YN = We(fnrs) AOONPEACTAWTCSA U3 IPAHUY-
HBIX ychoBHit. [To aToll npuuHne cxeMa (6) HasHBaeTcs 48HOL PASHOCT-
#od cxemol, HeckoAbko No3¥e MBI O3HAKOMHMCH M ¢ HEABHEIMH CXxé-
MaM#, B KOTOPHIX AN HAXOMIEHHA ¥ ' Tpu 3ajawtelx yi Tpefyercs
pemaTh cicTeMy ypasHeHHil

flozpewmnocTe pasHocTHod cxemot (6) onmpepenseTcd Kak Pa3HOCTb
zr=yr—u(x, {,) Mexay pewesnem 3agagd (6) ¥ pelleHHeM HCXOA-

Hofi 3ajaun (1)—(3). [Noncrasass B (6) yf =z +u(x, £,), NOAYUHM
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YpaBHEeHHe AAf ROTPEIdHOCTH

1 3 A I rn
= i, 2+, 4+ l|J'-‘
— [ ]

T h?

L N=1, n=0,1,..., K—1, h¥=1, K1=T,

(8)
3:2:{;:0, n:l,2,...,K. 2?=Dv i=0,],...,N,

pd

rae  §f=—ur;+ S, 4+ @ —noepewnocre annpoxcusayny pas-
noctroil cxemor (8) wa pewenuy sadaau (1)—(3), Vi =0(x+h?).
MoXHo OUEHHTL pewieHne 2; ypamrHeHMA (8) uyepes mpaByio 4acTeb i
H AOKA43aTb TeéM CAMBIM CXOAHMMOCTL PasHOCTHON cxembl (6) ¢ mepsbiM
NOPAAKOM NO T H BTOPHIM — 10 A. ONHAKO 5TO HCCASIOBAHHE MBI OT/IO-
KHM 10 § 3 rn. 3, a ceilvac HAa npuMepe cxemul (6) nposeMoHCTpUpyeM
OAMH PACNPOCTPAHEHHEI NPHEeM UCCAeNOBARMS PA3HOCTHLIX CXEM ¢ NO-
CTOAHHBIMH KO3 PHUHEHTAMH, HA3LIBaeMBl meTodom zapmonux, Xotd
JAaHHBIR MeTOJ He ABJASETCA AOCTARTOYHO OGOCHOBAHHBLIM, B YaCTHOCTH
He YYMTHIBAeT BJAHAHHA IPAHHYHEIX YCAOBHA H MpaBbX uacTell, OH 1MO-
3BOJIAET JIETKO HAHTH HEOOXOAHMLIE YCAOBHS YCTOHUHBOCTH H CXOAHMO-
¢TH pa3HocTHBIX cxeM. [loxaxkem, vanpumep, uto seuyo cxemy (6)
MOMCHO NPUMEHATH Autus npu ycaosuu 1< 0,51, o3navaonieM, uto war
no BpeMeHH Haao HpaTh AOCTATOMHO MaJthim,
PaccMmoTpum ypabpHeHHe

i _ N

e T
T K2

, (9)

T. €. QANHOpOAHOe ypaBHeHWe, COOTBeTcTBYIWOLiee (5). ByzeMm HckaTh
4ACTHEIE PelleRnsa ypasrenns (9), uMelolne BHA
Y7 (@) = qretlne, (10)
rie { — MIUMas elHHALa, ¢ — J1060e 1efiCTBUTENBHOE YHCAO H g — YHC-
fo, nopnexawee onpeaenenmo. [loncrapaag (10) B ypasHenne (9) n
coKkpatan Ha ", nonyuyum
g— 1 % 9 | gt
Tt h*

OTKYZa nafizem
q=1—4ysinﬁ"%, = (1

Hauanbuble yeaosus i (9) =e”™, cooTBeTcTBylomue pelIeHnamM
Braa (10) (X Ha3BIBAIOT rapMOHHKAMH), orpannueusl. Ecan aas ne-
KOTOPOTO @ MHONHUTENL ¢ CTAHET 0 MOAYJIO GoJblie eIMHHLH, TO pe-
weHne BHAa (10) OGyieT HeorpaHHuEHHO BO3pacTaTh APH H—ro0o.
B sToM cniyuae pasnocThoe ypasienne (9) HasHBaeTCs HeycTOduiusbiIM,
NOCKGALKY NapylldeTcss HEMPEpLIBHAA 3aBHCHMOCTh €Q0 pelleHHs OT
HasadbHB X YeaoBHiL. Ecan xe [g] <1 aan Beex feficTBUTEABHBIX @, TO
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Bce pewleHna BuAa (10) orpaHHUYeHH NpH MIOGOM n B Aa3HOCTHOE VPaB-
HeHue (9) HasniBaerca yeToduussim. B cliyuae HeyCTOAUMBOCTH HaHTH
pellienne pasHocTHON 3azayn (6) no gopmynam (7) NParkTHUECKH He-
BO3MOHO, TaK KaK MOrPelIHOCTR (HATpHMep NOTPELIHOCTH OKpYyrae-
HAA), BHECEHHble B HAUYAJNBHEIl MOMEHT BpeMeHH, 6YAYT HeOrpaHHYeH-
HO BO3pacTaTh NpH yBeMndeHuu 7. TakHe Pa3sHOCTHBIE cXeMBl Ha3bLIBA-
0TCA HeYyeToluanimu.,

Has ypaBHenns (9) HepapenctBo |g¢|=C] BuimoAHfercs corTacHo
(11) npu Bcex ¢ TOrAA ¥ TOABKO TOrAa, Koria y=50,5. Takum obpa3som,
HCNONB30BAHAE CXeMEl (6) BO3MOMHO JHIUL NPH BHINOJHEHAH VCI0BHS
70,54 Pa3HoCTHEIe CXeMBl, YCTOHUHBHE JHIID DPH HEKOTOPOM OTpa-
HH4eHHH HA OTHOLIEHHE WAroB NO NPOCTPAHCTBY H N0 BPEMEHH, Ha3bl-
BAIOTCA yCA08HO yeToldusoimu. CnenoBatenbho, cxeMa (6) YCI0BHO
yCTOHYHBA, MPHYEM YCAOBHE YCTOHUMBOCTH HMeeT BHA /A=< 0,5. Ye-
JIOBHO YCTORUMBHIE CXEMB ANA ypaBHEHMH NapaGONHYeCKOro THIA HC-
NOJAB3YIOTCA PEAED, TAK KaX OHH HAKIAZBIBAKOT CAHWEKOM CHJIbHOE
orpaHHuyeHHe Ha war no BpeMend. HeficTBUTeNBHO, NyCTb, HanmpuMep,
h=10"% Toraa war v He AoJxen mpeBocxoduts 0,5-107% u aas Toro

yToGE BHYAC/AHTD pelllenne y; TNpH {=I[, HaZ0 B3ATH YHCIO IIAFOB 1O
BpeMeHd n=t"'2=2.10*, T. e. npoeecTd He MeHee 2.10° BRIUMCTEHHH
no ¢popmynam (7). B caenyomesm nyHkTe GyAeT MOKasaHo, YTO MHOrHe
HesBHHE CXeMBbl JHIUEHBl 3TOTO HENOCTAaTKA H ABAAITCA YCTOHUHBEIME
npu Ao6eX marax kA M . Takne cxembl HA3HBAIOTCA AGCOAOTHO Yo~
ToituuabiMU.

3. Hennuste cxembl. Hucro neasrod paswocrwod cxemod 114 ypas-
HeHHd TeNJONPOBOAHOCTH (CXeMON ¢ ONepeXKeRneM) HasHBaeTcA pas-
ROCTHafl cxeMa, HCToAb3YIoUad MabaoH (X, £,), (Xiy, fasd), (X5 fast)
(cM. puc. 11, &) u nMeouIan BHA

i+l +L T+l +i
u =it Yo — 20+

. A +q7, (12)
i=1,2,...,N—1, n=0,1,...,K-1,
774k = )y GV =y (fea), n=0,1, ..., K—1,

Yi=ug(x), i=0,1,...,N.

3aeck @f =f(x; ta) -O(7+ k%), CxeMa uMeer mepBHil OOPRAOK

ANNPOKCUMALUHN 110 T H BTOpOil — N0 A. Pewerne cucremsl (12) Haxo-
JUTCA, KAK H B Cayqae ABHOK CXEME], IO CNOAM, HAUNHAA ¢ n=1. O,flua-

KO Telepb, B OTJHYHE OT ABHOR CXeMBY, IJfl HaxomIeHus ;= Mo
H3BECTHLIM 4; TPedyeTcs PEeHTh CHCTEMY YpaBHEHHIT
41 25 + .
YWia —(+29¢6" +wiii=—Fl, i=1,2, ..., N—1,

n+i

(13}
Yo =prlfan), Un =g (fan),

rae y=v/h%, Fi==y - 19;. DTy CHCTEMY MOXKHO peIlath MeTOIOM
nporoHKH (cM. m. 7 § 4 u. I}, Tak KaK YCNORHA YCTOHYHBOCTH TPOTOHKH
BhITOJTHEHH.
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Haa HecAenoBaHHS YCTOMUMBOCTH PA3HOCTHOL CXEMBI (12) OynemM
HCKATH YaCTHRI peLIeHHS YpaBHeHHA
i+k 1
A /B et 7 e o /5
T h? !

umetowre euz (10). Toraa nosayunm

. 2h( vT1 T

q=(1+4vsm T =
cle10BaTeTbHO, |g]<I1 npn Mmo6rX @, T, A Takum oGpasoM, cxema
(12) abcoaloTHo ycTohunBa, T. e, yeToliunBa npH MOGHX warax T u A.
ABCosOTHAR YCTOUUUBOCTD ABARETCA OCHOBHOLM npeumyuiecTson He-
f6Holx cyem. Teneps yxe we Hafo GpaTh WAr T CAWIIKOM MAJIEIM,
MOMHO B3fiTh, HANpHMep, t=A=10"" Beawunua waros cetkn «t, k
ONpeleaseTcs Tenepb HeOGXOAHMON TOYHOCTBIO pacyeTa, a He coofpa-
JKEHHAMH YCTOHYHBOCTH.

Lllecturoneunod cummerpuunoll cxemofl Haswipaetcs pasnocTHasn

cxXeMa
ynH. —_ yn ]
———— = W el )+ el (149

AN KOTOPOH HauadbHble W rPAHHYREIE YCHAOBHMS 3afal0TCA TaK JKe, KaK
u B cxeMe ([2). Ita cxemMa HCNOMbSYET MIECTHTOUSYHEI( wafaoH, H30-
Opaxcedustii Ha pHe. 11, @,

[lpeaaaraem uMraTemMio caMoCTOATENLHO ZOKA3aTh, 4TO 5T CXeMa
uMeer BTOPOH TMOPANOK aTNpOKCHMAUMH Kak 10 A, TaK W 00 1T (ecqn
TOMbKO  OF =f{x;, £a,4+0,57) + O (*+4%)), ona abcoaiotho ycrofiuupa
H €€ MO/HO pPelaTh METOLOM MPOroOHKH.

OGobienueM Tpex PacCMOTPEHHEIX cXeM SBANETCH onHonapamMer-
PHHECKO® cemedcTso cxem ¢ secamu. 3aRajuM TPOM3BOJILHBIH AeficT-
BHTEAbHDBII MapaMeTp ¢ ¥ ONIPeJeNHM PA3HOCTHYIO CXEMY
i+l

A

n
— 4 i1

=0z, + (1 —ug,  + o,

(15)
i=1,2,...,N~1, n=0,1,...,K—1,
BT =t ends I =peltan), n=0,1, .., K—1,

y?=uo(xl')y L.:Or ]} ey N.

[lpn 5=0 noayunm otciona sBHYIO cxemy, npu 6=1 — uncro veam-
Uyl cxeMy u mpd ¢=0,5 — cuMmetpuunyio cxeMmy (14). Hcenenyem
NOTpEUTHOCTL ANNPOKCHMAUMHE cXeMbt (18} Ha peureHHH HcxoZroH 3a-
aavn {1) — (3). [MpeactaBum pewleHwe 3amaqu (15) 8 BuHae Y=
=u(x. b )4 2%, rne u(x,t,) — rounoe pewenHe anddepeHuRaaAbHON
sapauy (1) — (8). Torma aas morpetsHocTH MOJYUHM CHCTEMY
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ypagieHnil

Z? L zf:l

=+ (1l — 9, + (16)
i=1,2,...,N=1, n=0,1,...,K—1,
M=z =0, n=0,1,..., K—1, =0, i=0,1, ..., N,

CertoyHas (QYHKLuA W, BxoAsULas B APaBYKd 4acTh YPABHEHHH
(16) n paBHan
n H+l 3 n 1
P = Oltzy ¢ + {1 —0) Uy, — Wi + @i, (17)
HA3BIBAeTCs MOTPEUIHOCTbIO annpoKcHMAamhi cxeMul (15) Ha peuteHmu

sagaud (1) — (3). [ToayuuMm mepBuie WICHH paanoxeHnA MYHKUHA Yy
no cTenedam A v 1. Byaem pasnaraTe sce GYHKIHH, RXOARILHE B BH-

pamenue gas 7, no ¢opmyae Teilaopa B Touke (x5 ¢,40,5t).
YuuTblBas pasnomenns  Upi =Xy tueisz) +0 (39, Uz, =4 (%) +
+ T (1) O (R, rae W’ =Fufdx, =0uldt, tayup—tat051, mo-
JIY4HM
2
Y=o (u” (xi, tnn) + % UtV (xq, fn+1)) +{1—0) (u” (%, ta} +
hs v
o Y (5 1)) s )+ ] O 6 + O (.

Otclona, NPOBOAA PAOKEHHE B TOUKE (Xi, fniep) M 0603HAUARA z==
=u(x; by}, 6yNEM HMETH

n__ ) 1 'n- __’i v _ .-x_l':r ﬁ vi__
lp.—cr(u—l-2u +'12uJ+(l o)(u 2u—!—]2u)
—a+ ¢+ 03+ 00
H, NePerpynNNKpPOBLIBAA CJAaraeMule, MOIyUHM, 4TO

W= ) 0 — 08) T 0 ),

Yuurnipasa ypapuenne (1) u#”"—u=—f u chencrsue H3 Hero #'V—p”=
=—f", okoHYATEJLHO MOMXEM 2aNHCATh, UTO

W =[O 0.8) T (5] 0t — [ (5 fa) —
s ) F 0GR, (1)

M3 dropmyast (18} MOKHO caenaTh cieAylollie BHIBOAH. Ecan
h2

=0, =i = fad + I (ko fae) + O Y,

To cxeMa (15) nmeer BTopoit MOPAAOK aNNPOKCHMALHH 110 T H YETREp-
Th#f — nio 2. Takaa cxeMa HasHIBACTCH CXEHMOL ROGLIULEHRO20 NOPATKA
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annpokcumayun. Ecnn
6==0,5, @}=](x;, lasy) + 0+ A%,

0 cxema (15) MMeeT BTOpOH MOPAIOK ANNPOKCHMALHHM NO T H N0 A,

TIpy OCTANBLHEIX 3HAYCHHAX ¢ H OPH @7 =[ (¥, fae) +O{T+h?) cxeMa
(15} uMmeer neppHil NOPAJOK aNNpPOKCHMAalMU MO t H BTOpofi —no A,
Onyckaa BLIKNAIKH, OTMETHM, YTO eClH HCKaTbh DEWICHHe ypaBHe-

#un (15) ¢ @f =0 B Buae (10), To NOAYYHAM

h
1 — 49(] — o) sim? &

2
("m
l+4?asin3h%
H |g| =<1 npu Bcex @, ecnu
| 2
e R
= T (19)

OTcloaa BHAHO, B YaCTHOCTH, UTO 8ce cxemsl ¢ 620,50 abcortoTro
yeroduussl. CxeMa NOBBIEHHOrO MOPAAKA aNNPOKCHMAUMH (g=a.)
TaKKe abCoNIOTHO YCTONUHBA, YTO NPOBEPALTCA HENOCPEACTREHHO.

[Ipn 0540 pasnocTHas cxema (15) sBaserca HeaBHo#t cxemol. Jlas
HAXOXKASHHA DelueHHs yf*! no 3ananHuM g Tpefyercd peIIAThL CH-
cTeMy ypaBHeHu#H

oy — (I + 209y + opyit =—F;, i=1,2, ..., N—1, (20)

y:ﬂ =ty (a1, !:’RNH = g (fnr),
rne
<

Pk Fi=yi+(1—0) ‘ul—‘”. + 147,

‘?=
Checrema (20) pelraeTcA MeTOZOM NPOTOHKH. YCJIOBHS YCTOHYHBOCTH
nporoukH (ycaosna (47), (48) u3z § 4 u. I) nmpn o==0 cBoAATcA K He-
PaBeHCTBY
[ 1+ 207 =20y

M BbinosiHensl npH oz=—1/(4y). TNocaesHee HepaBeHCTBO cnenyeT M3
YCAOBHA YCTORUHBOCTH (19) pasHOCTHOH CXeMBL

4. YpagnenHa ¢ nepeMeHHBMH KO3pQHUMEHTAMH M HeAWHeHHbe
ypaBdeHusa. PaccMOTPHM MepBYI0 KPaeByK 3ajauy ALJd YDPABHEHHA
TeILIOOPGBOAHOCTH ¢ NepeEMeHHBIMH Ka3hdHIHEHTAMH

plr ) = (R DS +00 ) 0<x <L, 0<IST, @)
u(r, 0)=u,(), €O,0=m(, u(l, =),

rae g(x, £y, k(x, t), f(x, ) — zocTaTouHO rnafgkue GyHKILMH, YAOBJET-
BOPARIOLLNE YCIOBHAM

0<e Shin ) <o, o(x ) e>0, (22)
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AuddepedupaibHoe Bepaedne Lu =_£(k {x, t)g—i) NpH KaXJAOM

(HUKCHPOBAaHHOM ! aNNMpOKCHMHpYeM B Touke (X, !} TaK ke, Kak 0 B
craumoHapuom cayyae (cM. § 1}, pasuocTHhM OTHOILIEHHEM

Al ygi={a(x Dyhri=
1 Yin— 4 Yi— ¥
=—lain, )2 "L —a(e, n "1, (23
A [a(xm, H 0 afx, i) . J {23)
rie pasHocTHH Ko3)OHUHEAT TemJIONPOBOAHOCTH a{x:, {) AONKEH

YHOBJAETBOPATL YCNOBHAM BTOPOrC NMOPAAKA aNOPOKCHMAUHN

a (xl‘:ﬂt t) + a (xf! t) = Qk (xft t) + O (h2),
afx, o) —aix, )
h
HauGonee ynoTpe6utentael ciepyioltie BHPaXeHHA aAf a{x, t):
ae =05 (b (5, ) +h(rin, B), @l =k(xi—2.50),
2k (xs DA (x D)
AR T

PasHocTias cxema ¢ BecaMyu aaa 3agauv (21) umeer Bug

I Ao+ (1~ ) g+l 1,11, 2, —1,
: @4)

=k (x;, 1) + O (h?).

ax, )=

[ (xiv f)

gy=wm ), Uy =u, fa), Yy =uy (x3).

3zech B KauecTBe f MOXKHO B3ATh /M0Goe 3Rauedne fe=|i,, t,,.],
Hanpumep !={,-}-0,51. Ecau B ypasuewnn (24) {={,-4-0,517, 6=0,5, 10
cxeMa (24) uMeeT BTOPOM MOPSIAOK aNnNpoKCHMAUHU [0 T H No A, [Ipn
OCTANbHBIX 3HAYEHHAX ¢ U ! BHINOMAHAETCH NEPBHIN NOPAAOK annpoKcH-
MAallii NO T H BTOpOH — no A.

Ilpu uecnenoBaluy yCTORUHBOCTH PA3HOCTHBIX CXEM ¢ MlepeMeHHH -
MH KO3Q(HUNERTAMH HHOTRA TIPHMENSIETCS RPURLUA 3AMOPONCEHHOIX
KO3huyLenTos, CBOAALNN 3a1a4y K YPABHEHHIO ¢ TOCTOAHHLIMH KO3 -
prunenTamy. PaccMOTPHM ABHYK CXEMY, COOTBETCTBYWIIYIO YpaBHe-
HHIO (24) ¢ a=0n f(x, {)=0, T. &. cxemy

y:}+1 _ y:t
Pk, ) T =(alx, D ¥R (25)
[Ipeanodoxnm, aro kosdduunents plx, f), a(x, {) — noctoan-
Hbte, p(x;, 1) =p=const, a(x;,{)=a=const. Toraa ypaBHeuue (25)
MOMXHO 3a0HncaThb B BHae

¥t —yt
P =g,
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9t —u . @

= T =—.

P

Y = ;x,i'
M3 0. 2 13BeCTHO, YTO MOCAeLHee ypaBheHHe yeroftuuBo mpH 1'<<0,5R%,
T. €. NpH
T h?
— = —. (26)
P 2
[puHuHn 3aMopoXKeRHBIX KOIPQHUHEHTOB YTBEDHKAALT, YTO CXeMa
(28) ycroftuusa, echiu ycaoBue (26} BHINONHEHO NPH BCEX JIONYCTHMBIX
anauenunx a(x,{), p{x,{), 7. . ecnu npu BCeX x, ! BEUIO/MHEHN Hepa-
BEHCTBA
14 (xp 1) K2

= — . 27
P (xg £) 2 @7

Ecnn v3gecTHO, uto O0<<o,<sLa(x, {) <6, p(xy, {) =60, To HEPaABEH-
¢TBO (27 6yner BLINOIHEHD NPH

T Cq

—_ .

h? = 2£g

Crporoe ofocHoBaHHe YCTONUHBOCTH cxeMbl (25) Oyaer AaHO B NpH-
Mmepe 2 uz § 4 . 2.
Ecan napaMmerp ¢==0,5, T0 3 NpHHLHNIA 3aMOPOXKEHHBIX KOaddH-
UHEHTOR cjeayer alcoioTHas YCTOHYHBOCTB CXeMbl (24).
PaceMoTpuM Tenmepn MepBYI0 KpaeBylo 3alauy AJS HeJHHeHRHoro
YpPaBHeHNS TEIJONPOBOAHOCTH

dut i du

— =k = u). 28

m ax(_ ()3 + f{w) (28)
B cavuae HeJHHeAHBEIX ypaBHenRril, Korja 3apaHee HeB3BeCTHN npe-

IeSIl B3MeHeHHS GYHKUKK & {u), H30eraoT noaAb30BaThCd ABHHIMH CXe-

MaMH. UHcTo HeABHAA ¢XeMa, JHHelHAas OTHOCHTENLHO y?"". i=12,...

..., N—1, uMeer Bug

H+L n 4 i+l ML il el
¥ —u; 1 Yool — 8 UL
_— {+1 {

== e L f D, (@9

:

T

rae ai= 0,5 (R{y}) - k(yi)). ITa cxeMa aGCOAIOTHO YCTOAYHBA, HMeeT
nepBbiil HOPSAOK ANMPOKCHMAUMH no T M BTopofi —no A, Pewenue
gy, i=1,2,...,N—1, HaXOAHTCs MEeTOAOM MPOroHKH. 3ameTnM, 4TO
cxeMy (297 MOXHC 3anKcaTk B BHIE

= (D + k) )+ F D),

rne k==& (Y}).
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Yacro Renoabayercs Heaunefinas cxema

P Y S g g
{ — = a(yr MT‘_a(y?ﬂ)‘—h‘}_ + f ),
£ ) o k(0
apy =2 ROED @)

Hasi peanusaumuy 3Toil cxeMM HEOSXOIMMO NpPHMEHHTH TOT HJIH
HHOH MTepauUMORHLI MeToa. Hanpumep Takoii:

(S+H1) {3+1}
—— y"_
e )+f(y‘f’). (31)

{s+1) n {s+1) (3+1)
y‘ -yf — l {4) yi-l-l _yl' (s)
x (a U754 h —ay®)

S='0' l! feey M— ]v y?) =y?s y&”l:y?ﬂ_

3nech s~ HoMep uTepauuH. Kak BHAWM, HeldHeliHbie KO3hduUHEHTH
GepyTca ¢ NpeANAymlell HTEPALNH, 4 B KAYeCTBE HAYAJIBHOIO NPHGH-
HMeHua Aas yit! BbiGUpaeTcA yt, 3T0 HayaabHoe NpPUOMHKEHHE TeM
Jyyumre, yeMm Menpwle war 1. Yucao utepaunit M sanaerca na coobpa-
KeHHH TOyHOCTH. B 3azauax ¢ raakuMu KoshdHUHMeHTaMH Tpu
k(u} z=¢,>>0 9acT0 GHIBAET JOCTATOYHO NPOBECTY ABE — TPH HTepallHy.
3uavenns &' Ha HOBOM MTepauwn HaXoNATcH M3 cHCTeMbr (31) Me-
Tolom nporoHkH. [Ipu M=1 ntepauunounsiit Meron (31) comnaiaer ¢
Pa3sHoOCTHOR cxeMoil (29).

Hast npr6AuKenHoro pelieHns HeJuHeHRHOro yparHenus (28) npe-
MEHAIOTCA TaKXe CXeMhl [PEeRHKTOP — KOPPEKTOp BTOPOro MOpsAAKa
TOYHOCTH, 3HaROTHUHble MeTody PyHre — KyTra aJf OGHIKHOBEHHHX
Au¢pdepeHNHANBHBX YpasHennit (eM. 0. 2 § 1 ra. 6 u. II). 3aech nepe-
XO0A €O €05t 1t Ha ¢l0H 1+ 1 ocyulecTBAsieTcA B ABa stana. [pusegem
npuMep Takoil cxemel. Ha nepeoM sTane pewaercs neaBHas auHeiHas
CcHCcTeMa ypaBHeHHH

g% — g
0,5t

=@ ) iz P 1), i=1,2, ..., N—1,
y:':i-% =l‘l‘1 (tﬂ-l_ 0151)' Hﬁ.’é = !‘12 (tﬂ- + 0t51:))

U3 KOTOPOH HAXOHATCA NPOMEXKYTOYHHIE 3HAUEHHS yia, i=0,1,...

..., N. 3aTeM Ha BTOpOM 3Tane WCAONBIYETCA CHMMETDHYHAA UIECTH-
TOUEYHas cXeéMma 1Ad ypaBHeHHA (28), B koTopofi HeaHHeliHble Koad-

$uunentol a{y), fy) BuuMCAAIOTCA TpH ¥ = ¥i*%, T. e. cXeMa
y?“ - y? 1 LTIt | Y i+l
'—T——=?((a W Y e H @ @) 2 d ),

£=1!2t ey N_I’

o= g (fnen)y ! = wy (fasa).
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§ 5. Tpexcaosinbie pa3HOCTHbIE CXEMBL

1. Pa3znocTHBle CX€MBl AJis ypaBHeHHa KkogeGanwil. PaccMOTpHM
nepByio KpaeBylo 3aiauy [ ypaBHeHHs woaefanul
du u

= 0<x<1, 0<iT, (1)
w0, )=p (&), u(l,f)=p (), O=i<T, (2)
u (x, 0) ==ty (1), %(x, 0) =ity (0), O0<r<<l. 3)

Wapectno (cm., Hanpumep, [411), 9ro 3Ta 3anava nocrapieHa Kop-
PEKTHO, 7. €, €€ pellieHHe CYIIeCTBYET, OHO €IHHCTBEHI0 K HERPePEIBHO
3aBHCHT OT HAYAJLHLIX W TPAHHYHBIX JAHHLIX.

ByneMm HCNOAL3OBATB TY Ke CETKY ome, UTO H B § 4, T. €& @ue=
=(’]h><(l][,

op={x;=ih, i=0,1, ..., N,AN=1},
or={ip=nt, n=0,1, ..., K, Kv=T}.

OueBUAHO, MAUMMANBHBI WA0M0I, HA KOTOPOM MOXKHO aNTpPOKCH-
MHpoBaTh ypasHetue (1), 370 nATHTOueuHHIH WabaoH, n306paKeHHBH
iia puc 11, &. TakuM oBpa3oM, B OTAHYHE OT CXEM /IS YPaBHEHHA TeH-
JOMPOBOAHOCTH, B KOTOPHIX HCMOJAb30BAJNOCh TObKO ABRA BpeMeHHHX
clod {(cldon 1 W n--1), 3nech TpeGveTes HCMOMb3OBATE TPH chos: n—l,
n, n+1. Takde CXEMbl HA3BBAWTCA TpexcAoineimu. HIX npuMedenHe
NpeLnoaaraeT, YTo ApH HaXoMASHHH 3HAUeHHH Y7 Ha BepXHeM caoe

3HAUEHHS Ha TMpeAbAywHx caoax ¥, gt =0,1,..., N xpaudarcd

B naMATh 3BM,
Buaumo, npocteitiwel pazHocTHOR annpokcuMaunelt ypasHenua (1)
M rpaHuuHblx yeaoBHR (2) fIBNAETCH CAelyOllas CHCTEMa YPaBHEHHI:

it R A e £ 90 "

T i
i=1,2,...,N—1, n=1,2,...,K-1,

y:;“:ll; {En) erH::."[lz("an)) n=01, ..., K—1. (5)

PaanoctHoe ypaeHenue {(4) nMeeT BTOpOH HOPALOK DBOIPEIIHOCTH
ANNPOKCHMALUHH N0 T ¥ A0 h. Pewenne yP*l BHpaxaerca ABHHIM 06-

pasoM Yepes 3HaYeHHa Ha NMPeAbAYIIHX CA0AX!

?+1=2y?—y§'*1 -+ Y (y?-'-]__?y? +y?-1)'

i=1,2,...,N=1, y=1?h* n=1,2,...,K-1 (6)

Hdns nwavana cyera no dbopmynam (6) 10axHBH GEITH 3aZaHBl 3Ha-

vewna &%, 48, i=0,1,...,N—1,N. 3 nepsoro HawaJbHOrQ Yc/a0BHA
(3} cpazy noayvaem

P=ux), i=1,2 ...,N—1 (7)
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Mpocrefiuras saMena BTOPOro H3 HayaAbHBIX yciaosuii (3) ypashe-
HHEM (4} — y?)/t=1,(x) MMeeT auwe nepebiil NOPAROK ANNPOKCHMA-
wuk o 1. [lockonbky ypasuenne (2) aMMNpPOKCHMHPYET OCHOBHOE YpaB-
HeHHe (1} co BTOpHIM NMOPAZKOM, KefMaTedbHO, YTOGH H PasHOCTHOE
HaualbHoe YCAOBHE TaKiKe HMEIO BTOPOH NOPRAOK aNMiIpOKCHMAUMH,
HYrobkr 106HTECS 3TOrO, BOCTONB3YEMER pasfaoxeHueM

+ 0(r%)

uf(x, T) —u(x, 0} _ Oufx,®) + lagu {x, 0)
P Y 2 o

H YyuTeM, UTO B CHIy AuddrepeHunasbioro yparrenns (1) Bmnoaxser-
CHl PaBeHCTBO

2
au(xo 0 =a‘l'u (x, 0) =u”(x)-
ag 013 °

Taxim obpazom,
du{x, 0} e Bix, T) —uix, 0) _

LS 2
ot B 7 L@+ 0@,

H, cAeoBaTeNlbHO, Pa3HOCTHOE YpaBHeHHe

v -

T

=t g, =12 .., N1, (8)

AIPOKCHMHUPYeT BTOpOe H3 ycaoBuit (3) co BTOPLIM MOPALKOM NO T
H 1o A.

CoBoKynHoCTL ypaBHeHuit (4), (5), (7), (8) cocramaser P a3HOoCT-
HYIO CXEMY, annpOKCHMHPYIOIYI0 HCXORHYIO 3ajauy (1) — (3).

IMTokaxem ewe ofltH crnocod nonyueRHd ypaBreuwna (8). ¥panuenne

1_ ‘—l
) iyt —7) ©
2,; LA ] L?

AOMPOKCHMHPYET ypaBHeHHe u; (0, x)=u_o(x) €O BTOPHIM NopafuoM., YT1.6u HafiTh
aHayennn y¢' sanHwen YpaBHeHHe (4) npu n=0:;

1 1] —~1
¥ — 24 + y; .
2 T Vxep?
H ydaTeMm, 90 ¥} =in(r). O1¢l042 NOAyYHM B = g b 2uy (x) - LT

Moactapans sre Bupamenne nas " B ypasuenue (9), opnxosnm K ypaenenmo (8).

Hans uccaenopaius yeToliuHBOCTH SyaeM Tak Ke, Kak U B § 4, He-
KaTk petnieHne ypasHeHus (4) B BuHxe

yffl —_— qneifh(p’ (10)

Hoacrasass ato BRIpaiKenue B (4) n coxpamas sa e, RONYYHM
Jans q KBaaparhoe YpaBHeHHEe

q*-—?(l-—?ysinﬂif—)q-{—l:& =, (11
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ByaeM cYHTaTh pasROCTHOE ypaBHeHHe (4) YCTOHYMBBIM, €CIH ofa
kopHsi vpaBHenus (l1) He MpeBOCXOAAT MO0 MOAYJK EABHHLY. Ilycth
g, H §»— KOpHH 3TOro ypapHenus. Ecin 06a KOPHsl AeHCTBHTEABHLIE,
TO TIOCKOJbKY ¢,§,=1, Haljercss @, AJAA KOTOPOre ORAHH N3 KOPHEH
MeHbllle eAUHBUB [0 MOAYAIO, a BTOPOil — Goabwme eanuuny. Ecau xe
KOPHH KOMIJIEKCHO compsiKeHHBle, TO |¢,|=]|¢.]=1. Takum obpasom,
pasHocTHOE YpaBHeHHe (4) YCTORYHMBO, ec/IH MPH BeeX ACHCTBHRTENbHMX

2
¢ BbINOJHAETCA HEPaBEHCTBO (I—stin“’ F%-) =I, T. e ?sinz}-'-‘:; =

<2 1. IMocaentee HepaBeHCcTBO BHINOJIHAETCA ApH BCEX @, €cal
T<ih. (12)

Crtporoe 060cHOBaHHE YCTOIMMBOCTH cxeMmbl (4) 6yaer aano B § 3
ra. 4.
2. Tpexcaoiinbie cxeMpl AAS YPABHEKHS TENACNPOBORHOCTH. XOTH

TpexclofiHbie cXeMbl A0S YPaBHeBHA TEMIONPOBOAHOCTH

7 o%u

L A4 (13)

o1 dx?
NPHMERAITCS 3HATHTENBHO peXe JABYXCIORHBIX, HX KIIOTAA HCTOAb3YIOT
A% NOBHIERHA MOpAAKA aNNPOKCHMAUNH HJIH AJA yJAYdLIeHHA YCTol-
yuocTH. [IpHBegeM HeCKONBKO TPHMEPOB TPEXCNOHHBIX CXeM AJs
ypaBHenHa (13). Ha nepBuii B3rAsj KaXXeTCR OYeHb eCTECTBEHHEIM
3aMeHHTb ypaBHenne (13) sABHOI cHMMeTpuuHofi cxeMoli Broporo no-
pAAKa anNpOKCcHMAaIHH

gt =i Y — 207+ Vi

= = T . (14)

OaBako 3Ta CXeMa COBepUIeHHO HENpPHrofHa JAJH HCNONb3GBAHHA
na odulctpoaefictBylomux 3BM, nockoabKy npH Aw06uIx marax T n oA
OHa ABJaAeTca Heycroffuuboil. Ecnur uckath ee petiienne B Buie (10),
TO NOJYYHM ypaBHeHne

o B T
2 2P L 1= —_
g* - &y sin 4 1=0, ¥ el
OIHH H3 KOpHeil KOTOpOoro mo MoAy.aie Bceraa GOJbIUE €AHHHLBL

Ecau B ypasHenun (14) sameHuTb 3nauenne Y Ha ROOyCyuMy

0,5 (47" + ¢7™1), TO nonyunm cxemy

n - -
.‘fjﬂ _ y}‘ 1 _ y}aﬂ _ y}'“ _yr} 1 y}'_‘
21 h? *

(15)

KOTopasi HHTepecHa TeM, uTo grasdercyd aGcoawTHO yCTounBol, o 00-
Najaer ve1oBHol annpokenmanget. O0o3uaunm
_ y?H — y?_i ro_ y?ﬂ - 29‘? + y:'l_l

n
yf-"_ 2t » Y= L4 ’
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Toraa ypasuenne (15) MOXHO NepenxcaTh B BHAe
n o _.n
Yo, + T YT Y

Otcroaa sierko MoJlyunTh, uto ypaBHenne (15) anmpokcnmupyer
HCXOAHOE AubbepeHUnaabhioe ypaskende (13) Anmb NPH ycaoBHE, 4TO
t*/A%>0 npn 10, i—0. TTorpelrHocTs ANNPOKCHMAUNK TBIACTCA Be-
apyiiofl  O(v*+-A*+v*/h*).  Ecnmm ke  mosoxnTb,  wmanpumep,
=", 10 {15) Gyaer annpoKcHMHUDOBATh YPaBHEHHE THMEPBOSHYECKO-
rc THOA

du 2y (7]

e ag "

§ 6. OcHOBHBIC NOHATHS! TEOPHH PAZHOCTHBIX CXEM:
ANMPOKCHMALHA, CXOAHMOCTD, YCTOAYHBOCTD

1. Beeenne. Panee MH yKe BCTPEYasuCh C MepPeYUCAEHHBIMH B 34-
FIaBRH NIOHATHAMH B CBAISH € CAMBIMH Pa3JHYHBIMH NPHMepaMH pas-
HOCTHBEIX CXeM AN KOHKPeTHBIX AnQrpeperunanpnbix ypasnenuil. B na-
crofllieM naparpade Aaercs H3NOMEHHEe OCHOBHBIX NOHATHH TeOpHH
Pa3HOCTHBIX CXeM R BBIAICHAETCA CBA3b MeXAY HHMH IJ4 JHHeHHEIX
P23HOCTHEIX CXeM caMoro ofuwero Buaa, Ge3oTHOCHTEJABHO K KQHEpeT-
HOR CTpPYKType HcxoAHOro aHddepenlnaNsHOro YPaBHEHUA H am-
DPOKCHMHPYIOULEH ero pa3HOCTHON CXeMBL,

[lycte pana ucxognas AndipepenumanbHas 3azaua, HOTOPYK) MU

3dNHII¢M B BHAE
Lu(x)=f(x), (1)

rae x=G, G — obnacTe m-MepHOTO NPOCTPAHCTRA, f(x) — sanannas
QyHKuns, L — auvefinslii anddepeHupansubii omepartop. Ipeanona-
raeTcs, YT0 QONOAHHTEeNbHbIe YCAOBUS (THNA HAYaJbHbIX H [PaHHYHBIX
YCHOBHM) yuTeHHl OflepaTopoM L M mpaBoit wacteio f,

B xauectBe mpocTefunero mpumepa sanaws (1) unraTenb Mower
pacCMOTpeTs MEPBYIO XKpaeByl 3afauy —u” (x)=f(x), 0<x <1, u(}) =
=u(1)=0, xota B ofeM cayuae ypasrenne (1) MoXeT GBITb MHOrO-
MEDEBIM, B TOM HHC/Ae H HECTAUHOHAPHBIM ypaBHeHHeM. CYIIECTBEHHO
B JanbHeluleM Anwb TpeGoBaHHe MuHefiHocTH onepatopa L.

M5 IOCTpOEHHS PA3HOCTHON CXeMBl TIpeX/e BCEIO BBOAHTCH CeTKA
G, — KoHeuHOe MHOXECTBO TOYeK, NpHHAANEKAWHKX G, NAOTHOCTD pac-
NpeAeenisl KOTOPHX XapaKTepusyerca NapaMeTpoM A — waeom cerku.
B ofuweM cryyae napamerp h — BeKTOp, NpHYEM ONpefeNeHa |} —
AJuHa BekTOpa k. OO6B4NO ceTRa (), BHIGHpaeTcs Tak, uTo TIpH
|#t]—=0 muOXecTBO G, CTPEMUTCA 3aNOAHHTL BCIO 06AACTb (. DyHK-
UHA, onpelefensas B To4kax ceTKH G, Ha3nIBaeTcA CeTOYHO (ynK-
yued.

Mpusep L Ha orpeske G=[a, b] sBemem MPOH3BOABHYIO HepABHOMEpHYIO
ceTky Ga, T. €. MHOMECTBO TOYEK

Gh={x:=[a, blloa=a<x <.. <xy=b},
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O6osHaunM h=xi—xi-, =1, 2, ..., N. Torpa k= (R, ..., ha). 1 £ =1£32’ia"“

N %
MoHO ONpeaenuTs Takme |A| = (2 b
i=1
Mpusxep 2. Ha naoexoern (x, f) paceMarpupaerca obmacte G={0<<x<l,
0« t=<T}. Cetka Gp cOCTOMT M3 TOuek {xy, fx}, TAE xy=th, i=0,1,.... N,
IN=1, fa=nt, n=0, 1,..., K, K1=T. D1a ceTHa HCROAL3OBANACH MPH ANTPOKCHMA-

LHH YPABHEHHS TEmONpoBOAMocTH B § 4. 3jeck MOKHO nodomuth |R|=Yh*+7%,
anbéo |Rj=1h*+1.

Mocae eBeaenua cetku G, clegyer 3aMeHHTb B ypaBHennd (1)
an@depeHuRaabHEA onepaTop L pa3HOCTHEIM ONEpaTopoM Ly, NpaBylo
uacth [{x} — ceTouHoli dyHruHeH q.(x). B peayabrare DOAYYHM CH-
CTeMy pas3HOCTHLIX YpaBHEHHA

Lhyn(X) =q)h(.’C), XEG_J., (2)

KOTOpasi Ha3HBAETCH PASHOCTHOIL cXemotl WMH pasHocThoil 3adauwed.
B orsmnune ot anddepenuHasbHOrO YpaBHeHHs! PellieHHe PA3SHOCTHOMN
3a]auH 6yaeM 0603HAUATh GYKBOR Y.

2. TorpewHOCTy ANOPOKCAMALMH M NOTPEWHOCTL cxembl. [lepei-
JeM K H3JI0XeHHIO OCHOBHBIX HOHATHH TeOpHH PA3HOCTHHIX CXeM: al-
NPOKCHMALUNWH, KOPPEKTHOCTH (yCTOHUHBOCTH) M cxoanumoctd. [lpexne
yeM JaBaTh ¢opMaJbHbie ONpeleseHHs, 3aMeTHM, YTO CBOHCTBO afi-
NPOKCHMAUHH O3HayaeT OAH30CTL PA3IHOCTHOTO onepatopa K IH(de-
peHunanptomMy. OTclofa etlle He caeayeT, Boolme roBops, GJAH30CTh
pewenuil nupdepeHUHaTbHONO H PAa3HOCTHOrO YypaBHeHHil. CBoficTao
VCTONYABOCTH Pa3HOCTHON CXeMHl ABAsiETCA €e BHYTPEHHUM CBOHACTBOM,
He 3aBHCALMM OT TOro, anNpPOKCHMHPYET JH 3Ta CXeMa Kakoe-1n6o
Anppepenunansuoe ypapienue (cM. [30]). OkasmiBaetcs, oanako, uTo
&CJIH pa3HOCTHAs CXeMa AaNIPOKCHMHPYET KOPPEKTHO MNOCTABJACHHYIQ
3aJ1auy H YCTOH4HBA, TO €e pelleHHe cxogutes npu |h|—0 K pelrenHio
HexoAHoH auddepenunanbHoif 3ajavn.

ByneM cuHTaTh, uTO peweHHe #(x) 3amadu (1} TPHHAAJEKNT AH-
HeAHOMY HOpMHDPOBAHHOMY RpocTpaHcTBY By, |l «[lo — Hopma B . Ha-
npumep, By=Cla, b1, |uf,= m?xb |u(x)|. AHAaNOrHYHO CuYHTaeM,

r=[a,b]
UTO CETOUHBIE PYHKIHH Yr(X), @a(x) ABATIOTCA SAEMEHTAMH AHHEHHOrO
HOPMHPOBAHHOTO NHPOCTPaHCTBA Hh (NPOCTPARCTEQ CETOUHbLY PYHK-
yui) ¢ vopMoft |||l [To cymecTrY, HMeeM cemMeficTBO JHHENHEIX HOP-
MHpOBAHHLIX NPOCTPAHCTB, 3aBHCAIIEE 0T NapaMerpa f.

Utoln HMETh BOZMOKHOCTH CPABHUBATE (QYHKUHH H3 PasjHUHBIX
NPOCTPAHCTB, BBOAHTCS Oneparop npoexruposanus py: Fy—%n. 7o,
no OnpelefeHHIo, JHHEHHBIH ofepaTop, CONOCTABMAAIOWIHH Kaxaor
¢ynkuun u3 H, vexoropylo ¢pyukuuio u3 Hn daa yukunn usH,
0603HAUNM vepez i, ee NMPOEKUHIO Ha NPOCTPAHCTBO Fp, T. €. ip(x)=
=mt(x).

INprpegeM npuMepH oHEPATOPOB NPOERTHPOBAHMKA.

[Mpumep 3. Ilyers Hy— npocTpakerBo HenmpepHBHHX $yHRuAfl na [0, 1] u
Gy, — paBHOMepRan ceTKa ¢ waroM k:

Gh={xi=ih, i=0, 1, ..., N, AN=1}.
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Toraa e KauecTBe OAEPATOPA NPCEKTHPOBAHHA MOMHO BIATh ODEDATOP BHIUHCICHHA
aHaueHns GYHRUAN B JaHMON TOUKe ceTHH., 3T0OT ONEPATOP ONPEAEAALTCA CAeHYIOULHM
ofipasom:

(pau) (xi) =u(x}, i=0,1, ..., N.

Mpumep 4. MMycts #Bo-— upocTpancTeo Pynxupii, naterpupyesux aa [O. 1],
H Gp—Ta e ceTKa, 4To0 H B Rpeiuigyliem npumepe, Torda B KadecTee onepaTopa
NIPOBKTHROBAHHA MOKHO B3ATh ONEPATOP OCPENLeHHN

x;+0,64
1
(Phu}(x;j}zz u(x}dx, f=|r 2»‘-'| N_’n
x;—0,50
. ¢, 5h | N
(Pe) (%) = 0.5 o (%) dx, {ppe) (xp) = 05 j‘ u (x) dx.
0 Xp—0,5h

B 1aneueiimiem Gyaem tpeGoBaTh, YTOGH HOPMH B %) Gblau cozaa-
CO8AHbt C HOPMOH B HCXOAHOM MpoCTpaHcTBe F,. ITo 03HAYAET, HTO
aas Awbofi =%, BRNOOAHACTCS YCHOBHE

lim || pucf = . 3
lal—0
TpeﬁoaaHHe COrMacoBaHHA HOPM obecneyHBaeT SeIHHCTBEHHOCTD

npeaena ceToyHHIX ¢yuruuii nmpu |#|—0. JeiicTBuTenbHO, ecqu AJA
u, v=%, umeem lim |lyy—pauell»=0, lim |[gi—pav =0, T0 cornacuo (3)
[%1—0 la}=o0

[ pnit—patvil=1} {prnte—gn) + (=P} S st~ gnlln + N gh—prv ia
H
le—vl =lim [ ps (e —2)[s =0,
|10

T. €. =2,
[Tpuwmep 5 Cerounas nopua

N %
1yl = (E by I“) v AN =1,
i=0

COracoBaHa ¢ Hopmofd B La

1 )
1sl= (f ) m) :
¢

N %
ny||,.=(§} lyg*.’) , BN =1

=0

CeToyHas HopMa.

He COTJaCcOBaHA HH € OAHON H3 AOPM AAA YHKUHI HeNpePHBHOLO apryMeHTa, TAK
an

KaK pag Z |y:]? moner pacxonnteea. Hopma
f=q
¥, = max |y,
Lol = max, |5,
cormacupata ¢ HopModi B C.
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Mycte u(x) — pedienue nexoanodt 3anaun (1) u ya(x) — pewernne
pasuocTHON 3ajauu (2).
Onpeneneune 1. Cerounass Gynxaua 2z,(x)=yn(x) —pstz (1),
x&=Gh, HA3BIBACTCHA NOZPEUINOCTLIO PASHOCTHOU cxemot (2).
MMopcrasum 4, (x)=pu(x) 4-2.(x) 8 ypamuenue (2). Torma noay-
Y4M, 4TO NOTPELIHOCTb Z,(X) YAOBAETBOPSIET YypaBHEHHIO
Liz(x)=¢u(x), x&G,, (4)
rie
Yu (%) =qu(x) — Lo (pate (X)) = @n () — Latta (x). (5)

Onpenenenne 2. Ceroynas oyHrumns 1, (x), onpejeSieHHan
(opmysoii (5), Ha3BIBAGTCA NO2PEWHOCTHIO ANRPOKCUMALUY DABHOCT-
roit sadawu (2) ua pewenuu wcxodwoidt Judepenyuarsrol sadaun

1

i'ipeoﬁpaayem BhipaxceHue nad n(x). [lpoexTnpys ypamuenne (1)
Ha ceTKY Gy, NOAYYHM

prLa(xy=psf (x)
HAM, YUUTHIBAR IPUHSATHE 0G03HAYSHNS,

(Lu)u(x)=fu(x). (6)
H3 (5) n (6) nonyyaem

u () = [ (La)n (x) —~Lntin (£} 14 (@a () ~fo (5} ),

T. €.

Pu{X) =pns (X) + 1 (%),
rae

P {x) = (Lu)n(x) —Luu(x), a2 =@r{x) —fr{x). (N

Onpenenenne 3. Qyukunn e, (x) H Pu2(x) HazuBawTeR, co-
OTBETCTBEHHO, NOZPEWNOCTOIO annpokcumayin Suddepenyuarsnozo
ofeparopa L pasHocTHom oneparopos L, W nozpewinocToo annposcu-
MAULL npagoti ¢acTu.

Onpeneneune 4. ToBopAT, TG pasHOCTHAA 3a1aya (2) an-
npokcumupyer ucxonnyw sanaqy (1), ecan ul—0 npu |#|—0. Pas-
HOCTHAA CXeMa UMeeT k-if nOPRJOK annpoxcuMayui, €CIM CyUIeCTBYIOT
nocTosiHKble k>0, M,>>0, He 3aBHCAWMe OT A u TakHe, yTO

lpallass M, | 2|,

AHAJOTHYHO ONPENeNsIOTCS TOTPELIHOCTh AuNpOKCHMAIHW H NOops-
AOK MNOTPEIIHOCTH 20TNPOKCHMAIMH MPaBHIX YacTed H AudrpepeHuHansb-
HOTO OTepaTopa.

3amevanne Mol BHZESH, 4TO NOTPEWIHOCTL ANMMPOKCHMAUMH  Ha petreHuu
peICTARNALTCA B BHLE CYMMhl MOfpewHocTelt annpokcuMawny auddepeHuHaNbHOTO
oneparopa # upanofl 4actH, OZHAKO NOPAADK NOCPEUHOCTH anmpOKCHMAUNH Ha petlre-
HHH \p MONKET OK83aThCA Rhille, YeM MOPANOK NMOrPeliHOCTH ANNPOKCHMANUHYE ONePaTo-

Pa W H npasoll 4acTa ¢, B otaemstoctn, Herpynuo, HANPHMEDP, MOKA3aTb, YTO paa-
HOCTHOE YpaBHeHle

R
T2k

10 A. A, CaMmapekufi, A, B. I'yana 289
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HMeeT YeTBePTHR NopAfOK ANNPOKCHMAIHH 1A pellelHd AHC]]([JE[J&HL[HEU‘]}:HOI‘O ypaB-

Helna
w”(x) =—f(x),

XxoTA fHQdiepeHOHaNbHBIA ONepaTOp H NPaBag 4YacTh aNRPOKCHMAPYIOTCA AHINS CO
BTOPbIM TOPAAKOM.

3. KoppekTHOCTb pa3HOCTHOM cxeMbi. CxoaHMocTb. CBA3b MeXAy
YCTOHUHBOCTBIO W cxOAUMOcTRIO. [To aHafornn ¢ AnddepeHlHaNbHLM
cly4yaeM BBOAHTCA NOHATHE KOPPEKTHOCTH PA3HOCTHON 3anaum.

Onpenenende 5 PazdocTHas cxeMa (2) HA3LiBAGTCA KOPPEKT-
HOd, ecad |} ee penleHHe cyLlecTBYET H eLHHCTBEHHO NpH AOLIX npa-
BBIX YaCTAX @ne=E%, H 2) cywlecTByeT NocTosHHas M,>0, nve 3aBncAa-
was ot # U TaKasn, 4To NpH JOLX @,H, cnpaBellliBa CLUEHKa

||yn||n-.<.,M2”CPn"n- (8)

CpoilctBo 2), 03Hauawllee HENPEPHIBHYK 3aBHCHMOCTDb, PABHOMEp-
HYIO OTHOCHTENBHO R, pelleHusl pasHOCTHON 3amaunm oT npapoil uvacrtw,
Ha3bIBaeTCA YCTOUYUBOCTHr0 PASHOCTHON cXeMbl. 3aMeTHM, uTo Tpelo-

BaHHe |) 3KBMBAJEHTHO CYLLECTBOBaHHIO onepatopa L', ofpaTHoro
onepartopy L, a TpeboBatine 2) 3KBHBANEHTHO paBHOMEpHOH no A
OrpaHHueHHOCTH onepartopa L',

OCHOBHEIM BONPOCOM TEOPHR DPA3HOCTHLIX CXeM, K4K BIPCYEM H
Apyrux npubJIHMKEHHEX MeToLOB, ABIAETCS BONPOC © CXOAHMOCTH.
Cdopmyanpyem cTporo NOHATHE CXOAHMOCTH.

Onpenenenne 6. Pewenune pasnoctHoil 3anauu (2} cxodurcs
K pewedn; Anddepenuansioii sanaun (1), ecan npu |k|—0

1 4a— pase || i—-0.

PasnoctHas cxema uMeeT k- nopadox TOWHOCTH, €CJH CYLIECTBY-
I0T nocrosHupe £>0, M, >0, He 3aBucsiune oT £ H Takne, YTo

Fyn—pautelle < M, [ h I 5,

Hacto A9 KpaTKOCTH NPOCTO FOBOPAT «PA3HOCTHAS CXEMa CXOIHT-
Csi», MOJAPA3yMeBas CXOAHMOCTh PelieHHA PA3HOCTHON 3alayd X petile-
HUI AugdepeHuHaNbHOE 3a0aYl.

Crnpape/inBa CcAeNYIOIAS TEOpPEMa O CBSA3H YCTOfYHBOCTH H CXO-
JHMOCTH.

ITycry Ougppepenyuaaonan sadana (1) nocragiena KoppexTHo,
pasnocThas cxema (2} ABAAETCA KOPPEKTHOU U QNAPOKCUMUPYET UC-
xoduyio 3adawy (1}. Toeda pewenue pasnoctnoti sadaqu (2) cxodurca
K peweruwo ucxodnod 3adayu (1), npuvem nopadox Tounocru coana-
daer ¢ nOpAGKOM annpoOKCUMALULL.

HokazatTenbcTBO clenyer npsmo H3 onpenenenuit. Jeficten-
TeIbHO, ypaBHeHHe AJIs NOTPeLHOCTH (4) HMeeT Ty e CTPYKTYpY, 4TO
W pasHocTHas 3anada (2). [Mo3ToMy 3 TpeSoBanus KOPPEKTHOCTH Che-
aoyeT oileHKa

1251l s Ml [l (9)
[Mockonbky KoHcTauta M, lle 3a2BUCHT OT A, NoJyyaeM, uTo opu i, il
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~0 HOpMa MOrPeLIHOCTH 2, TAKMKE CTPEMHTCS K HYJI0, T. €. CXeMa CXO-
autca. Ecan lull=sM | 2|, To n3 (9) noayunm

"Zh"!aéMlelhlh;

T. €. pPa3’’oOCTHAA cXeMa HMeeT k-fi MOPAAOK TOUHOCTH.

3ravyeHde NPHBEAEHHOR BHILIE TEOPeMbI COCTOHT B TOM, 4TO OHa
MO3BOJAAET PASACAUTE HIYGEHHE CXOAMMOCTH HA 1BA OTAENBHHX 3TaNa:
JA0KA3aTeJBCTRO ANMPOKCHMAUHH M JOKA3aTENbCTBO  YCTOHYHBOCTH.
OfbiyHo Gonee CNONKHBIM ITANOM ABJAAETCA HCCAEAOBAHHE YCTONYHBO-
CTH, KOTOPO€ COCTOMT B NOAYYSHHH OLEHOK BHAa (8), HA3LIBaeMbix
AnPUOPHEIMI CUEHKAMU,

3amevanne TeopeMa L0OKa3aBa B UPENDOAGHKCHHH, YTO petreHime gy H TNpa-
BAf HACTh Qa HIMEPAOTCA B OAHOH H TOH e nopMe. OMHAKO, H3IMEHHB COOTBETCTRYK)-
eHe oOpedefedun, MORKHO ASCKO MOKAZATE, YTO TEOPEMA OCTAETCR Cl'lp&BE‘,'T.."mBOFI HB

TOM C/1ydae, KOPAa PellieHHe HIMEDPASTCA B OAHOR HOPMe, a NpPaBafk YacTh — B BPYTOf
{cm., uanpumep, [32]).

FTTABA 2
MPAHLUHN MAKCHMYMA A8 PAZHOCTHBIX CXEM

B § I, 3 usyvaetca pasHocTHan cxema aas ypasueHns [lyaccoHa
B ABYMepHO# mpamoyroabioll o6aactH. B § 1 dopmyaupyercsa pas-
HOCTHAA KpaeBam 3ajaya H BBONMTCR KAHOHHYeCKas ¢opMa 3amucH
PA3HOCTHHX CcXeM, YAOOHAS AAs VDHMEHEHHH NPUHUMINA MAKCHMYMA.
Takas kanondueckas (popMa MPHrOAHA He TOABKO AAS PasHOCTHOTQ
ypasdenna Ilyaccona, Ho n BooSme AnA MOGOrQ JHHEHHOro pasHocT-
HOro ypaBHeunsi. B § 2 wanmarawTcs ocHOBHBHIE TeopeMEl npuHUHNA
MAaKCHMYMa AA PASHOCTHLIX CXEM, 3ANHCAHHBIX B KAHOHHUYECKOit dop-
me. B § 3 npunmun MakcuMyMa NpHMensieTca K HCCAGLOBAHHK) CXOIH-
MOCTH DPA3HOCTHOI annpokcuMaund 3axaun Hupuxae. B § 4, 5 npuso-
AATCA NPUMepH MpHMeHeHHS NPHHUMOA MAKCHMYMa K ADYrUM CTallHO-
HAPHBIM M HECTALMOHAPHBIM PA3HOCTHHIM 32/1aUaM.

§ 1. PagnocTHas annpokcHMalus 3a1aun [ upuxae
aag ypaswenusa [yaccona

1. MocranoBka pasnocTHOM 3anaun. PaccMoTpuM aahasy Hupuxne
ana ypasnenns [lyaccona: naiitu nenpepuisuyio 8 G =G|l dyrurHIO
w#{xy, X;), YAOBIETBOPAIOUIYIO YPABHEIHIO

li Py
-é?+a?:—f(xlsx2)t x-"':(x]' XQ)EG, (1)

1 2
H FPAHUYNOMY YCIOBHIO
u(x)y=p(x), x=I,

10* P |



rae G — npAMOYTOJAbHHE,
G={0<x1<£|s 0<x2<£2}r

I' —ero rpawnua, f(x), w(x) — 3anannele dynkund. Ilpeanomaraem,
uto f(x), p(x) TAKOBbL, uTo pewteHHe 3aga4y (1) cyuiecTByeT, eAHHCT-
BEHHO H ABJIfAETCA AOCTATOuHO riaaroft dryukuneil. Ilpy f=0 noayua-
em 3afauy Jupuxne 1as ypaeHenua Jlanaaca

Fu 1% o xe=G u()=p(r), xT, (2)
ax} ax3

QAHHM K2 OCHOBOBLIX ¢BO{iCTB 3azaun (2) ABASETCA BHIMOJHEHHE UPHH-
UHAAa MaKCHMYMa: HenpephiBHoe B & H OTAHUHOE OT KOHCTAHTH peure-
HHe u(x, X:) MOMeT HOCTHIaThb CBOEr0 MaKCHMAaJbROTO NG MOAVAK
3HaueHua TOAbKO Ha rpanxue I Otciona caeayer, 4To clpaBeliuBa
OlIEHKA

max _|u(x, x)|< max |p{(x, x|, G=GUT,

AL, 12 x=l

03HAYaWILan YCTOHYNBOCTL 3afaud (2) No rpaHAuHBIM LAHHEIM. B cie-
AyWuIHX naparpadaX aHaJOTHYHHe OUeHKH O¥AYT NOJAYYEHH H AJIA
HEKOTOPHIX pPAa3HOCTHHIX C¢XeM, aNNpPOKCAMHUPYIOLIHX ypaBHEHHE (25.
3TH OLEHKH NOMOLYT YCTAHOBHTBE CXOANMOCTE PAa3HOCTHON cxeMul AJS
ypaBHeHus IMyaccona (1).

Beenem B G NMpAMOYTONLHYIO ceTKY € ¢ waraMu h, no flanpapjae-
HHIO X, H A,— N0 HANpasdeHHID X., TaKk uto h,=[/N, h.=10iN,,
rae Ny n N,—uennie uncaa. OOosnaunm xi=ify, x/ =jh, CeTxa
Q COCTOHT M3 COBOKYNHOCTH Y3708 X,= (xf, xj)), i=0,1,. .., N, j=
=0, 1,..., N,. Jlna dyrkunii y, onpenesennpx Ha Q, 0603RauNM

Yi =Y (x1), Y5y, i; = Winrj = 205 + Yo DI,
y},_;,.;j =(Yij— le‘f + yi,f—l)fh:-

3agave [Tupuxie (1) cOnOCTABHM CAEIYIOILYIO PA3HOCTHYIO CXEMY:
y;.x;,if-l_ y},x,.;‘;=_'fffr f= ]s 2: ey Nl_' ]v .l"ﬁ ]s 2s e N2 _10
| &)

yf.a:"j.l{x;, 0)! yf.Ns=!'l‘(x:9 12)' i=1, 2) L) ‘Ml_lt
| | )

yﬂ'fzp(otx;)t yN|f=p'(!1nxi)l f=l,2,..., N2_1

Toukn xi;, B KOTOPBIX 3aMHCHBAKTCH ypaBHeHHA (3), npunafjemar
NOJAMHOKECTBY

(.IJ={JC;_-,|E=1, 2,. ..,Ni—l, j=l'2,...,N2"1}

CeTKH &}, HA3BlBAEMOMY MHOXCCTBOM sHyTpennux Touex cetru L. Co-

BOKyI'[HOCTb TOYeK
N -
v="{x0j, Xvs}5 U {¥0 X )it
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B KOTOpHX 3aJlaHL PA3HOCTHEIE TPaHHYHHWeE VCeNoBHS (4), HasHBaercs
epanuyed cerku Q. Ha pue. 12 BHyTpPeHHHe TOURH OTMEYeHH KpYMKOU-
KAMH, a TpaHHYHBle — KpecTHKaMH, OTMETHM, YTo YLAOBHE TOYKH
(0,0), (£,0), (0,4), ({,1,) He yuacTByioT B naHHO anmpoKCHMAalHK
M NOSTOMY He OTHOCATCA HM K BUYTPEHHHM, HH K [PAHHYHBIM TOUKAM,

Mo nososy pasHocTHOli cxeMmut

(3), (4) MoXHO 3a8aTh OOLIYHLIE BO- I;" "

HpOCHE O CYIIECTBOBAHHH H efWHeT- 2 T
BE€HHOCTH €€ pellleHHs, O CNOJAHMOCTH i
npH #,—0, hy—0, o crnocobax peme-

HHSI. DTH BONPOCE PACCMaTPHBAKTCH

B ¢heaywomux naparpadax. 3aech MH '

OTPAHMYEMCA JIHIUB OYEBUAHHIMH 3a- /2 *
MEYaHnAMH O TOM, 4TO mocrpoeHHas 7' 77 b4

Pa3HOCTRHAA cXeMa HMeeT BTOPOH mo- Puc. 12, MIpamoyronsyas ceTka
PAAOK TMOrpeliHOCTH aOmpOKCHMALHH
N0 fh, W no h, ¥ uTo Ona npegcrapaseT coGoil CHCTeMY MHMHEAHBIX a.1-
Tre6panyeckuX ypaBHEHHil OTHOCHTENBHO Y, COCTOAMYK K3 (N,—1)X
X (N;—1) ypaBHeHHii B CTOJBRUX K€ [eH3BECTHBIX.

2. Kanounuecknii Bup pasnocthoro ypasuenus, [as ganbHedltero
HCCITEAOBaHHA yROoOHO sanucaTth ypaBHeHue (3) B BHAE, pa3petIeHHOM
OTHOCHTENBHO Yy, a TOYHEE B BHje

2 9 My, ;o Yo Yeint oo
pﬁ+—jmp= s Ty g Fein T 4 ()
h‘& ] h% hﬂ

1 z 2

1

\

Of6osHauuM uepes x TOYKY x,; — USHTPANBHYIO TOUKY Mma6JoHa, HA KO-
TOPOM anfMpoKCHMHpyeTcs ypasnenne (1), a uepes [ (x) — Bech ator
WalJoH, T. €. COBOKYNMHOCTb NSTH TOYEK Xy Yoy, Xise; Hazosem
OKPECTHOCTo!0 TOUKU X N 0603naunM yepes L' (x) Bce Touxkn wabnoua
i{x) 2a unckaouenneM TOYKH x, T. e. Ol (x) — 310 nereipe TOURHM
Xigr s Xiger. 1OrA@ ypaBHenue {5) MOMNKHO 3aNHCATh B BHAC

Ayw= D BxBy®+F (v, )

S (x)

rie kospduunentut A(x), B(x, &) u npasan uacts F(x) onpexenennt
cAenyKM ofpa3om:

2 I
AW=242, B, mam) =,
h2 2 h'Z
L 23 1
0y
1
Bx, xi.f=1)='-‘hf2—. F (%) == f (x.).
3
O6patum BRUManne Ha cBoficTBA 3THX koaddpuuHeHTOB: A (x) >0,

B(x,8)>0, Ax)= D Bix, E). 3amuch pa3HOCTHOro ypaBHeHus
gt x)
B Bune (6) HaswlBaeTca xamonuwecxo gopmol pasHocTrNO20 Ypasue-
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run. OHa MPHMEHHMa He TOABKO K ypasHeHHI0 (D), 10 H K JiodoMy
JHHEHHOMY PasHOCTHOMY YpaBHeHuIO. Pasymeercd, B KaKAOM KOH-
KpeTHOM Cay4ae HeoGxoAumo 3aAaTh MuoxectBa [Uf'(x) # onpeaeantsh
Kosdduunedts A(x), B{x, &) 1 npaeyo 4actb F(x). '

YpaeHelne (6) ompefefeHo NPH X, T. €. TONBKO BO BHYTPEHHHX
Toukax ceTkH 2. [MosToMy K Hemy Tpefyerca L00aBHTb emle TPaHHY-
Hule VCI0BHA (4). 3aMeTHM, OJHAKO, YTC €cllH NPH XEy CHHTATH
HI’(x} TNycTRIM MHOXeCTBOM, TO ypaeHeHde (6) npuHHMaeT BHA
A(x)y(x)=F(x), x=vy, n npeacrasndaer coboit 3anucb rPAHHYHBIX YC-
aoBal y{x)=p(x) npu x=y, npruuem F(x)=A(x)n(x).

Urak, pasHocTHylo cxemy (3), (4) MOXHO 3amicaTk B BHJE CHCTe-
Mbl ypaBHeRH (6), rle x npoberaer Bce MAOKeCTBO 2. Bo Beex BHYT-
PEHHUX TOYKAX ¥& BBIOJHAIOTCA YCAOBHA

Alx)>0, B(x,&)>0 ans seex g’ (x), 8)
A= 2 B(x5.
EsH (X

B rpauuunbix Toukax xey Mmeem [’ (x) — mycToe MHOXKeCTBO R
Alx)>0.

B caeaywuiem naparpade M3yyamwTces cBoficTBa ofulell PA3HOCTHOMN
cxeMbl (6) 6€30THOCHTEILHO K KOHKPETHOMY BHAY €e K03(HUHEeHTOB,
BaA<HG JHLIb, YTOGH BHLIMOJAHAANCH YCaoBHA, anadornysbie (8). Toay-
yeHIBIE BBIBOAL OKAKETCA BO3IMOMKHBIM TIPHMEHHTb HE TOJNBKO X pa3-
HocTHOU cxeMe (3), (4), HO H K 6oJee UIMPOKHM KMaccaM pasHOCTHBIX
cxeM.

§ 2. (IpHHUKHN MAKCHMYMA AJSE PAIHOCTHLIX CXEM.
OCHOBHbDIE TEOPEMBI

I. UcxoaHeie npexnonoxenus. B npenpiymem naparpadge wa npu-
Mepe ypaBHenus [lyaccona 6msia BBeaeHA KaHOHM¥eckas ¢opMma 3a-
THCH Pa3HOCTHOM CXEMEL

Agm= 2 B Hy®+Fl), x=Q ()

Eelit(x)

TMoacaum Tenepb, Kak clefyeT NOHAMAaTh YpaBhenne (1) B ofuiem
cnyqae, [TycTb B #-MepHOM €BKJAHAOBOM NPOCTPAHCTBE 3aLaH0 KOHEH-
HOe MHOMKecTBO TOYeK — ceTKa Q. Kampuofl Touke x&f£2 COMOCTABHM
OOMH H TOAbKO oOHH wabmon ff{x)} — nioboe moaMHOXKecTBC L, cO-
gepauiee AaHHYIO TOUKY Xx. OKPeCTHOCTHIO TOUKHM X HA30BEM MHOME-
cto Ll {(x)=II{x)\ {x}. 3ameTHM, 9T LI’ (x) MOMeT GHTL H MyCTHIM
MHoxecTBOM. [lycTh sananm ¢yukuud A(x), B(x, E), F(x), onpese-
JeHHble TIpH HI00HX YEQ, EE B NPHHHMAIOLHE BelleCTBEHHbIe 3Ha-
gerns. [ladee, Kaxaoll ToOUKe x&L) COOTHOCHTCH OAHO H TOJBKO OLHO
ypaBuexne Buaa (1), B KOTOPOM y{x) — HCKOMaA ceTouHas (YHKUHA,
B pesvabrate MojyyaeM CHCTEMY JHHEHHHX alareGpaHuecknX ypaBHe-
HEfi € 4HCTIOM VPaBHEHHN, PABHBLIM UMCJY HEH3BEeCTHBIX. DTy CHCTEMY
ypasteHuil u 6yleM Ha3bIBAaThb PA3HOCTHOIN CXeMoif.
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Beeaem monaTtue cpasnoit cetkn. Cerky Q GyfeM Ha3ulBaTh C8A3-
HOi} CeTKOH, ecqti Aas M0GHX ABYX €€ Y3/0B K, X, TAKHX, 4TO MO Kpaii-

Heil Mepe OAHH H3 Y3/I0B HMeeT HeNyCTYIO OKPeCTHOCTh, CYIecTBYeT Ta-
KOoe MROXKECTBO Y3JoB £,&Q, i=1, 2, ...
ooy m, uto X, &1 (%), xoell'(x,), ...
ey Xm&EI ($ny), XS (xm), T. €.
KaXAB HOCAAYHOWH y3en MpHRAaAIe- ;
AMHUT OKPECTHOCTH Npefslayluero. Anano- .
rHYHBIM 06pa30M onpeaedsieTcst TOHAT:E Lo
CBSI3HOCTH MI0GOro NoAMHOMKecTBa H3 L.
Haraapusiii cMblc Tpe0OBaHAS CBA3HO-
CTH COCTOHT B TOM, 4TOOH OT A1060r0 y3na .
X,=Q MOXKHO Oblio nepeiiTH K J06OMY 3
APYTOMY Y31y X, =K, NoJib3yach TOJNBKG 1
3aJaHHBIMH WaGToHaMH. '
Ha pnc. 13 asofpames npumep ce- _
TOYHOW 0GAACTH, HE ABAAIOIIEHCA CBA3- Puc. 13, Hecenianan cerxa
HOW (WwalloH NpeAnosaraeres MATHTY-
YEYHLIM, TAKHM, Kax Tpd anmpokcHMauuu ypabueHns [lyaccona}.
Onpenenum ceTounblit onepartop L GopmynaMu

Ly(x) = A(x) y (x) — § B, Hy® @
=V AR
H o0o3HaunM
D(x)=A(x)~— D B (3)
k=t ()

Torza 3agauy (1) MOXHO 3anncaTh B BHOe
Ly(x)=F(x), =x=Q. (4)

3amMeTHM, 4TO Buipaxenue Ly(x) MOXNHO NpeJCTAaBUTL TakKiKe B BHAE

Ly)=D(xg®+ X B HE®—yE).

i)

Byaem roBOpHTh, 4TO B TOUKe X! BHINOAHEHH HCAQSUA ROAOHU-
TEALHOCTH KOIPPULiLeHTOS, €CTH

A{x)>0, B(x,t)>0 ana Beex (=i’ (x), D(x)=0. (5)

2. TiprHUMN MAKCHMYMA H ¢ro caeAcTBHg. CopMyaupyeM Teneph
OCHOBHYIO TeopeMy HacToswmerc naparpada {cM. [33]). Hapany c cer-
KOl Q 6yleM paccMaTpHBaTb Kagoe-iub0 €e NOJIMHOXKECTBO © H
0603HaAYHM

o= 1) Ul
x=a

Has warnsaaHocTn wuTaTeab MOXKET NpelcTaBUTR cebe, uto Q — 310
ceTKa, Beedennaa B § | npn annpokcuMauwd ypasHeuns [lyaccona B
NPAMOYTOJbHHKE, a » — MHOMXECTBO €e BHYTpeHHHX y340B. QueBuaHo,
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4To npit 3ToM @w=L. B ofillem xe ciaydae tpedycmble CBONCTBA MHO-
HKecTB €2 U @ CHOPMYJHPOBAHB B MPHBEIEHHOIN HHXKe TeopeMe. 3ame-
THM, UTO B 5TOH Teopeme QyHKuUus y{x} He o0g3apa ABAATBHCHA peuie-
HHeM 3ajaun (4), HCNOML3YIOTCA TOABKO CBOficTBA onepaTtopa L.
Teopema | (opuuunn MakcHuMyMa). flycre cerka Q u
€e NOOMHONCECTBO @ ABAAIOTCA COR3NbIMHU, nputem w=Q. [lycte 8 o
BBINOANEHOL YCAOBUA ROAOXUTeRbHOCTH Ko3pduyuentoa (5). Tozda,

ecau pyriyun y(x), sadannans Ka §, Re AB.196TCR NOCTOAKHON RA © Ut
Ly(x) =0 npu scex x=w (6)

(2ubo Ly(x) =0 npu scex xEwn), 10 Y(X) HE MONKET NPUHUMATY HaU-
00.16e20 NOADIUTEI6H02Q (COOTBCTCTAEHAO HAUMEHOILESD OTPUYA-
TEABKOCO) BHAYEHUN HA W Cpedu 8cex ee SHaYeHuld Ha w.
JdorkazateascTro. [lycth BHNOJHeHD yolaoeue {6). Byaem ao-
Ka3biBaTh TEQPEMY OT NpPOTHBHOTO., JONMyCTHM, 4To B TOUKE X ,Sw
dyrkousg y(x) npuHHMaeT HaubOJabUIEE NOJOKHTENbHOE 3HAYEHHE,
T. €.
¥ (o) = max g (x) 3> 0. Y

pi=10]

B =Tofl TOuKe BEIpaKeRHe

Ly =Dy k) + D Bix, By lx) —g &) 8

B (k)

HeoTpuuaTeaso. HefictBuTenbHo, corjacHo yciaoBuam (5) W npeano-
noxwennio (7) umeeM D(x,) 220, y(xe) >0, B(x,, 8) >0, y(x)=y(8),
Tak u4To Ly(x,) =0. C apyroii cropoHsl, U3 yCaoBua (6) chaeayer, uto
Ly(x,}) =<<0. Takum oBpasoM, ecau BHIMONHeHO (7) B TOUKE X, =, TO
Ly (x)=0. Ho Toraa, yuuTHIBasi HEOTPHUATEALHOCTb BCEK CJaraeMbixX
npaBoil yacTH BeIpaxeHus (8), HOAyYHM

D(x)y(x)=0, B(x, &) (y(x)—y(£))=0, t=lll'(x,).

Orcioaa, 8 cHay npeamodcKenus y{x,) >0 H ycnosus B(x, E)>>0
caeayer
y(8)=y(x,) nas Beex =Ll (x,). 9

Danee, nockoibky y(x)s=const B @, Railzerca Touka X, o,

B KOTOPOIl (x9) <<y (x,). H3 nmpeano/ioxeHus o CBAIHOCTH CETKH ©
BEITEKAET CYLIECTBOBAHUE CHCTEMbl Y3JI0B X, X3, ..., ¥m, NpHHALJIEXKA-
IWHX & H YAOBACTBOPAIOLIHX YCAOBHAM

sl (x), x,all'{x), ..., sl (x._),
X €2 [ (%),
M3 veaosua (7) u 1okazarroro ceoficTea (9) nonyuaem g(x,)=y(x,).

Cnenoearenbﬂo, OTHOCHTEJIBHO TOUKH X, MOMXKHO NOBTOPHTE BCe Mnpe-
AbLAVIIHE PACCYXACHHR H A0KA3aTb, 4YTO

4 (2)=y{x,) pns seex gl (x,).
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AHATOTHYHO JOKAWeM, UTG
ylx)=yx)=.. . =y(x.)=y(x).
QueHHM BeJHUNHY

Ly (xm) =D (xm) Y (xrn} + >_1| B (xm, %) (y (xm) — Yy (E))

E=iil ey

Hs yeaosuit (5), paBenctBa y(x.) =y{x,) w npeanoagxenus (7) no-
JNyqyaeM CTporoe HepaBeticTBo

Ly (xm) 22 B (xm, x0) (g {0) — ¥ (x0)) >0,

KOTOpOe NpOTHBOPEeUrT yoiosuio (6). Takum ofpazom, ponywenne (7)
megepro. Cayuak, koria Ly(x)=0, A% BCeX X&m CBOAHTCA K pac-
CMOTpEHHOMY CAY4al NyTeM 3aMmenbl y Ha —y. Teopema | 1oKazana.

3amevaHnue [lpunuum MakcHMyMa OCTaeTcd crpaBeliHBHM H
E ToM caAyyae, Koraa o= [Ilpeanoraraercas npu 3ToM, uTO

o= ) U(x)=0. B nanpuefimem, He croBapHeag 3710 ocabo, GyaeMm
=u

CUHTATH CETKY & CBA3HOM.
CaneacrBue |. Ecau npu acex x=Q
a) BBINOANENDL YCAOBUA NONONKUTEALROCTU KodhPuyuenroa (5),
6) Ly(x)<<O(Ly(x)=0), u natiderca xora Gor odun yzea x,=Q,
B KOTOPOM

D{x)>0, xeQ, (10)

70 y(x) <<0(y{x) =0) 011 scex x=Q.

OKasartedabcTso. Ecaw y(x)s5const npu x=Q, 1o yreepmx-
AReHHe CaAeAyeT H3 NpHHUKOA MakcHMyMa. IeficTBHTeNBHO, npeinosa-
raa, yto y{x)>>0 xota 6Bl B OLHOH TOUKe XL, MBI A0NYCKaeM Cyuie-
CTBOBaHHE B  NONOKHTENBHOTO MaKCHMyMa GYRKUKHN y(X), 4To nipo-
THBODEYAT DpHHUMNY MakcHMyMa. Ecau y(x)=const npu x=Q, 10 B
TOUKE X,, 474 KoTopoil D (x,) >0, nMeem

Ly(x)=D(xdy(x)+ D By 8y (x) —y E) =D (20 y(x) < 0,

Bl tny)

OTKYAa HoAyuHM y(x) =y{x,) <0
Toyky x=( HasoRem ezpawuumod Touxod, ecjiH IV (x) — nyctoe

MHoxecTBO, ' (x)=(J. Ecan cerka Q copepXuT X0Ta 6u 0IHY rpa-
HHYHYIO TOYKY X,, TO

Dixg=A)— 2 B H=A(x)>0
fedlix,)

H MOXKHO NPHMERATH CAeacTBHe 1.

Teneps MBI yXe B cOcTOSHHU chOPMYNHPOBATE ACCTATOMRBIE ycao-
BHAl OJIHOZNAYHONH pa3peitnMocTH 3axaun (1),

Crnencrene 2. Illycrs xospuyuentor oneparopa L ydoarerao-
pawr yeaosuam (0) npu xaxwdom x=Q u yeaoguro (10). Toeda 2ada-
ya (1) umeer eduncraennoe pewsnue.
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HokazaTenbcTBo. PaHee ormeyanoch, uto 3afaua (1) npea-
crapaser coBofl cHoTeMy JuHefddbix anrebpandeckux ypaBHeHkH, B Ko-
TOPOi uHC/O YpaBHeHHA paBHO uMcAy wenspecTHuX. [losTomy apocra-
TOYHO TMOKAa3aTh, YTO OAHOPOAHOe ypasheHHe Ly(x)=0, x&Q, nmeer
TOMABKO TpHBHaabHoe peitedne y(x) =0. Iockoneky ycnosus Ly(x) z=
=0 u Ly{x)<{0 B 1aHHOM c/Jyyae BBHINONHEHB], M3 CJeACTBHA | 3a-
KJI0YaeM, UTO B Ka 10#l 10UKe xe=£} 0JHOBPEMEHHO BHIMOJHAITCA He-
paeeHctBa y{x) =0 1 y(x)<<0. Ho 370 cupaBeanuBo AHWDL TOTAQ,
koraa y(x) =0 Ha Q.

[peaocTaBasieM YHTATENK) BO3MOMNKHOCTD CaMOCTOATeNbHO yhe-
AHTLCA B TOM, YTO PA3HOCTHAA cXeMa, ANNPOKCHMHPYOAd 3alavy
HOupuxne aas ypabHenus [lyaccona (eM. § |}, yaoBJAeTBOpAeT BCEM
yCNOBHAM TeOpeMbl | K ee c/eACTBHi M TeM CaMbIM HMeeT eAHHCTBEH-
Hoe pewetne. Oasa Toro uTo6bl A0Ka3aTh HEMPEPHIBHYK) 3aBHCHMOCTD
pements oT MpaBoil YacTH H OT FPAHAYHHX YCAOBHI, NOMyYEHHOH Teo-
pembl HeaocTaTouHo, JlokaXeM ele HeCKOJbKO YTBEpMAEHHH, caeaywo-
KX H3 TPHHUKTA MaKCHMYMa.

3. Teopema cpaBHeHHA. YCTORYHROCTH NO FPAHHYIHBIM YCJIOBAAIM.
Hapsay c 3anaveil (4) paccMOTpHM sajauvy

LY ()=F (v}, x=¢g, (11

OTMHyaloULylocs oT (4) mpaBofl HacTbio.

Teopema 2 (teopeMma cpaBunenun). [flycto npu acex
XEQ 8BINOAHEHDL YCAOBUA NOAONCUTEAbHOCTIL Ko3dduyuenTos (D) u
soinoaneno yeaosue (10). Toeda, ecau

| F ()| <<F (x) dan acex x=Q,

10 |y (X} | <Y (x) das ecex x=Q.
HNorkasateabvctno. Jlas dypruuit v{x)=Y (x)4y(x) n w{x)=
=Y (x)—y{x) nMeem
Lot)=F () +F(®) =20, Lo(x)=F@x—F{x=0.
Cornacuo cineacteuio 1 umeem v{x) =0, w(x) =0, T. e.
—Y{x) gy(x) <Y (v),
yto W TpeSoBasoCh.

CohopMynupyeM TepByld KpaeByl 3ajgauy AAR ypaBHerus (l).
IlycTs ¢ — MHOMECTBO FPAHHUHBIX TOYEK CeTKH &, T. €. TOueK x=§L, a9
kotopuix ' (x)=(J. MHOXeCTBO TOYEK CEeTKH ), He ABMAIUIHXCR Tpa-
HHYHBIMH, HA30BEM MHOXKECTBOM BHYTPEHHHX Y3M0B H 0G03HAYHM uepes
. Takum ofpaszoM, Q=wlJy. B rpannunoM ysie xey ypaBrenne {l)

NPHHHMART BUI
A y(x)=F(x)

y{x)=u(x), (12)

rae p{x)=F(x)/A(x) — 2ananuasn ¢yHkuna. [Nepsas KpaeBas 3azaua
COCTONT B TOM, YTOOGHI HAUTH CEeTOUHYIO ¢yHEOWIO y(X), YIOBAETBO-
psiowyw ypaBHeRwio (1) Opy xEow u ycnoshio (12) npw xe=y. Yke
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OTMEUanoch, YTO MPH YCJOBHAX Teopembl | nepBas KpaeBas 3ajlada
HMeeT eAHHCTBEHHOE PetlieHHE.

[TepegopmyaupyeM TeopeMy CpaBHeHHs Ha caydalk nepsoli kpae-
pofi 3af449H.

Pacemorpum dee sadanu:

Ly()y=Fx), xSao; yy=px), x=9, (13)
LY =F@), x=a0; Y{x=pk), x=7y. (14)
Ecau npu xEo eoinoanenst ycaosus (D) u

[F@I<F&), r=o, |p@|<p®, xr=7,

TO
|y (x) | <Y (x) npu scex xe=Q.

Dynkunsa Y{x}), gurypupyiowaa s TeopeMme cpabBHeHuA, Ha3bBaeTCA
MONCOPAHTHOL GyrKyued 1Na pewenua y(x} 3anaan (4). Oaa noay-
YeHHA OLeHKH pelleHns y(x) oObYHO CTPOAT BCMOMOTATENBHYW 3214-
gy (11) uan (14) Tak, 4Tobel MOXKNO GHJIO JETKO 1alTH €€ pelieHne
Y{x) v 3aTeM npuMeHAIOT TEOPEMY CPaBHEHHA.

Teopema cpaBHEHHSI MO3BOJAET JErKo N0KA3aTh YCTOAYHBOCTHL pe-
WEeHHS NepBOA KpaeBoil 3a1a9H MO FpallyHbIM YcaoBHAM. PaceMoTpum
ofHOpoaHOe ypaBHeHHe (13) ¢ HeQNHOPOAHLIM TPAHWUHEIM YCJAOBHEM

Ly(x)=0, x=w; ylx)=pl(x), x=y. (15)
Craegcteune 3 (YCTOHYHMBOCTbL MO TPAHHYHHM YycC-

noBHaM), MHycte npu x=w sotnoaxenst ycaosus (5). Tozda dan
pewenua 3adaqy (13) cnpasedausa oyexxa

max |y {x) | <" max|p (x}|. {16)
= x=v

dokasatearctso. Hapany c zanavefi (15) pacemoTpum 3a-
naay
LY(x}=0, x=w; Y{(x)=a, xev, (17}

rae c=max |p(x)|. Bce ycnoBHa TeopeMbl CpaBHeHHA BHINOJHEHH,

ey

noatoMy |y(x) | =Y (x).

Hanee, aaa ¢pynruun v(x) =Y (x) uMeeM

Lv{x)=La—LY(x)=La=D{x)u=0

H 2(x)=0 npH x&@ U, cOTIACHO CleJCTBAIO |, monyuuM v(x) =20, T. €.
Y (x) <C«. Ho Torza npu scex x&Q uMeem |y(x) ] <<V (%) <a, otkyna
H cnenyert (16).

4. NMpumepnt. TlpyBeseM HECKONBKO NPOCTHIX NPUMEPOE.

[Tpumep 1. PaccmoTprm 3amauy

W i{x)=—f(x), 0<x<l, w({®)=0, u(l)=0.

[To awanornm ¢ § 2 ra. 1 NOCTPOHM Pa3HOCTHYIO CXEMY BTOpOro
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nopAdKa annmpoOKCHMALHN

Yoeu=—f(x), i=1,2, ..., N—1, —g:.0=0,50f,, yn =0. (18}
3anuuiem cxemy (18) B KRHOHHYECKOM RBH/Ie:

2
ytl:yl + 0!5!12}:0' Y =0'5 (9’:‘—1 +y5+1) + ‘%"ff) i= l! 2. ey N— l'
Yn =0,

CeTka Q cocTout 3 yaaos x,=if, i=0,1,...,N, u umeeT onuy rpa-
HHUNYIO TOUKY x=Xy. Okpecrrocts [I’{x,) y3aa x, COCTOHNT U3 OAHOrO
y3aa x=yx,. OkpectHocts I/ (%) yana x, npn i=1,2,...,N—1 cocro-
HT H3 ABYX Y3JIOB Xy, X4y CeTKa, OUeBHAHO, ABAALTCA cBA3HOH. CRO-
CTBA  NDJIOMHTEIBHOCTH KO3 pHUHeHTOB (5) BHIMOJHEHH, TNpHYEM
D(x)=0 npu i=1,2,...,N—1, D(xy)=A(xy)=1. Tarum abpasoM,
K PA3HOCTHOH cxeMe (18) MOMKHO NMPUMEHATb MPHHUHN MAaKCHMYMA H
ero CAeACTBHA.
MMpumep 2. Ina ypaerenus

W (x)=—f(x}, O<x<l, u'(0)=u'(1)=0 {19)
CTPOHTCA DA3HOCTHAA cxeMa
Yivi=—f(x), =12 ..., N—1,
(20)

_yx.ﬂ =O’5hfor y;.N == 0,5th.
Kanonuueckni BH 3TOH CcXeMBEl

Yo=1,+ 0,5h%f,, yi=0'5(y!'—i+yl‘+l)+0t5hzfﬁ
l':= 1, 2, vvey N‘—l, yﬁ'=y”_1+0,5hzfu.

OKpecTHOCTH Y3J10B X,, Xy CETKH @ COCTOAT Kax/1asd M3 OLKOTO yaia,
a OKPEeCTHOCTH TOWeK X, i=1,2,...,N—1,— u3 nsyx yaaos. I'pannu-
HBIX TOYEK ceTKa He HMeer. Yeaosua A{x) >0, B(x, £) >0, D(x)=0
BHNOJIHEHBl B KAa¥NOH TO4Ke ceTKd. HeT HH oaHoH TOYKH ¥, ceTKM Q,
B KOTOPO# BHINOMHANOCH 6bl cTporoe HepaBeHcTBO D (Xx,) >0. [TosTomy
HeJb351 NPHUMEHATH CMEACTBHA | W 2 U YTBepKAaThb 0 CYIHECTBOBAHHH
H SINHCTBEHHOCTH peledus 3anauu (20). M neitcteuTebHO, pelrenne
3afavn (20) (7aKk e KaK H HcxoAROA nudpepeHumanbHoii sanauu
(19)) He eABHCTBEHHO: HAPFAY C y(X) pelieHHeM ABATLTCH PYHKUHA
v{x) =y{x)+a, rne a — A06as NOCTOAHHAS.

§ 3. 1oKA34TENLCTBO YCTONYHBOCTH
N CXOAMMOCTH Pa3HOCTHOM 3anaum Jluprxae
ana ypasHenna lyaccona

1. ¥YcrolunBocTs no rpanuunbiM ycnosuam. B § | paccMaTpHBanach
3ajaya dupuxae naa ypasrenna [Tyaccowa

Py P
af" Eg=_f(xls xz)' x=(x17 x?)EG;

u{xy=p(x), xer, ()
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8 npaMoyronbHUKe (G={0<x, <!, 0<x,<l,} ¢ rpaHnnedt I. Bouoa Bee
AeHa ceTHa

Q={xff=(xi| xi)t i=0,1,... + N],’i=0: lt ey N2}n

rae x, = ih,, x£=jhz, ho=1,/N,, h,=1,/N,, n nocrpoena pasHocTHad
cXeMa BTOPOTO MOPAAKA ANBPOKCHMAIHH

be\'ni! + y;:-fz-ff = fﬁ’ Xij = o,

(2)

Yo =4, X)), xge=1.

3aech © — MHOXKECTRO BHYTPEHHHX Y3MNOB CETKH Q n { — MHOZKECTBO
FPpAHHYHBIX ¥3J108B!

o={um=0x) =12 .., N—1j=12 ..., N,—1},
N1 Ny=1
v={xof. xN.,«}. U {Xm, xw,}
=1
PaznocTHas cxeMa (2) DPHBOLHTCA K KAHOHHYECKOMY BHAY

A(x)y(x)=€§ B, Dy® + F (), =0, (3)
=" {x)
)

i=1

y(x)=nlx), x&y,
rae Ana x=x;Sw OKpecTnocTh [If(x) cocToHT W3 uermpex ysnos
Kegi g Xige H
(

A=+ Bloxa) =1, Brnm)=1r, 6
Fx)=f(x).
O6o3nayas, Kak H paHee,
LWy@=A0y— 2 Bby®,
sanniem 3afaudy (3), (4) B BHAe
Ly ()=F(x), xS0, y(x)=p(x), xey. (6)

B uacrosmem maparpade Gyaer monyyeHa oleHKa pelleHHs 3ana-
up (2) uepes npaBylo 9acTh [ H FpaHHYHBIE YCAOBHS p, 0O3Hauaollas
YCTOMYHBOCTh 3TOH 3anayH, H 6yaeT nokaszaHo, YyTo npH k,—-0, h,—0
HOPMA MOrPelHOCTH

,’y_u"qg} =f§gxly(x)_u(x”

cTpeMuTcea K Hynw. TeM caMbiM GyaeT noKas3aHa CXOAHMOCTh pasHocrt-
HOfl cXeMml.

3anuwewm 3anauy (2) B Bufe (6) W npeacramum ee pemenne y(x)
B BUle cyMMH y(x)=F(x)+5(x), rae §(x) — pemwenne oAHOPOAHOTO
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ypaBHEHHﬂ C HEO,&HOPOILHHM l‘pal-lI{LlllbIM }’C.J'IOBHGMZ
Ly =0, rx=e, FE®=pK), =y, (7

H F(x) — peilenne HEOIHOPOLHOTO YPABHEHHA C OAHOPOAHLIM FpAniy-
HbIM YCMOBHEM: _
Ly(ny=F(x), xS0, y)=0, x&. (8)

Ormernm, yTo 449 3afaun (6) BHNOOJHIKTCA BCE YCNOBHS NPHHIN-
Na MakCHMyMa, TI03TOMY MOMHO BOCNOJBL30BATbCA pedyabraTamn § 2.
B uactHocTy, k 3agave (7) MOXHO NPpHMEHHTH caeacTBhe 3 H3 § 2, Ko-
TOpOe MPHBOLHT K OLIEHKE

|| gUC(Q) g || !"’ L;nr]! (9)

rae
Hy"(:(g) =E:Eaﬂx | Y (x} |, ” p "C(»p) =Igix | [ (x) l

2. YCTOAYHBOCTL NO NPABOH HACTH H CXOAMMOCTb. OlEHHTL pewe-
HHE HeOJROPOAHOTO ypaeHeuHdA (8), MOAb3YACh TONLKO pe3yabTaTaMH
§ 2, HeBO3MOXHO. ONHAKO MOMHO JAErKO MOCTPOHTH MaKOPARTHYIO
QYHKUHIO 479 pellends 3agaun (8) M NPHMEHUTb 3aTeM TeOPEMy
cpaBHeHus. PaccMOTpHM QYHKUHIO

Y(O=K{I+ 86— x—x), (10)

rie K — noKa NpoHsBONbHAS NONOMKHTENbHAS NOCTORANHAH, a [, & —
AJTHNBL CTOPOH MpAMoyroabiika G. flcho, uto Y{(x) =20 npu scex x=Q.
Q6o3Hauum

Dxy=A(®)— D B(x,5

=1 (x)
H BBIYHCIUM BBIPAXEHHE
LY@ =DWY®+ 2 BERHY®-Y @)
teui 1)
a5 pyHkiuHn (10) B n106oit Touke x=w. 3aMeTRM, uTO NO TOCTPOLHUIO

LY () = — Yf‘f—le — Yx_,x,'
Kpome toro, ans ¢yHkuun (10) enpaBeasnBel papeHcTBa
ay #*Y
x_.x._?,;l!=_2K’ sztu‘_—'-a=——2k’

Taxum obpasom, LY (x)=4K u MOXHO cyHTaTb, 4TO GYHKUKA ¥ (x)
ABNAETCA pellellHeM Kpaeroil 3ana4u

LY(X)=F(x), t=ao, Y{@=nx, 1=y, (11

rae F(x)=4K u p{x) >0 — anagenne byuxuny (10) npn xey. Ecan
MOJOXKHTD

|
KZI"F]L‘W)’
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TO MO OTHOUEHHIO K 3agauaM (8), (11) 6yayT BHNOJHERH Bee yC10BHA
TeopeMbl CPaBHEHHA (CM. aHadorxunbie sajauu (13), (14) B § 2). Hs
TEOPEMEl CPABHEHHA CAEAYeT OIleHKa

19100 <max¥ <K@+ L)

OTcion2, yIHTHBAA BHGOP KOHCTaHTH K, noayumm

- 044

Wz nepaeencTea TpeyroabHHKa H oueHok (9), (12) creaver oueH-
Ka pellleHHa 3anaun (2)

B

"y"C(QJ = —4__ “f HC(@) + "”‘ "C(‘r’)' {1 3)

[ocKoNMbKY KOHCTaNTH, BXOAAWHe B oueHky (13}, He zaBHCAT oT
LIaroB CeTKH h, M h,;, laHHaR OUeHKa BeIpamaeT coboifl yCTOHMHBOCTh
Pa3HOCTHOH CXeMbl MO NPAaBOH 4acTH f M NMO MPaHHUHBIM YCAOBHAM .
OrmeTHM reoMeTpuueckuii cmbica kouctautht ff + [ — 310 KBappat
AMaMetrpa obaacte G.

Tem caMbIM NOJAHOCTBIO AOKa3aHAa KOPPEKTHOCTH (OGARO3HAYHASA
pPa3peIlHMOCTL M YCTOHYHBOCTD) pasHocTHo# cxeMbl (2). [Nepelizem Te-
nepb K HCCAEROBAHMIO CXOAHMOCTH PasHOCTHON CXeMHl H K OugHKaM
TIOFPeIIHOCTH.,

O6o3HaunM 2,=y,;— u(xi, xi), rae y; — pellledye pasnocTHoil 3a-
nawn (2) u u(x, x;) — pewerne ucxofnodl auddepenunanbHoil sana-
u (1). IMoncrasnas y,=z,;+u,; B ypaBHedre (2), NoayyuMm, uTo nO-
CPeIIHOCTh YAOBJETBOPALT YPaBHEHUIO

T T imn g =— Vi X E o,

(14}

2=0, xy=v,
rae Yy =ug, ., iz, [y — norpentrocte  annpokcuMauHu  Ha
petiennn 3anaun (1). Ecnn uetBepTHe NpoH3BoANKE peuieHust u(x,, ¥,)
OTPaHHYEHBl, To MOTPEIIHOCTh ANMNPOKCHMALHH fBJAETCH BeAHYHHON

BTOPOTro NOPAAKA MAJOCTH OTHOCHTENLHO h=(hf—l—h§)"’, T. €. Cylle-
CTBYeT Nocrofivnas M,, me aaBucAmasn ot i, u h, ¥ Takad, 4To

¥ |y <5 My (B3 4 R2). (15)

3ameTuM, uTo 321aua (14) OTJHYAETCA OT PA3HOCTHONH cxeMbl (2)
TOJIBKO NPABBIMKE YacTAMH B OCHOBHOM YPAaBHEHHH ¥ B IPaHHYHHIX yc-
Aoenax. [lostoMy nas pewenus sazauw (14) cnpasepnnsa oleHKa,
a"aaorvunan (13), a RMeHHO oneHKa

I'é + 1‘2
kg < b1 k.
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Otciona n u3 (15) noayuaem HepaBeRCTBO
|2l oy < Mo (Y + 13), (16)

rae M,=025M, (i + £} — nocTosinnas, He 3aBHCAWAR OT v k.. H3
oueHrd (16) n caeayer, uto cxema (2) CXOAHTCA H HMeeT BTOpOfl no-
PALOK TCYHOCTH,

§ 4. Mpumepwt ipUMEReANa NPUHLMNA MAKCHMYMA

B stom naparpacde Synem paccMmarpueate Pa3HOCTHBIE YpaBHEHHA
Ly{x)=F(x), x=Q, (1)

roe
Ly)=Amyx— 23 BxHy), 2

E=H(x)

NpuyeM onepatop L yAOBAETBOPART YCAOBHIO NOJOKHTENBHOCTH KO-
dunventor
A{x)>0, B(x,b >0, Dx)=A(x)— 2 B(x,5)=0. (3)
gl (x)

Jluuelinoifi onmepaTop L HasbiBAETCA MONOTOHHBIM oneparopos,
€CJIH H3 ycloBHA Ly(x) =0 ana Beex xe&=Q creayer, wto y(x) =0 aan
Beex x=Q. [loaToMy pasHOCTHEIE CXEMBI, YAOBAETBOPAIOLINE npl BCex
x5 yenosnaM (3), HA3HBAIOTCH MOHOTORHOIMI PASHOCTHBIMY ¢XeMA-
Mit. CXeMBI, AMA KOTOPHIX YCoBHA (3) He BHINOJHEHH XOTH 6b B O1-
HOH TOUKE X&Q, 11a3BIBAIOTCA HEMOHOTOHKBIMIL,

B § 2 6ui10 nokasauo, uto ycaoBus (3) obecneyuBaloT MOHOTOH-
HOCTb onepartopa L, BHINOJHeHHE TPHHINGA MAaKCHMYMa H KOppeKT-
HOCTb pastiocTHON 3anauu (1) B ceTounoh HopMe C:

19 Loy = max |y (x)|.

Pazymeertcs, o1cioa He caenyer, 4To HEMOHOTOHHAS cXxeMa o6saa-
TeAbHO HekoppekTHa. [lonyepkueM, UTo BMAOOHEHHE YCAOBUA (3) (Ha-
PALY ¢ ADYTHMHU YCJIOBHAMH, CHOPMYJIHPOBAHHBIME B TEOpEMax H3 § 2)
ABNSETCSA AOCTATOYHBIM YCJAOBHEM KOPPEKTHOCTH,

[IpiBeseM HeCcKOJIbKO NMPHMEPOE MOHOTOHHHX PA3HOCTHBIX CXeM
AJA HeCTALUHOHAPHBIX VpaBHenit.

[Ipumep 1. PaccmMoTpnMm cxembl ¢ BecaMH As YPpaBHEHHUS TenIQ-
TPOBOIHOCTH

A il

a e’

u(x, 0)=uy(x), w0, )=p. (), ull,f)=p,(t).

3TH cxeMbl NOAPOSHO BEUTHCHIBARUCD B § 4 n3 ra. 1 (cm. cxemy (15)
npu ¢ =0 u3 § 4 ra. 1), HO3TOMY Ml He Oyzem (opMyJIHpoBaThb
Pa3HOCTHYIO 3347184y B TNOJMHOH MOCTAHOBKE, a DPHBEIEM TOJIBKO OIHC
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ypaBHeHHe
el __ gt

i; i +
—= cry;ixf‘, +(l—a) ygm. (5)

Halinem, npn kakux 3HauenHaX NapaMeTpos T, A, ¢ cxeMa (5) Gy-
AeT MoHoToHioH, HUTob6w 3annucate ypaswenune (5) B Buze (1}, (2),

paspelinm ero otHocHTeNbHO g . Toraa noJyuaM ypaBHerHe

=oy(in — 20" vt + (1 — o)y (Wha — 247 + ) + oF,
w=1/i*

i+l

Y

HJH

(1 + 2yt =
=(1=2(0 — o)Wy + oy i + 42) + 0 — o)y (Wi +4).  (6)

Otciona BHANO, YTO B KaMAOM yane x=(X; ln,,) wabmon ILf{(x)
COCTOHT H3 IIECTH TOUYEK, da okpecTHocTh I’ (x) Toukn (X, t.,,) co-
CTOHT H3 NATH TOYEK (Xiyy, {nys), (Xi, 6n), (Xisy, La). Yoi0BHA MONONKH-
TeNbHOCTH Ko3ddutnento (3) cBoaatcas K HepabeiicTRaM 0<ag<<l.
62> 1—1/(2y). 3aMeTuM, YTO CX€Ma OCTAHETCA MOHOTOHHON H B TOM
CJAyuae, ecfiH 3TH HePAaBEHCTRA 3aMEHHTH HA HECTPOrHe, T. €. NOTpe-
6oBaTh

OCol,  az=1-1/(2y). (7}

JeiicTBHTE/bHO, BBRINONHEHRE OOHOTO H3 YCAOBHH (7) CO 3HaKoM
PaBEHCTBA O3HauaeT JAHWb, 4YTO OKpecTHooTh IM/(x) cocToHT Re u3
nATH, & H3 MeHbUIEro 4acaa ysios. Hanpumep, npa 6=0 (apHaa cxe-
Ma) okpecTHOCTb L7 (X) COCTOMT M3 TOUEK (X, 1.}, {Xis., £.) H YCAOBHE
MOHOTOHHOCTH (7) DpUHUMAET BHA

L3

I
t<q (®)

Ecan =0, 1/4#*=0,5, 70 n1Ba H3 TpeX RepaBeHCTB (7) BEINOAHEHEL
CO 3HAKOM paBeHcTBA. B 3TOM chyyae Hajo CYHTATH, 4TO OKPECTHOCTD
I’ (x) COCTONT H3 ABYX Y3MOB (Xisy, ).

Hrak, cxema ¢ Becamu (5) ABasetcs MonOTOlHOM npu ycaosuax (7),
4 YHCTO HeABHaA cxeMma (6=1) MoOHOTOHHA nmpu MOGLX t u h. Ulecrn-
TOYeYHad CcHMMeTpuyHana cxeMa (¢==0,5) MOHOTOHHA npH YycJaoBHH
Ts:h® B § 4 H3 . | oTMeqanoch, 4TO HeOO XONHMBIM YCA0BHEM YCTOl-
UHBOCTH CXeMH (D) aBAfeTcA YCJIOBHE

1 1
0;_2"“4_?' (N

ConoctaBass ¢ (7), BUAHM, YTO MOHOTOHHOCTB ABJAETCA, BOOGLIe
roBopA, Godee CHABHBIM TpeGOBaHHEM, HeM NpoCTo YCTOHYHBOCTD.
B creayiomeii rnase 6ynet nokasaHo, YTO YCAOBHe (9) mocratoyHo
ANA YyCTOHUHBOCTH cXembl (5), OAHAKO He B CETOYHOI HopMe C, a B
CpelHeKBaAPATHYHON HOopMeE.
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C moMoUIbic NPHHUHMA MAKCHMYMA MOXHO HCCIENOBATh TAKKe ye-
TOHYHBOCTH PA3HOCTHBIX CXeM ¢ MepeMeHHBIMU KO3 PUUHEHTAMH.
[Ipumep 2. PaccMOTpHM cxeMy (25) na § 4 ra. 1.
i
¥, — 4 n
of —‘—T—l = (ay3)x.tr

rae a=af, 0<e¢, << al <S¢ 0f =c,>0. [lepenucwiBag 3TO pasHo-
CTHOE ypaBleHHe B BHJe

p? 1 L Ml ' p? aﬂ‘i’ + a? fl
—;y?*‘= -,F(a?uyx!u + afyi-) + o f—‘hn*‘— Y (10)

TOJYYaeM, YTO CXeMa MOHOTOHHA NMPH YCJAOBHHA
3 n
T, +4)
h‘]
(cp. ¢ (27) u3 § 4 r1. 1), KOTOPOE N ABJSAETCA YCAOBHEM YCTOHURBOCTH
Aaiioi exemel. QHO Oy AeT BHINOAHEHO, ecH NOTpe6OBaTh
L l

hic, 2

<pl, =12 ..., N—1, n=01,...,K—1, (1)

[Mocnennee HepaBeHCTBO COBNAjaeT ¢ YCJ0BHEM YCTOHYHBOCTH, NO-
AyyeHHbiM B § 4 ra. 1 npu NOMONIH OPHHIMNA 3aMOPOXKEHHBIX KO3d-

{JHUHEHTOB.
IMosyyuM anpHOpPHYIO OLEHKY pellends 3afgagn (10) yepes Hauajn-

#pe 3navedns ¢ npu yeaosuu (11). Tpernonoxum, uto yo = yn=0,
n=0,1,..., K, 1 00o3Hauum

n = max 2.
1o e = | max_ |42

Toraa B cHAy HeOTPHUATENBHOCTH Kos3(@HUHERTOB ypaBHeHHA (l10)
TONyYHM

£Iy"“!<p—‘r"»lw"ﬂc
T i T— r {f,)h] L}
#, cHepAoBaATEABHO,
ny“” "Ctm;,) ___-:f__‘“y" ’lC{(o_a;) = ... é“yo“(:{wh)‘
PaCCMOTpHM Tenepb KpacByw 3ajavdy AN9 ypapHeHHAa nepBors Mo-
pPRIAKA
ant du
R A S R 4
o + M 0, x>0, £>0,
(12)
u(x, 0)=u,{x), x>0, u(0,)=p,(?), t>0.
H3ssectHo, yto pettienne u{x, f) 3Toil 3afaul MepPeHOCHTCA N0 Xa-

pakTepucTHkam f=x--const ¢ HayaabKoll mNpaAMoON, T. e. ulx, )=
=i, (x—1), ecin x>t 0 u(x, {)=p, ({—x), ecan x<{,
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Mpumep 3. B kpazpante x>0, {>0 BBE1eM CETKY ¢ wWwaroM i
0 x H WaroM t 0o { W ofosnauuMm x,=ih, i=0,1,..., f,=n1, n=

=0,1,..., ¢/ =y(x,1,). Onna us NPOCTERITHX CXeM AAA YPaBHEHHN
(12) umeet BHA

neL_ n S
-‘fl‘ T - + L hyl_l =0, f:zla 2’ veay n=ﬂ! Il2‘ e (13)
yg&uo(x[)' i=0; 1, v yozp“l(tn)l'n=l'2' e

JanuceiBas ypasHenne (13) B BHIe, Pa3PeWEHHOM OTHOCHTEJLHO
Yy, noayuum

prt=0—wytwl, v=--.
Orciona caenyer, uto cxema (13) MOHOTOHBA NP yCaAOBHH T<Ch.
[Toab3ysick mpHEMOM, M3JNOMEHHEIM B § 4 T'. 1, MOXHO NOKa3aTh, 4TO
yc/a0BHE T<l/h M HeoOXOIUMO AN yCTONUMBOCTH cxeMul (13).
Jpyrasa cxema

ng__ y:‘t + y?ﬂ;"y? =0
-

HeMOHOTOHHA upu Mobkx T H A Bosee Toro, 3ta cxema abcot0THO
HEYCTCIHYHEA.

dBnas cxeMma

y?H_y:‘l y:"n "y:‘tl
+
T 2h

=0,
HMERLAA BTOPOH MOPALOK ANNPOKCHMALMH MO /i, TAKKe HEMQHOTOHMHA
H aBconloTHO HeycToliuuea. Echin B nocsiennedt cxeme 3aMenuts ¥ Ha
monycymmy 0,5 (97, + 4% ), TO NONYYRM PA3HOCTHYIO CXeMy

¥t — 0,5 gy, + oLy Yiar — Yimy
+
T 2h

=0, (14)

KOTOpas MOHOTOHHA Npu t={hA. OANAaKO YKA3aHAAA 3aMeHa yXyaillaeT
ANMNPOKCKEMAalHIO, NOrPEWHOCTE ANNPOKCUMAUHH cxembl (14) sABMAeTcH
seanunnoii Q(t4+-4*) + O(h*/t). B atoM nerko ySeduTbesl, eciu 3amu-
carb cxeMy (14) B BHOe
n‘+ no__ Rk n

i y;‘i—gy“_i.
rhae

y% f= i ——y:.’_l)f(Qh)_

IIpamep 4. PaccMOTPHM emie oaHY cxeMmy ans ypabHeHus (12):
4y, + y% =0,5hv,y (15)
X

"
XX,

31ech vo>>0 — nocTosnHasn, He 3aBHcAmas of t u k. [Ipn v,=0 ne-
nyvaem abCoMOTHO HeycTolluMBylo cxeMy. BBelemme HckyccTBeHHOro
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nobapka 0,5hv, yg.x . B MPABYI0 YaCTh YPABHEHHS AENAeT CXEMY YCIOB-
o

HO yCTOYABOM, NOHMKAA OJHOBPEMEHHO MOPFAOK ANNPOKCHMALHH MO
h 10 nepsoro. Cxembl, anaorHURbE (15) ¥ annpoKcHMHpYOWHe ypaB-
HeHHs rasoBOil AMHAMHKH, MA3LBAIOTCA CXEMAMH ¢ HCKYCCTBEHHOI
BaskocTelo (cM. {36]). 3anuchBan ypasuenne (15) B Buae

y?+‘=0.5? (\'0 - 1) y?u + (l —“’o'P) y:z + 0’5’V (’\’0 + l)y?"l’

TIOMyHa€eM, YTO YC/AOBUA MOHOTOHNOCTH (3) BBHINOAHEHBH NpH v,3=1,
45 Vo', Takum obpaszoM, uem Goablue KO3 pHUHEHT HCKYCCTBEHHON
BRA3KOCTH v, T¢M cJlabee Orpanuuenne Ha INAarH CETKH, BHISBAHHOE Tpe-
GoBauuem ycrofiuuBocts, Hano noMeATL, 0HAKO, YTO BBEAEHHE HCKYC-
CTBEHHOW BR3KOCTH MOMKET CYMeCTBEHHO HMCKA3HTb NOBEIEHNE HMCTHH-
HOro pelllenns zafgagu (12). Ilostomy ApH NpaKTHYECKHX PacyeTax Ko-
3P HOUUREHT BAIKOCTH v, GEPYT e CANIMKCOM BOJLIUEM,

§ 5. MoHOTORHLIE PASHOCTHBIE CXEMBI A9 YPABHEHHE
BTOPOro NOpALKa, COACPKAWMX MEPBLE NPOHIBOAHEE

Pacemotpum ofmkHOBeHHOE AhddeperunanbHoe ypasHeHHe BTO-
‘pore nopfAgka

w’ (X)+r{x)u’ (x)=—f(x), O0<<x<<1, u(0)=u(l)=0 (1

H IOCTAaBHM 3anavy NMOCTPOHUTE INA HEro Pa3HOCTHYIO CXeMY, HMelo-
YK BTOPOH NOPAACK annNpoKCHMaLHH H MOHOTOHRYIO NPH AQOHX [A-
rax ceted h. OueBHAHAS cXeMa BTOPOro NOPAAKA ANMNPOKCHMALHH, KO-
TOpas Mojydaercs saMeHon u’(x) UEHTPaNbHON Pa3HOCTHON MPON3BOA-
HOMl, ABAAETCA MOHOTOHHOH /HUIb TMPH ACCTATOUHO MANBX A, Hefter-
BHTENbHO, TAKAA CXEMa HMEET BUX

Yooy — 2+ 4, Yipg — ¥
ri =—
12 +r: on fs‘
HIAH
2 {1 . 1 i
e Y= (hs T 2h)y:+1+(k2 2h)yf—1 +f3
Yecnosus NONOMHTEIBHOCTH KOB(IJ(IJHL[HGHTOB CBOMATCH K HepaBeHCT-

BaM Q0,54 [r;| <1 u BeimONHAIOTCR, ecan h<C2/( max | r, . Cxema Byner
. Dl N
MOHOTOHHOH MPH N1OGHIX A TONBKO B Ciyyae r(x)=0.

fipexpe uem nocrpouts TpebyeMyo cxemy ans ypasuerus (1),
PAaCCMOTPHM HECKOALKO YACTHHIX cliydaes, [Ipennosiomum, uto rix}=

=0 ana peex x&(0,1) n PaccMOTpHM CXeMy ¢ OAHOCTOPOHHe! pas-
HOCTLED

Yoy — 20+ Yy + s Yo — 4
h2 h

=t
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37a cxema HMeer MepBHIHl MOPAACK aNMMPOKCHMAUHH W MOHOTOHHa
npu n6ux b, JleficTBHTENBHO, 3aANHCHBAA €€ B BHAE

(hi,-i-—:—) y.-=(h—l2 +%)5’5+1 + %9\'-—1"‘ fi

H YYHTBIBAA HeOoTPHUATRABHOCTE r{x}, yOemaaeMcsi B TOM, 4TO ycJdo-
BHSL NOJOKHTEIbHOCTH KO3 QHUNENTOR BHIMOJHEHE TIpH Beex k. Tou-
HO TaK ke, ecql r{x) =0, To cxema

Yig — gyl‘ + Yy Y — Yy
r = —f;
T +ri P f

MOHQTOHHA NpH JOOLIX A W KMeeT NepBHA MOPAZOK ANNPOKCUMALHH.
B obuieM cnyuae npeacraBum GYHKUHIO r(x) B BHAE CYMMH 7(x)=
=r (x)}+r-(x}, roe

() =05(r(x) +]r (%) ) 20, 7 (x)=05(r () —[r{x}|} <0. (2)

Cxema c «HAOpapJCHHBMH DPA3HOCTAMHY

Yo — 200+ 4. Yin — ¥ N Y
1 h: -1 +r+(x£)_‘.‘!h_£+r_(x‘-)-f—h—l~=‘—“’—'fi 3)

ABsAeTes], KaK HeTPYIOHO BHAETb, MOHOTOHHON NpH JwGHX H#, HO HMeeT
MepsLlit NOPANOK annpokcuMaunH. HayunM noapofHee acHMNITOTHRY
NOrpellHOCTH aNNpPoOKCHMAUMH

Yr=tg, () ue e+ ro(yug @)
3TO# pas3HoCTHOH cxeMel, [Tonbayack paszaoxennem no dopmyte Tedo-
pa, NoAYYHM

g =W () F O, tre=u' () + 5" (x) -+ O (),

g o= (1) — 20 () + O (1),

[loactaBiAg 3TH Pa3/OXKeHHA B BHpameHHe (4) M OPUBOAA NOAOGHHE
YJIeHbl, RMeeM

Y=+ )+ (o () + 1o (D & (8) + 0,5k (r, — r ) a7 -+ O (),
oTKyAa, yauteisan ([} v (2), mosyunm
¥ =0,58]r (x| ui + O (D).
OTcAa BHAHO, YTO HECKQJIBKO H3MENENHAs no cpaBHernio ¢ (3) cxema
—29+ 4y — +

3 Hin
mo TeW T

(1 — 0,50 r (x) ) 222

HMeeT BTOPOH MOPAJOK annpokcuMauuy. TTOpALOK annmpoOKCEMaUBH He
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YMEHbIIRTCH, eC1H KO3(DQHLHeHT 1—%|r (x:) | 3aMenuM ¢ TOYHOCThIO AO

O(h*) NOJOKHTENLHBIM KOPPHLHEHTOM
1

—_— 5
E4 0,50 r(x) | ©)

He

Takum o6pasom, pasHocTHan cxeMa
Uiy i Co (K s+ o)y, =— i (6)

HMeeT BTOPOH NMOPAAOK AMNPOKCHMALHH Ha peilleHHn ypaBHenna (1),
3amuceiBaa cxemy (6) B BUAe

( 2:": + T (x[) f_ {x‘) )

;=

h® h h

.

Hy (1) ro{x)

=(-—=+ i (= g 4 e
= T " yu-l he B ] =1 iy
ybexaaeMcst B TOM, YTO OHA MOHOTOHHA MPH JIOOLIX T U A,

Jast napaGosiHyeckoro ypaBueHHs

du dtu du
at i T dx

MOHOTOHHO® NpH NIOGbIX T U A CXEMOI ABASETCH UHCTO HeABHAA cXeMa
yf.H-],__- qﬂ

{ 2 331 n+l nil
——— =%y, + r (X) Yei +r_ (%) Y00 (7}

rae x; oapeAeasiercd coraacio (5). Cxema (7) HMeeT annpoKcHMAaNIo
O(t+h),

r'TABA 2
METOH PAIOENEHHSA MEPEMEHHbBIX

Metox pasfefieHHs NepeMEHHLIX YCOEIHO NPHMEHAeTcs AJA Mo-
CTPOEHHA DellieHHH PA3HOCTHHIX CXeM, [NABHHM oGpPasOM C MOCTOSHHH-
MH KO3(PHIMeHTAMH, W AAS HCCAEAOBAHHA CXOAHMOCTH. B ocHOBe Me-
TOAQ JIEMHT Pa3AQKEeHHe PelieHWA PA3HOCTHOH 3ajaud 0O CHCTeMe ee
cobcTredubix pyuruni. TpeGosanne NOAROTH CHCTEMBl COOCTBEHHLIX
(YHKINNE CHBHO CYXKAeT KJACC PaccMaTPIBAEMBIX 344a4, H Mbl Orpa-
HAYHBAEMCH B 3TOH TnaBe JNHLIb 3aJla4aMli C CAMOCONPAXKEHHLIMH OTe-
paTopaMu THNa pasuocrHoro onepatopa Jlansaca. B § 1, 2 nayualoren
CeKTPasbHble CBOHCTBA Pa3HOCTHBIX ONEpPaToOpoR, Aajee B § 3 Mero-
AOM paze/IeHHA NepeMeHHBIX TPOBOAHTCA HCCNeAOBAHHE YCTOHYHBOCTH
H CXOAHMOCTH Pa3HOCTHBIX CXeM IAA yPaBHEHHA TeNJONPOBOAHOCTH.
B octanbueix naparpadax paccMaTpUBAIOTCS IKOHOMMUYHBE METOAB
HaxoXAeHHA pelllellil pPA3HOCTHLIX KPAEBbIX 32444 C NOCTOANHBEIMH KO-
spPHUNEHTAMH, OCHOBAHHEIE 1A METOfe PasfeeHHs nepeMeHHbX.
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§ 1. PasnocTHan 3aaaya Ha cOGCTBEHHBIE AHAYEHUS

1. Omeparop BTOpPOil pasHoCTHOI mpoHaroaRol. Kaxayio pasnoct-
HY0 KPaeBy10 3alauy MOXHO DAcCMATpHBATh KaK OnepaTOpHOEe ypas-
HeHHe C ONEPATOPAMH, AefCTBYIOILHMH B HEKOTODPOM JHHEHHOM KOHeu-
HOMepPHOM TnpoctpalcTBe (HPOCTPaHCTBe ceToudblx ¢yHxuuit), Pac-
CMOTPHM, HAPHMep, PA3HOCTHOE YPaBICHKE

You=—f i=1L2 ..., N1, gy=p, gyv=p, )
Ha CETKe

aw=(x;=ih, i=0, 1, ..., N, AN=1). (2)

Hexaiouada us cueremul ypasrenuii (1) ¢ AOMOWIBIC TrpanHYHBIX
YCNOBHH 3HAYEHHA Y,== [, H Yy=|4, NPHIAEM K SKBHBAJCHTHON cHCTe-
Me yPaBHEHHA

— ¥, T Qyi_yl'ﬂ —

- =f, =23 ..., N—2 (3
24y — Fo— vty
ylhg L =f1! i zh, Aot =fN—l|
rne f|=f1+lli/h2, fN-1=fN—1+I~l-2/hz-
PaccMOTPUM MHOKECTBO BEKTOPOB Y= (¥fy, Yy - . ., Yn—1)T 8i=4 (X)),

XY= oy H onpefeiny Ha 3TOM MHOXKeCTBe onepaTtop A (bOPM)?JTaM[/I
(Ay)5=_y;x_('r ‘=2; 3‘ P N—?,

)
(Aghy =2, (g = "2 T
Toraa cucremy (3) MOXHO 3amHcaTh B BHIe OMEPATOPHOTO YDaBHEHHA
Ay=f|, (5)
rae f=(fy [o ..., fx-o Fnoi)™ OTMeTRM, yTO ypaBuenne (5) yuHTh-

BAET KAK APABYI0 4acTb Pa3HocTHON cxembl (I), Tak W ee rpaHHYHEIe
YCJOBHA.

Hrak, pasnoctias samava (1) nopoxnaer pasHocTHHEI omeparop
(4). Onepatop (4) onpezesen Ha MHOMKecTBe GYHKIWUN, 3a42HHBIX
TONbKO BO BHYTPEHHHUX TOUYKAX CeTKH o, T. €. NpH (=1, 2, ..., N—1.
YjaoGuee, ONHAKO, CYNTATE, ¥TO ONEpaTOp A ONpeneseH Ha MOANPOCT-
paHCTBe f1 QYHKUHA, 3a0aHHBIX HA BCEH CeTKe w, H OOPALIAIOLINXCA B
Hylb Ha Tpanuue: yo=yy=0. [Ipn stoM onepatop A aanaerca eanao-
obpaznbiMu $opmyiaMu

Ai=—yz 0 i=1,2,..., N—1, gy=yy=0 (6)

BO Bcell 00/1aCTH onpelenenus.

Oneparop A, onpegenenHbiil coraacko (6), 6ymeM HazwiBaTh onepa-
TOpOM 8TOPOL PA3HOCTHOU npoussodneoti. M3yyuM cBOICTBA 3TOTO ofne-
paropa.
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2. 3apaya Ha cOGCTBEHKbIC 3HAYEHNA, 331443 HA COOCTBEHHBE 311a-
qenHa AaA onepatopa A COCTOHT B ToM, 4T0oGbl HAfiTH wicaa k (¢codcr-
BEHHBIE HUCAQ WK COOCTREHHDLE IHAYCHUA) TAKHE, ANA KOTOPHIX YPaB-
HeHHe

Ay=hy (7)

HMeeT HEeTPHBHAJBHHE pewedHa (cobcTaexkote ynxyuu), N HalTH
COOCTBEHHBlE QYHKUMH. 3aMeTHM, YTO 1O CYLUECTBY ypaBueHue (7) aaa
onepatopa (6) npeactapaser cobol aarefpanueckywn 3azady la cofi-
CTBEHHbBIC 3HAYEHHA JNA MaTPHLLI

— 2 —1 0 0... 0 0 0
— 2 —1 0... 0 0 o0
[ 0 —i 2 —1..., ¢ 0 0
A== — '
He - - . P - . . .
0 0 0 0.,..-1 2 —i
0 0 0 0.,.. 0 —1 2

KOTOpas Ha3uiBaCTCA MATPUUeH pasHocTuoro oneparopa (6). Martpu-
Ha A gBAfeTCa TPeXAHATOHANBHON CHMMETPHYHON MAaTpHLlel NOpRiKa
N—1. HsBecTuo, uro y Takol MaTpHiI cywecreyor N-—1 JeficThu-
TeJBHEIX COOCTBEHHMX UHCE/ U CTOABKO M€ JUHEAHO HE3ABUCHMbIX COG-~
CTBEHHBX (YHKLEUA.

B caywae onepatopa (6) MOMKHO BHIHCATE Bee COSCTBEHHHE HHCA2
H OTBEHAWIUIHE HM COGCTBEHIIBE QYHKIRH B ABHOM Buile. ITH BONPOCH
yKe paccMaTpHBadanch B § 4 u. . HanoMuuM nonyueniibie Tam pesy.in-
TartW. 3anuuieM ypaenenne (7) B BHae

'—!v/;,_;:lb‘e‘; "':"Is 21 vy N—l, yo=yN=0' hN:I! (8)

HIH noapoGHee
st i = Q= N)y, i=1,2, ..., N—I, go=yy=0. (9)

Pasnoctuas sanaua (8) npeacrasaser coboii AMMPOKCHMATHIO AHG-
thepedunanbhoil 3amaun

—u" (xy=hu(x), 0<x<{, wu(0)=u(l)=0, {10}
pelieHHeM KOTOPOR ABAAITCA COBCTBEHHEE YHCTA

b3
x,;(%), E=1,2, ...

H OTBevaloWHe UM coBCTBEHHBE QYHKILHH

uk(x)=sin“f—x, E=1,2, ...

TlonbiTaeMes NOITOMY HCKATH COBCTBENHEE dyukuxu 3ataun (8) B
BHIE
;Thx,

yk(x;)=sin T xi=ih, k=1,2,... (11)
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Tpanuuiisle yenosusg yy,=yg~==0 npu s1oM Bunoaneus. [loacrasasa
(11) e ypasucune (9), ROAYUHM ypasBHelHe

. mR{x;h) . nk(x;—h)
sin ; + sin

bx.
— (2 — %) sin %

HITH

nhkx. b . mhx,
L cos 1:—1 = (2 — h2)) sin —I——‘ .

2sin

Otcroda suauo, uto Qyukuns {11) asasercs coOcTBeHHOH GyHK-
uHel onepatopa (6), ecan

2cos ff—h =22 —- %),
T. e
h=lk=isin2ﬁ .
h 21
Tpu £=1, 2, ..., N—1 noaydaeM N—I1 pasanyuux AeficTBHTETBHBIX

coficTBENHBIX UHCET A, H OTBEYNAIOWKWX UM cabceTrennux pyuxkunii. Utak,
peuenne 3agaun (8) umeeT BHA

4 ., ,méh . X
by = —sin2? == X)) =sin —
3 it 91 * yk( l) [

w=ih, i=0,1,..., N, k=12 ..., N—1, hN=L (12)

3. CpoticTBa cOOCTBENHDBIX AHAYEHHIT W cOOCTREHHBIX dyHKIMA. Cnpa-
BeJAHBL HEPABEHCTBA

0 < hy < A< v < My < i << ...<x~.1<—;-f;.

Ioaa MusumManboro cobGeTBeHHoro uiicia A, B A. 5 § 4 u. | Onlana
HOAy4YeHa OLEHKA CHH3Y Ay z=8,>0 koucrawtod §&,=9/, ne sapnca-.
nel ot i,

[Tepexoan K H3yyeHHIO cBOHCTB COBCTBEHHHX (DYHKUHA, BBeAEM B
npocTpanctBe ff (HanoMHHM, uTo H — nHHeHHoe NPOCTPAHCTBO (yHK-
UHil, 33JaHHLIX DA @ H YAOBAETBOPAWILHX YCHAOBHK §,=yy—=0) cka-

JAApHOE BPOH3BEACHHE
N-1

(yv U) = 2 yivfh
i=1

H HOPMY )
N—1 Y
o= V& =(2 yg) .

=1

Onepatop A BTOpPOfi pa3HOCTHOA NpousBoAHOIl (6) fABAAETCH caMo-
conpsikenHbM B H oneparopom, T. e. (Ay, v)=(y, Av) naa scex
Y, vH. I10 cpasy caeayeT H3 TOMIECTB, Ha3biBAeMBIX pasHOCT-
HetMH popMynamd Ipuna (cM. Takwe (15) u3 § 3 ra. 1). Hmeem no
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onpefeneHHIo
M=l N-1

N-1
(Ay, v) = —2 y;x’l-vfh =— Z Yu,ihe+ 2 Y; U=
i=1

i=1 (=1

N—1 N N
= Yz vi— D Yz Vi = by 0z M
i=] =% i=t

Mocaenree pasencrso noayyeno ¢ yuerom ycaosus v,=uvy=0. Menas
Y ¥ U MeCcTaMH, NOJYYHM

N
(Av, y) = 2 U;‘gy;,;h = (v, Ay). (13)
=1
CaenCcTBHEM CaMOCONPSIKEHHOCTH onepaTopa (6) ABasgeTca opToro-
HAJBHOCTh €ro COOCTREHHLIX (QYHKUHHA, OTREUAIONIHX PA3IHUHBIM €OO-
CTBEHHHIM yucaaM. [eficTBHTeNbHO, TYCTD
Ayk=lkyh Aym= umym, ln?é?tm-
Toraa
(Ay-’“ ym) =}Lk (yht ym)v (Aym» yk) =Am{ym} yh)

HBEB CHJTY CaMOCONPAKENNoCTH HMCeeM
0= (Ay, ym)—(f‘lym ") = (Au—Am) (Y ).

Otciona ¥ noayuns, uto (Ym, #,) =0, ecan A=Ei.. TakRM o6pasom,
cHcTeMa coScTBennbIx dynkuait (12) o6pasyer OproroHaabHHE Oa-
3HC B npocTpatcTee .

3amedanne [Muckoneky Bee coSCTBEHHBIC YHEAA pasauuabd, TO  ycroBHe
Aiwednm SKBHDANEHTHO YCI0BHIO Eeent. Takim 0fipazoM A0KA3aHO, 9TO CYMMZ

N:‘ nhy; unx;
Zsin ] sin ] ft, AN =1,

obpailtaetcsi B HyAb NpH k¥=m. DT0 3ameyanwe MoTpebyercs B § 2 npH H3ywerun
¢oBCTBEHHLIX QYHKUMA 0ATITORY HOTO pa3noCTHOTO onepaTopa Jlanaaca,
Briuncaum kBazpart 1opMm cobeTBeHNON DYHKLUH #x(x}. B cayuae
audpepenunannion safavu (10) nmeam
¢

lul*= g‘sin2 eE ge=-L,
. { 2

o

[Toxaxem, uto u B pasnocrnom cyyae cobCTBEHIIAN QYNKUNA Y, (x)
HMeeT TY jKe caMylo Hopmy Vi/2. Tlo onpenenennio uMeem

N=-1 N
nkx; xkx;
ly[P=S hsin?——= =N hsin? % _
l 2 { Z !
1= =}
Tlpeobpasyem Buipakenue, cTosuIee NOL 2HAKOM CYMMbI
. . TRX 1 2nkx
sin? ‘::E(l——cos ‘),
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H YYTEM TOXACCTBO

. 2ak(x,+ 0,58 . 2mk(x,_ -+ 0,5h) . 2nkx,
sin—e bt 050 g 2 Gy =2 sin 2 005 27
! ! 1 {
Toraz noayqum
. 2k {xy -1-0,5h . A
nyﬂ’=£{— - ! (51 G }—slnﬁ)=-£—.
2 4 sin {mkh /1) i 2

Taxuam oGpasom, cucrema cobeTBeHBRIX GyHKUMA
o=V Zsin ™ k=19, N1,

x=x, i=1,2,...,N—1, AN={ (14)

obpasyeT OpTOHOpPMHApPOBaHHEIA Gasfic B mpocTpancTae f1.
4. Onepatopubie HepapeHcrsa. Jl6ol anemenTr y=H MOXKHO pa3-
JOKUTL M0 0a3HCy, T. e, AHHCTBEIHNM 06pa3oM NPeIcTaBHTL B BHAE

CYMME
N-1

Yy (x) = 2 Crlik (x)! X = o, (l 5)

k=1

The &= (Y, pa) — Ko3dPuIHEHTI DYPDHE.
M3 (15) u oOpTOHOPMHDPOBAHHOCTH CHCTEMBI {u,} CJAEIyeT TOXK-
HNeCTBO

iyl* =1y y)=§‘l e}
+ Iy
fi=1

Henoavays paznoxenye (15}, nonyuim

N-1 N—y
Ay (x) =) el (x) =3 cehepu (4)
Kooy =1
R
N—1
(Ay, 9) = cihe. (16)
k=1

N3 toancersa (16) caeayioT paxKibie iicpupeilcTea
MIYIP<C (Ay, y) <hv- gl (17}

copaseniisoie As moboro yeH. YunTHBaA Z0Ka3alHbe BLILIE OlMeH-
KH AAs cOGCTBeRHBX UHced, moayunM ua (17) wepaBeHcTBa

SlyF< Ay p<—Slol, d=—. (18)

Hz (18&) caenyer s yacTHocTH, uTo (Ay, y) >0 naa scex y=H, y7=0.
OHEPBTOPH, Oﬁﬂa}lﬂlﬂﬂlﬂe 3ITHM CBOﬁCTBOM, HAZBIBAKTCA HOZOMUTEAR-
rotmu oneparopasy, Hepasenctrno A0 Syaer 03dauark, uto A — 0o-
JNOXKUTEbHMI ofepatop. B AanpHeiillem Mbl OyAeM 9acTo HCMONB3O-
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BaTh H ApPYrHe onepatophible HepapencTsa. Hepapencrso A={ osHa-
uaer, uto {Ay, y) =0 naa Bcex ye=H. Ons neyx onepatopos A u B
HepageHeTBo AZ= B o3znauvaer, uto A—B==0. B atux o603HayeHHsx
cBoiieTBo (18) MOXHO 3aMHCaTb B BHAE ONEPATOPHLIX HEPABEHCTH

E<A<LE,
hS

rie E — eAnnndHblfi onepaTtop.
PaceMOTpHM Temepe PasHOCTHBIE OUEPaTop A C MEPEMEHHBIMH KO-
sduunentamu, onpeaensemblii GopMyaamu

(Ay)i=_(ag;)x.h f=:l| 2; ey N““]v yo=5"N=0- (19)
rne 0<C|-<_~a;g02. HOKEI}KGM, qT0 A—CaMOCOHPH}KEHHHﬁ H NO10KH-

TeJABHRA B H omeparop W MOAYUHM OueHKH, aHanorruuble (18). Tas
nbelx i, veeH uMeem

Net N-1 N-1
Ay, ) =—73 (ayeivilt=— D aiapye0+ D)z pi=
(=1 i=1 (=1
N=1 N N

= D a5 i — D) az via =) awz U7k

i=t i=2 i=1

Orciona suano, 1o (Ay, ¢)={(y, Av) u
N

Ny, =" auf b (20)

i—1
H3 toxaectra (20) nmonyvaem HepapeHcTRa
Y 1Y
e 3 ¥z << (Ay, ) <6 g i
il i=1
CoraacHo (13) AveeM
N
Ay, ) = i 4,
i=1

rie 4 — oneparop, onpeaedeHHslli cormacuo (6).
I1o3ToMy moc.iefine HepaBeHCTBA MOMKIIO NMEPEAHCATh B BHAE

¢ (Ay, y) < (Ay, gy <o (Ay, o)
HJIH B BHIEC ONepaTopibx HEPaBeHCTB
cAKLAL A, (21)
Ilsa onepatopa, A u A, HA3LIBAIOTCA SHEP2ETULELKI IKBUBAIEHTHYI-
MU onepaTopam, ecay BHIO.IHEHH HepaBeHCTBA BHAA (21) ¢ mMOJA0MKR-
TeNbHEIMH NOCTOSHHBIMA ¢,, £,. Haspanue ofbscHAeTca TeM, 4To B

NPHACKEHHAX BEIpaxkenne (Ay, y) npeacrasasger cobol aHePIrHIO CaMo-
CONPAMEHHOro NOJ0MKHTEALHOrD onepavtopa A. KOHCT&HTH £y, €4 HA-
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3HBAIOTCA KOHCTAHTAMH 3KBHBafeHTHOoCTH onepatopoB A m A. Hopma

lglla=V{Ay, y) HasbiBaeTcs auepzeTuxeckod HOpMol, NOPOWTEHHOMN
onepaTtopomM A.
Ha (21) n (18) noayuaem HepaseHcTBa
edEcA<iE =2,
h? 2
H3 KOTOPHIX CAELYeT, 4TO CNekTP omepatopa (19) npuaAANERHT OTPe3-
Ky [¢,8, 4¢,/R%].

CroiicTBa MATPHUYHBIX HEPaBEHCTB, ROKazaHHble B n. 3 § 4 ra. 2
4. 11, ocTaroTcs capaBeiJHBBIMH H 111 ONEPATOPHHIX HEPABEHCTB B KO-
HEeUHOMEePHOM NPeCTpaHCcTBE A CO CKAARPHBIM NPOH3IBEAEHWEM, echl
TOJIbKO 32MEHHTh B COOTBETCTBYIOLLHX HEPABEHCTEAX TPailCIOHHPOBAH-
Huie MaTpHUbl AT, BT na conpskennble onepatopst A°, B*.

B uactrocTh, ecnn A"=A>0, TO CyLIECTBYET KBALPATHHI KOPeHb
A" n3 oneparopa A, KOTOPHl SBNAETCH CaMOCOMPAKENHBIM TOAONKH-
TeAbHbIM onepatopoM. Ecau L — o6paTumblll oneparop, To onmepaTtop-
HBble HepABEHCTRA

A=B, L'AL=L'BL

aKkBUBaNEHTHEI, Ecan C'=C>0 u «, 8 — a06ule BelllecTBeHHble YHC.1a,
TO 9KBHUBAJEHTHBI HEPaBEHCTBA

aC=pE, aEz=pC-.

§ 2. 3anava Ha cCOGCTREHHbBIE 3HAYECHHA
AAA MATHTOYEMHOTO PASHOCTHOTO oneparopa Jlansaca

1. Camoconpawennocts, B § 1 r. 2 usywanace pasnoctHas 3aizaua
Oupuxge nna ypaenenwn IlyaccoHa B npsAmoyrodsnuke. 3Ta 3agaya
TopOXKAaeT ONEPaToP, KOTOPLIH HA3LIBAaeTCA NATHTOYEYHBIM Pa3HOCT-
HbIM onlepaTopoM Jlanaaca u onpefleseTcs CAEAYIOUIMM 06pasom:

(Ay)” = 5’(;”'..51' - y;,axg,l'f’ “)
i=1,2, ..., N—I, j=1,2...,N—1 AN=Il, hN=I,
y(x;) =0, ecn xysy.

[psamoyroabnan cetka Q= J¥ ¢ waramMn h, # A, COCTOAT 13 Y3.10B
s =0, k), =ity 2D = i,
i=0,1,..., N, j=0,1,..., Ny hlN.=1l, a=l,2,

) — MHOMXeCTBO BHYTPEHHHX Y3JOB CETKH £ U Y — rpaHuna Q.

[Ipeanonoxkenne o ToM, yTo ;=0 Ha v, He ABIAETCH QONO.THHTEND-
HBIM OrpaHnuenuem B cayyae sanaun JIHpHXJE, MOCKOABKY MOWKHO
CYHTaTb, YTO HEOJAHOPOAHbIE TCpaHHUHBlE YCAOBHA YUTeHH npasol
YaCThl0 ONEPATOPHOrO YpaBHeHus Ay==,

Beesem aunueiinoe npocTpaHcTBo H  dyHxuuil, onpedeneHHbx Ha

CeTKe L u ofpallaomuxcs B HyAb Ha 4. 3TO KOHEYUHOMePHOE Npa-
cTpancTBo paaMepuocTh (N,—1) (N,—1). Onpenenum 8 H cranapuoe
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NPOH3BETIEeHHE H HOPMY

Ni—1 Na=1

@)= 3l D hyivy,  yl=V @, 9).

i=1 f=1

Bynem canrate, uro onepatop A zeitereyert B npocTpaHctee H.
[Tokaen, uto oneparop A, onpeaeSieHRMI cOrTacHo (1), apagerca

CAMOCODPAMEHHBIM  H  MOJOXKUTENbHHM B F  onepaTopoM. I'Iy_c'rb
4, v&H. Tak xe kak u B § 1, MOXKHBO J0KA3aTh, 4TO Npy KAXAOM j=
=1, 2,..., N,—1I cnpaseasnso 10:x1ecTBO

N=1 N,
— 2 vt =3 Mz, %1 @)
[=1 i=1
HpH kamioMm i=1, 2, ..., N, —|—TtoxaecTro
Ng—l N’g

- 2 h2yff_r.:_ffgl.f =2 "125’},,5;‘”2,.5;" (3)

i=1 i=1
rie
Yeuii = Wi — Y M, Yz, == (g — i prfhg.
Hs (2) u (3) noayunm

Ma=1 A=L Ni=1 Ap=L
— 2 ., Z hly};xl,t'ft'ff — 2 fi; 2 hgy;’x!_”v;; =
i=1 Q=1 =1 i=1
Ni-1 My M-1 Ny

= MY g+ P D by on

f=1  i=1 i=1  j=1

A N1 M-l Ny

(A, O =3 b 3 hatiz vz i+ S Y by, oz )

=1 i=1 i=1 =1

Hockoabky yHkuuM ¥ B v BXOAAT B NpaByl> yacTb ToXAecTa (4)
pasuonpapuo, noayuaen, uro (Ay, v) =(y, Av) A3 AO6HX y, vef.
Hrak, onepatop A — camoconpsiKerHbii,

2. OueHka coGcTBeHABIX unced. (MOAOKHTENABHOCTS oneparopa. Pac-
CMOTPHM TeMepb ATs 5TOCO ONEPATOPa 3a4ayy Ha COGCTBeHHME 3HA-
YeHHA

Ay=iry
H1H, 6odee nogpobHo,

Yiwit T Yoy TH9=0, xySe, (5)
Yy=0, XyET.

Tak xak A — camoconpssxeunsiii p H oneparop, cyuecrsylor (N,—1) x
X {Ny—1) meficTBHTENBHBIX COBCTBEHHBIX 9HCENM, A CHeTeMa cobcoTBen-
HEIX GyHKUUA oGpaayer B H OpTOroHaabKHil Gazne.
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Brinuiem B #BHOM BHIe pelleHne 3afayu (5). Pacemorpum asa
Habopa aucen

h: 211
’Lk=isinzm’ k2=1,2,,,,,N_1,
'] 9 z
K2 2

1 06pa3yeM BCEBO3MOXKHEIE CYMMM BHAA
M =hn+ e Re=1,2, .., No—I, a=I,2. (6)
Jlajee, pacCMOTPHM CHCTEMBL yHKUHI
Ty nhyx

pkl(xilfl)—_;v!—sin ! . kl=l,2....,Nl—],
1

4

W =iy, i=0,1, ..., Ny, hN, =1

5 ﬂk_-xr"l)
e, () =/~ sin —2
2 2

x;f)=jh2, f=0, l, ey Nﬁ’ }12N2=12

D ky=1,2, ..., Ny—1,

# o0pasyeM BCeBO3MOMKHBIE IPOH3BELLHHR BHAA

P (Xef) = g, (x10) Py, (2), {7}
k= (k, k), kBi=1,2,...,N—1, k=12,..., N1,
xyp = (%9, xH=Q

YunTeipas pesynbTathl § 1, oTHOCAIIMECR K ONHOMEPHOH 3alauye Ha
cOGCTBEHHBE 3HAMEHHS, MOKHO NMPOCTON MOACTAHOBKOA umcea (6) u
dyuxunil (7) B ypaBHeHHe {5) vOeIHTbC] B TOM, HTO NPH KaXAOM
k= (#&,, k.} uncao

4 ., nkyh 4 . oo akh
he = Mgy, = —sin® == 4 — sin? —= 8)
At 20 ht 24,
1 ]
gpafeTca coOCTBEHHHM YHCAOM MATHTOUSYHOTO Pa3HOCTHOrO ONEpaTo-
pa Jlanaaca (1), koTopomy oTBedaeT cofcTBenHas QyHKUHR

9 . uk;x(li) . :tkgxg_”
X)) = Xij) = —==-sin n . 9
Le (Xij) == o, (i) Vi , sl A (9)

Wunexkcht k= (k,, k) nw m=(m, m,) Ha30BeM COBNJLAIOLWNMA,
H ofo3HauuM E=—m, ecan k,=nm, Kk,=—=m, U HeCOBNaIAOUINMH
{(k=m) — B npoTuBioM cayyae. [TokakeM, 4To npu k==m QYHKIHH
Ua H L, ABAAIOTCA OPTOCOHANLHBIMA, T. €. (|, un) =0 npn k==m. Ilo
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QnpeJefieHHI0O HMeeM
A=l N1 )
(ey ) = 3 Ay D) Fatte, () 1y (35} tm, (69) i, (200) =

i=1 =1

et R Y ]
= ( 2 fype, {"‘T}) Meny (x(l”) ) ( 2 o, (xi“) Lo, (xi’q)) .
i=1 s =1
Coraacio samevanuo wa crp. 314 B § 1, no kpaiineli mepe oana
U3 CYMM, CTOSIUNX B KPYPAHX CKOOKAX, paBHA HYJI0 NpH R5=m. AHa-
STOFTHYHO A0Ka3blBaeTcsl, YTO Hopma dyHKuud (9) paBHa eguduue. Ta-
KiM 06pasoM, cucTeMa QyHKUNE {Mee, (X))o syt 0Gpasyet opToHop-
MHPOBAHHEIN Da3Hc B MpocTpadcTBe H W YHCAA Ay, ONPeleNeHHbE CO-
AacHo (8), coctamasioT npu b =1,2, ..., N\—I, k=1, 2, ..., N,—I
Becb cnekTp onepatopa A.
[Moabaysch pesyanratamu § 1, OTHOCHLINMHCS K OUEHKAM COBCTBEH-
HBLX YINCeT ONHOMEPHON 3a1a4H, NoNyYaem, YTO BCe COBCTBEHHLIE UHC-
Ja (8) yI0BASTBOPHAIOT HePaBEHCTBAM

9 9 4 4
o shs—+—. (10)
3 é " iy
Haumenbiiee u nanfoabliee coBCTBeHHblE YHCTA
- - hs)
2.min:—4—sm“ —nh—‘—}-ismﬁ Th Z&.max=ic::os."“—’&‘--[-icosaﬂ—h2 )
A2 0 2 2, 0 1A 21,

Tak ke, kak n B § |, noavyaeM oueHkn 143 SHEPTHH OnepaTopa
?LmIn“y"zg (Ayv y) g.,lmav."yuz-
3aMeTum, uTo cornacho (4},

M Ny=1 Ne=1 Ny
(A{)'» y) = 2 hl 2 hz (y;h‘-,‘)a + E hl 2 hz (y;b”)‘.!_
f=1 f=n i=1 =1

§ 3. Hcchenosanye yCTOHUHBOCTH H CXOAHMOCTH CXeMbl € BECAMH
AN YPABHEHHA TENAONPCBORHOCTH

1. Hexopnag 3agava n paswocTHas cxema, CxeMa ¢ BecaMd AJA
YPaBHeHHA TEMIOHPOBOAHOCTH paccmaTpisanach B § 4 ra. 1, rae 6uiia
HCCTeloBRaHa ee MOrPEHIHOCTh ANMPOKCUMAIHH H HalifeHH HeoOXomH-
MBI® YCJOBHS YCTOH4HBOCTH, B Hacrosimem naparpade AaHo HOAHOE
HCCAEN0BAHHE YCTONUHBOCTH H CXOMMMOCTH CXEMBI ¢ BECAMH H MOAYUe-
Hbl OLLEHKH TOTPELIHOCTH,

ByieMm paccmaTpuBaTe NepeYio Kpaesyto 3alayy A ypaBHEHHA
TeMJON POBOLHOCTH

du u

w = aa i, 0le<ll, 0 LT,
ulx, ) =u,(x), OsTx=!
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BBejsieM CeTKY @i == X 0, P
on={x=ih, i=0,1, ..., N, WN=1},
w={th=n1, n=0,1,..., K, K1=T},
H 0603HaunM yF =y (X, 1a),

N it R e e s

y;.f_‘ —T'—, ey = 2
Anddepenuuansayio sanauy (1) saMeHHM HA CeTKe @i, PA3HOCTHOI
3anayeit

yre= oy + (1 —0) 45, .+ ¢f, 2)
i=I1,2,..., N—1, n=0, 1, ..., K—1,

[A€ C-—4HCAO © @f — ceToynan GyHKIUA, 3aMeHAOUAR (YHKUHIO

f(x, t). K ypasHeuuam (2) caeayer fo6aBuTb Pa3HOCTHRIE HAYaAbHEIE
H FPAHHYHBEIE YC/IOBHA

Yr=yh =0, n=1,2 ..., K—1I,

3
yf=u0(xi)! £=0, I) e ey N.

Paanocruas 3afilava (2), (3) HasbiBaeTesl cxemod ¢ secamy Oas
Yypasuenus TenaonpogoorocrTy. TOYHOCTL 9TOH PA3HOCTHON CXEMBL Xa-
PaKTEpHIYETCA NOTPEIIHOCTBIO 2" =y —u(X,, {,}. Has norpemuocTH
nonyyaem sajauy

zﬂ;:ﬁ%ﬁi-{—(l—u) ZZ, W,
i=1,2,...,N—1, n=0,1,..,, K—1I, (4)
#=2=0, 2=0, i=0,1,...,N,

[3

ree W =—ur; + ouf, + (1 —o0) U5, ,+ @i — norpewHocTs  annpo-

KCHMaLHR cxeMel (2), (3) Wa pemwednn sagawn (1). B § 4 rn. 1 6u10
MOKasaHo, 4TO NPH HafseXauleM BHOOPE ¢F CNPABEAJIHBH COOTHO-
IIeHuUs

h?

n I
Vi =0 (v* + A% npu O=0,=———,
Y =0 (x*+ 42 npn ¢=0,5,
P =0(t+ 4 npn 6£6., G=50,5.
B HacToswem naparpage MBl MOJYYHM OHEHKH pPelIeHHS PasHOCT-

Hoft 3agaun (2), (3) uepes nagaapHbe LaHubE Y ou 0papyo YacTh 97,
BHIPAaloI e YCTOﬁqI{BOCTb CXEMH N0 HavyaJibHRIM JAaHHEM H MO npa-
Boit uactu. M3 3tux ouenox 6yayr Cpa3y caenoBaTh OUEHKH NmOTpell-
HOCTH 2 Yepes MOrpemIHOCTD annpokcuMalHu P;, XapakTepH3yOLIHe
CXOAUMOCTE H TOYHOCTB cxeMul (2}, (3).

11 A. A, Camapckun, A, B. Pyamy 321



Adna tora utobH cxemoit (2}, (3) MoxHo OBJIO MOAL3IOBATBCA, HE-
o6xoaumo, yTo6H ypaBHeHde (2) GHNC pa3peliiM0O OTHOCHTEABHO y"*,
Beegem onepatop, yxe paccMoTpeHHbi B § 1, a uMeHHO omepaTop
BTOpPOH Pa3sHOCTHCH APOH3BOAHOH

(Ay)J::_y;x’p £='I’2: e N—"']i .%=HN=0- (5)
Torpa cxemy (2), (3) MOXKHO 3anHCATH B ONEPATOPHOM BHIE
L8 foaymn (1 — o) A=, =1, ©)

T T
TAe y" = (y;ts y?' ey yR"—l) y Pr= ((Pil. ey R’-l) ' W= (un (xl):
to(X%2), ..., to{Xn—1}}7, BoIH, UTO TO K€ CaMoe, B BUIE

(E+orA)yt'=(E—(1—a)tA)y* + 197,

rae E ——eaMHHYHBI onepaTop. PazpeilumocTh ypaBHeHua (6} OTHOCH-
TeJbHO y¥**' skBUBaNleNTHA OBPATUMOCTH onepartopa B=F+adrtAd. One-
patop B 6yler uMeTh obpaTHhIi, ecny norpeboBaTb

14+atA >0, k=12, ..., N—1, (7)

rae ay>>0— cofcrBernbie yicna onepatopa (5). B gaabpuefinieM Bceraa
6yaeM NpPeANOAAraTh, 4TO HepaBeHCTBO (7) BRINOAHERO, 3aMETHM, BIpO-
yeM, 4TO YCAOBHe Da3pellHMoctd (7) cAelyeT M3 NOJAYYEHHOro Aaliee
YCAOBHA YCTONTHBOCTH cxeMH (2), (3).

2, YcTOHYHBOCTE CXeMB MO HauaAbHbLIM TaHHBM. [lepexond k ucche-
HOBAHHIO YCTONYHBOCTH cxeMmbl (2}, (3), OyaeM HCKaTk ee pellieHHe B
BHAE PAa3NoXeHHs] MO OPTOHOPMHPOBaHHOMY Gasucy {pk}ﬁ‘;i coGeTBeH-
HEIX GyHKONI onepaTopa (5). SBnwiii Bua cobeTBeHHBIX ynced B Cob-
CTBEHHHX (yHKUnK p, naercs dopmynamu (12), (i4) nz § 1. Tlpn
KaXAOM 71 pelleHne § =y (x., {,) MOXKHO NPEACTABHThL B BHJE

N-1
y{xy, b} = 2 Cx (2a) 1t (x2). (8)

k=1

flpaBas uacte @ ypaBHeHHA (2) TakKe LONYCKaeT pasjoxeHue
N=-1

¢ (% ta) = 3) P () s (%) (9}

k=1

3meck £, (1), &),‘(z‘.‘)—xosqnpuunemu Dypoe dynkunft y(x, {),
¢(x, {,) cooreeTcTBenno. Tloactasnra (8) u (9) B ypabHenune (2) H

YYHTHBaS, UTO (. (%) )= =—Apm (x;), noAyunm
iy €y (bre)) — o (L)

3, e | = iy 1) +

haxl

+(1 — 0) Aet (1) — B (z,,)]=o.

B cuay annefinoft HezaBUcHMOCTH QyHKUHA ,{X) OTClona caeayer pa-
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BEHCTBO HYJIIO BEIDAaXKEHHH, CTOAMKX B KBAAPATHHX cKOGKAX, T. e.

Lot 7% W) L ahaciltun) + (1 — ) hecn o) =ielt),  (10)

T
n=0,1,...,K—1, £&=1,2,...,N—1.

YpaBuenne (10} npu kaxgom £ mnpeacrasaser coGoli Pa3HOCTHOE
YPaBHeHHE NepBOro NOPsAIKa OTHOCHTEMbHO ¢ =q¢,({,}. UToON BHie-
JUTHL CTHHCTBEHHOR pEUIeHNE, HALO 3a1aTh HAYAJALHOE yeJoBRe &, (0) =
= (yai I-lk) .

Hs ypaeunenus (10) noaygaem

T .

Ck (ae) = Guce {t) + m @z (£n), (11)
rae 2
I -"(! —0} Thy

_ T ® 2

P I+ oth, (12)

Bruipaxxenue, cTosulee B 3HaMeHATeNe, NOJNOKHTEABHO COFIACHO (7).
Yunretean (8) a (11), npeacrasum peienne Yyt zanaun (2), (3) B
BHIE

M=l

o 3 [dentt) + 7 (1 | e (5. (13)
k§1 14+ Utlk
Ofo3navas
_n AJ“l
5 =3 quen () e (0, (14
Ko,
O T .
n = — tﬂ) x}! 15)
i k2=-1 e v (£n) s (% (

nonysum, uro gt =yttt ¥t
OueHHM M0 OTAeABHOCTH HOPMb dyaKUmH F**' u §=*'. Us (14) p
CHJIY OPTOHOPMUPOBaHHoCTH Gasuca {u,} monyyaem
N=1 Nl

79 P=3 G h=3 a (e (ta)?
{=1 k=]

H, caeloBaTENbHO,

N=1 %
L % !n 2 max f— n .
| (é, (€ (La)) ) (Jax g6 =}y x| s
[lorpebyem, YToBH BEINOMHAIOCH YCIOBHE
g <<, &=1,2, ..., N—I. (16)
Hetpyzsuo pupets, yto (16) 3kBrBageRTHO yenOBIi0
i 1
G2 ——
Z T w {17)
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rie Ay—y= —cos“% — Hau6onbilee coGCTBEHHOE 3HaueHHe omepaTu-

pa (8). ¥cnopne (17) GyAeT BHIMOJHEHO, eCJH NOTPeBOBATH

L At
— s — 8
G = 2 o ([)

3aMerum, uto u3 (17) npu awdom k=1, 2, ..., N—1 caegyer ne-
PaBEHCTBO

'3
L+ oth = —2 >0,

T. e. HepapeHCTBO (7).
Htaxg, ecau sunonneno (18), 10 cnpaseasnsa oleHKa

g~ =gl (19)

Tlo cytiecTBy, 3Ta OLeHKA O3HAYAET yCTOMYMBOCTL cxeMul (2), (3) no

HAava/JbHLHIM  1aHHBIM, JleficTBHTeIbHO, ecaH B  ypaBHeHHH  (2)
e =0, o yi" =y:", nn3 (19) noayuaem

Iyl <y i<, . <lgl,

uTO Q3HAYAeT YCTOHYHBOCTE cxeMbl (2}, (3} MO HAYAJABLHBIM AAHHLIM B
HOpMe

N-1 %
llyll=(2 hy‘:f) : (20)

Takum oGpazoM, NpuXOANM K cAeaywuleMy BHBOAy. Ecau napa-
merpot cxemor (2}, (3) cerzanst Hepasenctaom (18), o cxema ycrod-
HUBO O HANAALHOIM JanKbim u npu modetx y'eH das pewenun 3ada-
un (2), (3) ¢ ¢f =0 cnpasedrusa oyenra

ly=ri<lg®l, n=0,1, ..., K—I,

2de nopma llyll onpederena cocaacno (20).

3ameTum, uto HepaseHcTEo (18) COBMajaeT ¢ MONYUEHHLIM B § 4
1. | HeOOXOAMMBIM YCNOBHEM YCTOWYHBOCTH cxeMbl (2}, (3).

3. YCTOWMHBOCTL N0 NPaBoN YacTH H CXOAHMOCTb., UTOGH OLEHHTB
pynkunio §**' (cm. (15)), ycnaum ycaoene (18) n notpeSyem BHNOJ-
HEeHHA HepaBeHCTBA
(1—e)n

B 1)

H
o= —
/2 4t

I1—e
Thpn_,

¢ nocrosiHuo#t e=(0, 1). Torna 0.33%— e U MpH JicGoM A=

=1,2,..., N—1 noayunm

A l—eg) 3 l—e}h
ltodez 2t gy — D0y L2 g

}"N—l A‘J\||’—1
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T. e, 1+oth22e>0. H3 pasaoxenus (15) noaydaem
N=-1 N-1

lgp =3 (@1 D) <23 @e ity
k=1

k=1

T
(1 + ath,)?
¢AeA0BATeNBHO,

[ )< Nl (22)

Ecan 6220, To ycaopne (21) craHosuTes JHUIHAM, TAK KaK |+ oth, =1
H oumenka (22) punoaudercsd ¢ e=1, U3 wepasencrea TPEYTONBHHK 2
g™ Mg+ g+l

H otlenok (19), (22) nonyyaem HepapencTeo

Ly i<lerl+ ool (23)
cnpasepansoe npn n=0, I, ..., K—I. Cymmnposanne (23) no n npu-
BOJAHT K OLEHKe

| < .
e = i
eIl 3 <o) @24)

KOTOpas o3Havaer yCTOAYHBOCTh 3afaun (2), (3) no HavaabHmM maH-
HbIM A 1o npaBofl uacth. Us omenxn (24), yuurmeas yeaosne tns<g T,
NOAYYHM

lo |14+ - max o). (25)

Hrak, ecau sonoaneno ycaosue (21) ¢ e=(0, 1), 70 cxema (2}, (3)
YCTOURUAQ RO HAXAAbHOIM OQRHBIM 1L NO RPABOH XACTU, Npuwem J41 ee
pewerun cnpasedausa oyenxa (25). Ecau o020 u sotnorseno ycaosue
(18}, To cnpasedauea ouenxa (25) ¢ e=1.

Hs ouenkn (25) m TpeGoBauua ammpokcHMaumy CACAYET CXOAM-
MOCTh cxeMmBl (2}, (3}. Iia zagaun (4) ouenka (25) npunnmaer sug

l22 b . max ], (26)
2 oeifsn

Caepopatensho, (2°*'|| HMeeT TOT Xe NOPAZDK MAJOCTH, YTO H TO-
I A

FPEIIHOCTL amnNpoKcHMaumd. B uacTHocTH, npn 0=0‘='E_Té_ '
T

OF = f (%, Lnyy) + -:%f” (%6, o) O(T*+H0Y)  nmeem W =0(2+ kY,

a youosue yeroifuneoctn (21} sunonsedo ¢ e=2/3, nostomy [z =
=0(7"+hk%), 1. . cXeMa HMEET BTOPOH NOPAAOK TOYHOCTH M0 T H YeT-
pepTHA — 1o k. Ecan 6=0.5, 9F =f{x, foy1) +O(v*+42), To yenosne
YCTOAYHBOCTH BEINGJHEHO NPH JIOGBX T 1 A H i2»*||=0O(x*+h*). Mpn
OCTaNbHBIX 3HAYEHHAX 0 HMeeM |27 =0 (t+HA?), ecAH BHIAGJHEHO
(21) ce=(0, 1), uan ecan 6320 u soinoHero (18),
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4. Cxema ¢ BeCaAMM JAf ABYMEPHOTO YPABHEHRA TEMJONPOBOAKOCTH,
Tycts o6nacts G — npsiMoyrodbiik {0<xa<ls, =1, 2} ¢ rpanuuef
I'. B o6aactu Q=G (0, T] paccmoTpumM nepeylo Kpaesyw 3ajaqy
AJA ABYMEPHOro ypaBHeHHA TENJAONPOBOAHOCTH

]
- = — (xli Xqy t)E Qv

u(xlv xﬁ’ 0) =u0’(xll xﬂ)s (xlv xz)‘_::- G! (2?)
u(xlt X, ﬂ =0t (x].v X, t) E r X(Ov T]‘
Onepartop Jlanaaca annpoKCHMUPYEM TaK e, KK H B § 2, nATHTOUCY-
HbIM PA3HOCTHHM onepaTopoM. Jlis 5TOr0 BBEAEM CeTKY €, no npo-
CTPAHCTBEHHHIM NepPeMeHHBIM CleLyoLlrM 06pajom:
Q= {xgy = (0, XM | " = ify, X = jhs,
£=0: "! LEERS | va i=0t lr RS N2t haNa=‘m G=1l 2}0
MHOIKECTBO TOMEK CETKH 2, NPUHALeKamux [, Gyaem ofosHayaTh
yepea ya, 2 MHOKECTBO BHYTPEHHHX TOUEK — Heped wx, TAK YTO (==
= wal JYs. Oupenenum Ha Q, pasHoCTHHA onepaTop
Ayii =— Y5 ii — Yamipr K E O
o i(28)
yij=0. Xi=vn.
[To nepemeHHON { BBEJEM PABHOMEPHYIO CETKY
w.={ty=nt,n=0,1,..., K, K1=T}

u ofozHawum y% =y (x, &), £,). Jnpdepenunanciyo 3sanauy (27)
ANNPOKCHMAPYEM Pa3HOCTHON cxeMo# ¢ BecaMH

it —of
L.T—-"— + cAyt + (1 — o) Ay, =0,

‘__-102; ---»Nl_'lv i=1'2. cery Nz"‘ly n=0i li DR K'—lv
29)
§hy =y (X0, £, xy = R,
y:.‘;=0, x;;E'W;, n=l' 2, “ v ay K-a

ITpu ¢=0 noayuaeM ABHYK CXeMy, A4 KOTOPOH pelleHHe y".';ﬂ BEL-

paXaeTca fBHBIM 00PasoM uepe3 3HaYeHUd yi;. Ecam 00, To cxema
HeABHAR M AAsl HAXOXKAEHMS 45 TpeSyeTcs pellUTh CHCTEMY JABYMep-
HBIX Pa3HOCTHHIX YpaBHeHKH. MeToanl peleHHs Takux CHCTEM 6yAyT
H3N0KeHH B I, 5, a OJHH H3 METOACB paccMaTpuBaercs B § 6 HacToA-
mweii raaphl. CxeMa uMeeT BTOpPOH NMOPALOK ANNPOKCHMAUMH MO h H
nepBuii 1o T (32 HCKMIOUEHUeM caydad 6==0,5, Koraa no v Takxe BTO-
POM NOPAAOK ANKPOKCHMALUH).

PaceMorpum sonpoc o6 ycroitunBociH cxeMbl (29) N0 HagaJbHEM
AaHHuM. Hccnefiosatie ycTOHYMHBOCTH NPOBOAMTCA TOMHO TaK Xe, Kak
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H B OTHOMEDHOM CJyyae ¢ MOMOLLBI0 METOAA PA3JENCHHA NEpPEMeRHbIX,
Ha camoMm Aese naxe Het Heo6xoznmocTy MOBTOPATH fIpoiejaHHue pa-
Hee BbIKJMalKH. JlOCTATOUHO 3aMETHTb, YTO OCHOBHHIE PE3yALTATH 06
YCTOHUHBOCTH cxembt (6) He 3aBHCENM OT KOHKPETHOrO BHAA oneparo-
pa A, a HCNOJB3CBAJIH TOJNBKO CIEAYIOLIHE €O CBONCTBA:

1) cymecTroBanne noaunoi OPTOHOPMHPOBAKHOM CHCTEMB cOGCTBEH-
HEIX dyrKuUni,

2) MONOKHTEIBHOCTL BeexX COGCTBEHHBIX UHCeN H 3HAHHE BepxHed
TPABBUH lm, CTIEKTPA.

HpH 3THX ycnoBusax 6HI0 A0KA3aHO, YTO CXeMma (6) ycroitunpa no
HAYa/IbHEIM JIAHHEIM, €CJ/IH BeCOBON MHOMKHTE/b G YAOBJIETBOPAET Hepa-
BEHCTRY

1
G}L—— -
2 TA

(30)
max

O6paThM BHHMaHHE HAa TO, UTO CXeMa (29) HMeer TOT e BHA, 4TO H
cxema (6) ¢ ¢"=0, onHako oneparop A onpefeasercs TeNnepb N0-KHOo-
MY, @ HMEHHO B COOTBeTCTBUH ¢ dopMydamu (28). Kak Gblio nokaza-

HO B § 2, onepatop (28) ofanaer nepeuHcAeHHbIMH Bbilue CBOHCTBAMH
1) 1 2), npuyem aas Hero

n :
Amax = ia cos? T | 4 ooq —Z?‘ <L 2

B 2 g A
YenoBne yerofiunsoern (30) OyAeT BEIIOAHEHO, eClH
1 [ 4 4
0'2—2‘——!3—, A:—z'{-—g. 31
K i Ay

Takum ofipasom, cxema (29) yerodqusa no HOYAAbHBIM OaRNbIM
npu yeacsuw (31). YCTORUBBOCTD 34€Ch NOHIMAETCS Kak BHIIOJHEHHe
npy MOOBX HAYaJbHBIX RAHHBIX OLEHKH

Iyl <sliy’l, n=0,1,..., K—1,

rae

i\"|_.l. Nz_l

Lot =S by ) g (5.

=1 f=1
AH2JIOTHYHO HCCARNYIOTCH YCTORUHBOCTD CXEMH (29) no npasofi wactu
i ee cxoanmocTe. Ecn 0=0,5, To cxema (29) umeer BTOPOH NOPALOK
TOYHOCTH N0 T K MO /1, NPH OCTANLHBIX ¢ — NEPBHIl NOPAAOK TOMHOCTH

no t U BTOPOH — no A.

Yenosue (31) craHosuTes Gogee HATARAHEIM, eCJlH ceTKa Q, —
KBalpaTHas, T. €. hy=h,=h. Toraa nepasencrao (31) NPHHHMAET BHJ,

| #?

0?;——8; (32)

B vactHoctn, aBHas cxema (0=0) YCTOHYKBA [PH YCJAOBHH %gi—
KOTOpOe ABJAETCA elle Gosee KECTKHM, YEM B OAHOMEPHOM Cayuae,
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Hespuble cxeMul ¢ 62205 aGcoMoTHO yCTORYHBH, OLHAKO B OTJHYHE
OT OZHOMEPHOrO C/y4as pelleHHe HeABHBX ABYMEDHHX DPa3HOCTHHX
YypaBHeHHH NpeAcTaBAsieT 3HAaYATeNbHUlE TPYIHOCTH,

5. AcumnroTHuecKan ycroliunpocre. [IpoBefele pacyeToB Ha CO-
speMeHHHX OucTpofeificTBylollHx 2BM npegbpABisieT K pa3sHOCTHHIM
CXeMaM Hapsady ¢ oObuHbIME TPeGOBAHHSIMHE ANNPOKCHMALHH, YCTOHYH-
BOCTH U CXOANMOCTH psfl AONOJHHTENMbHBEIX TpeGoBanHi, ITH Tpebopa-
HHA CBOAATCA K TOMY, YTQ PA3HOCTHAS CXeMa ACJKHA XOPOLWIO MOJeNH-
poBaTh XapakTepHbE CBONCTBA HCXOAHOro AurdpepeHHanbHOrO ypas-
HEHHA B YCJOBMAX, KOLA2 LIACH CeTKW OCTARTCA KOoHeuHbHIMH. Tak, npH
pelleHHH ypaBHeHH} napafoJHueckoro THma Ha OGOAbUIMX OTpe3Kax
BPEMeHH CYIIECTBEHHOE 3HAaueHHe HMeeT CBOMCTBO aCH MIT OF HHECKO#
YCTOMYHBOCTH PA3HOCTHOIN cXeMbl, IT0ACHAM NOHATHE aCHMITOTHUECKOH
YCTOHUHBOCTH Ha TMPHMEpe Pa3HOCTHHX CXeM AJA YPaBHEHHA TENJIO-
NpOBOJHOCTH

Ot Ju
E'_‘E;;' 0<x<£1 t>0'
(33)
@ H=u(l, =0, >0,
ulr, O)=u,(x), O<x<L

Kak napectHo, penenne 3TOH 321841 MOXHO 2aMHCATL B BHAE PAAA

u (s, 1) = l/ 2 5 cusin B2 e, (34)
k=1

nipt o
rie Ay= T—coﬁcmenuue 3HAYEHHA ONepaTopa BTOPOH MpPOH3-

v f
3 .
ck=]/TSuo(x) sin “fx dx
0

— ko3 puuHenTH Qypbe PyHxuH ¢ (x}. C pocToM { rapMOHHKH

=hgf . mkx
Uom= e ¥ sin ==

npu &>1 saryxalr ObicTpee, 4eM NepBas FapMOHHKR, TakK 4TO NMPH
60ABILHX 3HAYEHHAX { HMeeM

u(x, f) :cll/% e~ sin —n—:- . (39)
Jdna cpeiHeKkBaApaTHYHON HOPMH pellleHHn 3a4aun (33)

4 A
ha =] { t)dx)

BOOHON H

#3 (34) caeayet oueHkKa

fu@i<e™e @l =2 (36)
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I aneko He BcAIKAA PASHOCTHAR CXeMa, YCTOHYHBAA H ANMPOKCHMH-
pylomas sagauy (33), o6nanaer cpoiicTBAMH, aBaforHudeiME {35},
(36). PaccMoOTpUM ceMefCTBO cXeM ¢ BecamH

yro=oyt +(l—o)gt , i=1,2 ..., N—|, n=12 ...,
37
yr=yl =0, y=uyu,(x),

annpokcuMupyiotiiee 3axauy {(33). IlorpebyeM, uToSr AAsl pelleHun
pasHocTHOM 3anaun (37} BHINOJAHAAACD OUEHKA

AR T (38)
MNe=1 %
rae {,=nr, ||y||=(2h(y?)’) H §=268{x, h)—A, npn 10, h—>0.
=1 E
CsoficTBO, BHIpaxkenHoe wepapeHcTBoM (38), OGyaem Ha3HBaTth
ACHMIITOTHUECKOH YCTOHUHBOCTLIO PA3HOCTHONR CxeMBl, 3aMeTHM, 41O
YCTOHIHBOCTb B OOBIYHOM CMEICAE OOPeAeNseTC KAK BRITIONHEHHe OLeH-
Kn (38) ¢ §=0.
ITosyunm yc/lOBHS acHMMTOTHYECKOA YCTORYHBOCTH CX€MBl ¢ Beca-
ME (37). Kax Gblio mokasano panee, u3 npeactasienns (14) aasm pe-
tieynd 3apauu (37) cneayer oLeBKa

fpmrs< max \gelly”], (39)
1kt N1

rae
(i}
Thy,

W, k=],2,.-.yN—] (40)

Ge=1—
# Af” — cobeTBennLIe 3HAUEHHR ONEPATODA BTODOH PA3HOCTHON HpOW3-

BOAROH,
0 <A <M< L. <AL (a1)

YerofiunpocTh Mo HauadbHEIM AaHHHM B OGBUHOM cMEICAE ofecne-
YHBAETCH YCJAOBHEM

lgn-1| 1, (42)
KOTODOE MOXKHO 3alIHCATD B BHAe
! 1
0= —— —. 43
T2 ), 43

Hecnenobaibe acHMOTOTRYECKON YCTOMMEBOCTH CXeMBl ¢ BeCaMa
(37) ocHoBaHo Ha cseayrUIel nemme,

Jemma 1. flycre seaununwm g, onpedeaenst coeaacno (40), (41)
U napamerp o YyOOBAECTSOPAET YLAOBIIO

1 4 otdf?, >0. (44)
Ecau svinosneno nepasencrseo
g1+ qn- >0, (45)

324.



o qe(0,1) u
[4n] <41, k=23, ..., N—I1. (46)

HokazarenawvcTtno. U3 (41), (44) caenyer, uto

?\'(m
[+ ot > 1 — = 220,
Aoy

1+ o >0, £=1,2 ..., N—1.

Hepasexctero (46) 3KBHBAJCHTHO BHMOJHEHHK} JBYX HEPaBEHCTB!
§— >0 u ¢, +g,>0. Cornacro (40) umeem

T (M — 2™
{t+ oA (L + onal™)

Hanee, ¢,+q¢v={gq,+gn-1) +{(gv—Gn-.), OTKYZa, YUHTHIBAS YCJAOBHE
(45), noayunm

Gi—Ge— ~0, £=23 ..., N—1.

T, — M)
(1 o) (L + oy

W+ g >0h— =

CAeJ0BATEIBHO,
g1+ g >0, k=1,2,...,N—1.

Tem caMbiM HepaBeHcTso (46) Buinosnneno. 3 wero caefyer, uro
g,>0. Hepasenctso ¢,<1 caeayer u3 (40), (41), (44). Jlemma 1 mo-
KazaHa.

3aMeTHM, YyTO NJIf HeOTPHUATENBHHX G ycJoBHA (44) Bcerga BHINON-
HeHH.

Caencrene 1. Ecau sunoanenst ycaosua aemmet 1, 70 8aa pe-
utenua pasnocrrold sadaqu (37) cnpasedausa oyeHka

gl <<p~llg°ll, (47)

2de
I —(1—aud

I+ gAY (8)

pP=H=

Hokazateapctno ciefyer HeMeAaeHHO W3 oueHok (39), (45).

CuepcteHe 2. Ecau somnoanchs: yciosus reMmmst | ¢ napasmerp
G He 3Q8UCUT oF T U 1, To cxema ¢ secamu (37) acumnroruuecku yerod-
{uaa.

HJokasateansctBo, Cornacro (38) AocTaTouHO MOKA3aTh, 4TO

pr=e"n, (49)
rae §==6(h, v)>n*/f upn v—-0, i~—-0. TepenncuBas papenctTBo (49)
B BHle

d=-Int, (50)
T
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noJiyunmM w3 (48}, uto

1 ! S 0 51).
b=t et oe). (61)

] —— 1
1+ o™

rie pu,— el 3aMeTHM, 4TO
AP A e
h? 2 IE
npu h>0 u >0 mpu 1=-0, h—0.
IMoaroMy u3 (51) noayunm
M 0
= T
1+ ot?ul{"]
n lim &(h, t)=nr*/{, yTo H TpeboBadocs.
t.h—0

He npeactapaser Tpyaa Gonee noapoSHe BHIOMCATE ACAMNTOTHKY BeAHTHMH
§{h, 1) npu 70, Nmeem

T (;L(f*})z 72 (7\{(‘*])3
6(r, 1) -_—.-.l:ln %:l{""-—-(o’—-(l —o)')-2‘—+ @+ (1— o)) 3‘ -
7 (e w (Alhe

—~ O — (1=~ 0)) —— + (o’ (I —of) ——— +0(),
OTKY/Aa BHAKO, B 4aCTHOCTH, 110 G(h, T) == )\,f” +0(1?) npr =05,

Taknam ofpasom, repaBeHcTBO (45) npejcTasaser coboli ycaoBHe
ACHMNTOTHYECKOH YCTOHUHBOCTH cxeMHB ¢ BecaMu {(37). Ero moxuo
nepenncarh B BHAe HepaBeHCTBA

{f) ")
A 175

14 arat® 14+ otall?

<2 (52)

(1} 4 . s mh ) 4 s TR
rae = —sin® —, Ay, = -—cos?——
ne b= 2 T 21

3amernu, uto M2 (52) u (44) caeayer HepaBeHCTBO
i
_N'I(T;‘ <9,
L4athy,
copnapatouwee ¢ (17) n obecneunsalouiee yeroitunsocts cxemu (37) B
00BIYHOM cMBIChE.

Hs (52) noayuaem, uto aBHag cxeMma (=0} acHMNTOTHYECKH
ycrofiuuga npn ycaosun t<C0,5 k% UYucto HedasHan cxema (g=1)
ACHMOTOTHYECKH YCTOHYHBA ApH JIOGHX T W A. CHMMETpHUHAY CXeM2
(0=0,5) acUMOTOTHUECKM YCTOHYHBA NPH YCJAOBHN

1< 27V AP, =~ hifm, (53)
a3t



Takum ofipazoM, cuMMeTpiuHas cxema, Byayuu abcoqoTHo yerofiud-
BOA B OGBIYHOM CMHC/E, ABJSeTCH YCIOBHO AacCHMOTOTHYECKH YCTOHYH-
Boft mpu ycaosum (53).

AcUMNTOTHYeCKAS YCTORYMBOCTE PasHOCTHOMN CXEMEl TECHO CBA3aHa
€ ee roynocTewo. Hapyllerne acuMnroTHveckoft ycrofiuHBOCTH mMpHBO-
AHT K NnOTepe TOYHOCTH cXeMH Ha foabiunx spemexax. Tak, 8 [32] no-
HA3aHO, UTO eC/H NOJOHHTE

2
n ('
V)Ll. 1'.'\J’—].

TO OpH GOALIIAX { pelleHHe y(f,, X;) CHMMETPHTHOW PA3HOCTHON cXe-
MBI HMEeT acCMMATOTHKY

T==

m>1,

nx;

llt,,f(am’) (_l)f—l Sil’.l ! .

y{la, Xi) 5= O

ConocraBnsa ¢ acuMnToTukoi (35) pellledus HCXOAHOH 3aKaul, BU/IHM,
470 pelleHie NOJHOCTBIO HCKAaMXKaeTCs.

OtMetum, yto B [32] npeanoxena pasHOCTH2A CXeMa IAA ypaBHe-
HES TeNJAONPOBOAHOCTH, ofnajatowas 6e3ycaoBHON 2CHMMTOTHYECKOH
YCTOAUHBOCTLIO U UMEIOWIAs BTOPOR NMOPAAOK TOYHOCTH, OLHAKO ZAHHAA
CXeMa He NPUHALMEKHT cCeMeHCTBY cxeM ¢ Becamu (37).

§ 4. Pewlende pasHOCTHOrO ypABHEHUS BTOPOrQ nopaaKa
meropom Pypoe
PaccMoTpHM Pa3HOCTHYIO CXeMy
y;x_{=_ff! i=l,2,...,N—I, y{l=yN=0 (l}

H NIOCTPOHM €€ pellleHle B BHAE PA3NOXKEHHA No 6a3uCY COGCTBEHHBIX
byukuni oneparopa

(Ay)f=_y§x.p i=1,2,...,N—1, WN=| Yo=1tin =0. (2)

Onepatop (2} moapo6uo waydanca s § 1, rae 6bli0 NMOKa3aHe, 49TO GH
HMeeT NOJHYI0 OPTOHOPMHPOBAHHYIO CHCTEMY COOCTBEHHBIX (YHUKUWH

.. D )
u.(x:)=l/%sin"7x“, E=1,2, ..., N—1, i=1,2, ..., N—L.

COOTBETCTB)!}OIH,IIE COOCTBEHHRIE YHCNA onepatopa A umelor BRI

hp == A sin? kA .
ht i
[ToaToMY MOMHO HCKATH pellleHHe 3afavn () B Bufe
N=1
yr=y0) = e (x), j=12 ..., N—1, 3}
k=]

rfe C,— HEeH3BECTHHE NOKA KOS(PPHUHEeHTEL,
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PasnomuM npasylo 4acte ypaBHemus (1)} B cymmy Pypne, T. e.
npeACTaBHM €€ B BHAS N
-1

Fr=3 fupta (xp),
k=1
rge
N N=1
fe=@F )= 3 fanlxph, &=1,2, .., N—I, )
f=1
Toacrapass pasnowxenns (3), (4) B ypasuenne (1) npn {=j, noayunm
N=1 N1 .
D) elpe Wz, =— 3 fepa(x)),
k=1 k=1
OTKyAa, YUHTHIBAA COOTHOMWCHHE (e (X)), ;= -—Ase(x;) B AnHefRnylO

HE3aBHCHMOCTb QYHKUHA p, (X}, OPHXOXHM K YPABHEHHAM
Ghe=fy, k=12 ..., N—1.

Orciona naxoanm 3sHaueHus kosbduumentos Pypre dyHruEH y(x):
co=fuhe k=12, ..., N—L ®)

Takum 06pasoM, MPHXOANM K CAERYIOEMY AJIFOPHTMY pelUeHH:
pasHocTHoll kpaesof 3agaun (1). CHauana no 3agaHHOH NpaBoft vacTH
fi # H3BECTHHIM COGCTBEHHHM (GYHKUMAM p,(X,) BHUHCASEM MO BOPMY-
aAam (4) xosbduunenter Gypoe npasoit wacTH. 3aTeM no dopMysam
(5), noab3yACHL TeM, uTo cOGCTBEHHKE WHCNA H3BECTHH B ABHOM BHIE,
HaxoauM ko3duLHeHTH Pypbe ¢y HCKOMOFO pelltenun y(x;}. H, Hako-
Hell, BEIUHCAAS cyMMAl (3), HaxoanM pemwenne y(x;).

[ToacuuTaem 4HCIO YMHOXKEHHA R AeneHH{, HEOGXOAUMOE HJA Ha-
XOXKIACHHA YKa3aHHBM cnocoGoM pemtenus sagadu (1). [das pugucie-
HHA [, IpH K2XKAOM k TpeSyerca N—1 yMHOMEHHH, a BHUHCACHAE BCeX
n k=1,2, ..., N—I, Tpebyer (N—1)* yMmuoxeuni. Cnegyer nog-
YEPKHYTh, YTO 3/eCh H AaJiee Mbl NpennonaraeM Bce GyHKOuH p,(x;)
H YHCJIA A, YXKe BEIYHCJICHHBIMH H XPaHAIUHMHCA B NaMATH MalIHHH.
Boiypcsenne koapoduunenton c, no dopmynam (5) tpeGyer N—1 ge-
Aeiuil. Boluucnenne y; npu ¢uKCHpoBanHOM j 1o opMynam (3) Tpe-
Gyer N—1 yMHOXeHHi, a BblukceHne Beex gy, j=1, 2, ..., N—1 Tpe-
Gyer (N—1)? ymnoxennd. Takum 06pazoM, BeCh aJTOPHTM OCYIECTB-
anetcs 3a 2(N—I1)* ymuoxeHuit 0 N—1 peneuuii. BenoMuuM, 4To
ypasHerHe (1) MOXHO DelIMTL METOLOM NPOroukH (cM. n. 7 § 4 . I)
no GopMynam

Qi =

i=12...,N—1, o=0,

2—C€£’
ﬁi+1=ai+:(B(+h=ft)' l=l, 2, PO N—l, B|=0,

yi=ai+1yi+1+ﬁi+1, 1=N_I, N—"2, ey I
Beero 3a 2(N—1) ymuoxenuii 1 N—1 aenenue.

1 yN“:o



CuaeflopaTeAbHo, NPefNOKeHHbH 34ech MeTOA Pypbe HEIKOHOMHUEH,
on Tpe6yer O(N?) zeficTenit eMmecto O(N) neficTBuli B MeTOAe NpPOron-
Ku. ITo/b30BaThe TAKHM METOAOM AAA pellleHHs 0AHOMEpPHEIX PasHOCT-
HEIX KpaeBhiX 3afiay HeluedecooGpazno. OAHAKO AAHKHA METON B code-
TaHHH ¢ METOLZOM OHICTPOrO BHIYHCJAEHHA CYMM BHAa (3) Hawea
NpPHMeHeHHe NPH PellleHuy SBYMEPHLIX PA3HOCTHbIX YPAaBHEHUH ¢ 1OCTO-
AHHRMY KO3 pultHeHTaMH. DTH BONPOCH PACCMATPHBAIOTCA B CAeAYyIO-
WAHX naparpadax.

§ 5. BuicTpoe gHCKpeTHOe npeofpasopanue Pypobe

Haubonelee yucao geHcTBHA B MeToAe Pypbe Tpebyerca AnA BH-
gncJenns cyMm (3), (4). DTH cyMMBl HMEOT BHA
N=1
. kj :
si=Nasin T, j=1,2... N-—1, (1)

k=1

TAe Z;— 3alaHHbe YHC/A,

JlA wenmocpeiCTBEHHOrQ BHIMHCAEHHA BCeX §;, j=1, 2, ..., N—I1,
TpeSyeTcs, Kak yKe oTMedanoch, (N—I1)* yMHOXKeHHH. Cefiuac MH,
caeays [21], wsnoxnM meTod BeyHcewHs cymm puia (1), TpeGyio-
muit O(N InN) neficTerit ymHoXKenns. Takoe yCKOpeHHOe BEYHC/IEHHE

. Nk
CYMM OCHOB4HO Ha TOM, 4TO CPellH YHCen smTJT , k=1,2, ..., N—1,
i=1, 2, ..., N—1, ectb MHOro oanHakoBbiX. I[loatromy MoXHo nepe-
IPYNIHPOBATh CAraeMble H YMEHBIINTL TéM CAMBIM 9HCJO YMHOXKeHHH.

Jna naaexeiimero yaoGHo npeo6pazoBaTh cymMmy (1) K BHALY
N=1 2N=1

. 2nkj .. 2nkj
sp= > zsin = 2 8in
f 2 2] N Z ] oN ]
b=l k=0
rle NOJaraeM Z,=2y==2ys1=...=2w-=0. Ob6oanauum M=2N u

PaccCMOTPHM Gofee 06MIYI0 3a1a4y O BEIYMCIEHHH CYMMBI
M-1 ¢ 1kf M-
vy = e M — 2 2kl
0

£= k=0
rae
Eul
w=—e M @
M { — MHHMana ejunnua. Urak, 6yaeM BHIOHCASTD CYMME
M-1
U,-=szw”. =01 ..., M—1. (3)
2=0

fcto, uto Im v;==s; ANA AeHCTBHTENBHEBX 2. 1A najieHellero cyue-
CTBEHHRIM aBjfetca ycaoBue M=2", m>0, o3uHavamwllee, 4TO UHUCJIO
ToueK ceTkH N=2""! geasercd CTENeHbI® ABOHKH.

MpeacraBum uncao k B dopmyne (3) B ABOHYHOH CHCTEMe R=
=k, + 2k 42k +. ..+ 2™k, ., rae &, nubo Hyas, aubo elHHHUA.
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O603Ha9HM
R={(Rur, sy -, Ro), zZe=2(Re, Ray ..., Ruumt).

Torna cymmy (3) MOXHO 3alkcaTsh B BUAE

thot2Ryt. . 2Ll 3
o= D 2l kas ... k) W et _
LTV L Pt

= 2 whf [ 2 wd 2 @t Fmily (Rar Rty <. s km—-l):] . @
k

a—0 k. =] km_,]_ ={l

(1peofpasyeM BHYTPEHHIOK CyMMY

1
@ e e, by ). ©)
km...1=ﬂ

[NpencraBuM uucac [ p ABOHYHOH cHcTeMe j=f,+2f,+... 427 Y. ..
Torza noayuum

wsm-lkm__ﬂ::= (wgm-lkm__v"o) (wzm"lkm_l%fl) .. (wgm—lkm—lfm—l). (6)

B stom NPOoH3BENEHHH BCEe COMHOMXHTEMH HA9HHAA CO BTOpOro pHB-
K exunnue, [JelcTBUTENbEO, W Yemegpht o ¥ hmefs — g Mhmoals H, BCNO-
M__ aifi~1g 21
MHHAaA BelpaKeHue (2) anga w, noayuum w¥=l1, w m—1¥=1, mno-
CKONBKY Rm_,fy PABHO JHGO HYJI0, NAGO eAHAHLE,
TOHHO TAK e paBHH eAHHHLOE H I'IOCJ[eI[lelI.lHe COMHOMHATSIH B

m—1 =1
npoussenennn (6). Taxum obpasom, w* ‘-t =" *m=tle 4 cymmy
(5) mMoxKHO 3anHcaTh B BH/E
1
m—1
@t et Ry, by Ly R,
By =0
O6osHauan 3Ty cyMMy uepes Zi(fo, &y, ..., Rm—z), 3aUMMIEM Npea-
AOCJEXHIOK CYMMY B BHparkeHun (4) B BHAe
1
2Mt=3p :
St W ety (o, by, By Bea), Y
B _q=0

[IpepctaBuM YuCAO 2™ Ry of B Bume 2" *Rps(fo+2f) +2"km-a(f2+...
e 270 ), OTKYAA TOSTYUHM @ Pt — ¥ Em-2lfer21) Cpenopa-

TesbHO, cyMMa (7) pasna
L
- 9=k fot2fi} ;
2o {for Jro Bav oo oy Bineg) = 2 w m-plot3/1 zi (for Brs o ooy Bins)
Ry p=0

ﬂ,aﬂee, AHAJOrHYHBLH apouece noC/aeIoBaTEALGHONO BHYHCJACHHA CYMM
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npoAo/JxKaeTca A0 TeX MOP, NOKa B (4) He HCuepnmalTcA Bce CYMMH,
1

[Mocaeauss cyMMa ¥MeeT pua v;=— N @z (o0 fir vy finmas By).
=0
HTag, MOXKHO NpeANOKHTL CASAYIOIMUA AJNTOPHTM  BHUHCACHHS
cymMm Bupa (3), HasmBaeMHiil a420puTMOM ObICTPO2O OUCKPETROZ0
npeobpasosanus Pypse. Uncna k u j npencrapasieTes B ABOHUHORA
cACTeMe

k == ko + 2kl + 22!22 + e + 2m~1krn—1,
i=h+2h+2%+ ... + 2",
rde k, f—an6o Hyae, aubo egzuHdna. danee ofo3HayaeTea 2z,=—=

=2z(Ro, &y, ..., Re-y) W NOCJCAOBATENBHO BHYHCAAIOTCH CYMMBEL, COCTOA-
fltHE KaJKAa8 H3 ABYX CaraeMux:

1
z.l (jﬂl kﬂr kl; ran oy kﬂ'l—ﬁ) = Z wzm lkm—ﬂaz (ko- kls Py km—‘.l.)v

By =0
"2(’.0) flr kl)o kll sy km—a) ==
! =25 .
= 2 w‘s m—z”a"ﬂﬂzl (!o‘ ko; k]_; e, km—a),
k”l-ﬂ=u
P e e e e e e e, ..1..&&...'...".2.;..)...‘ .....
: 3 : (Fatsfuts, +2"4f 0
zm-l(fmh!‘--!fm—mko)=2wl‘ ! m=2! w
k=0
R Zhimg Ul}' Il' LR | fm-z; ko; kl),
1
U= 2 @iz (o f1r - o s Jnoas ko).
ky=0

[ToAcunTaeM uMCAO YMHOXKeHUEH, Heo6XOAHMOE AAA HAXOXKACHHA
BCeX CyMM oy, f=0, 1, ..., M—I1, npu yxazaHHOM c0Oco6e BHYHCACHHI.
Dyuruna 2, (jo, ko, £y, ..., km-y) HCHOABIYETCA TONBKO NpH BHYHCAE-
HUH QYHRUME 2:(fo, 1, Roy Ray + .., Bm—ys). [IpH 2TOM HeOO6X0ANMO BHYHC-
JINTb 3HAUEHHA 2, (fo, Ry, ..., Romos) ABAXRALL NPH R, a=0 H fpm_,=1.
Bruuncaenue z,(f;, &y, ..., Bnoy) NPH KAXKAOM 3HAYCHHH Eo_, Tpedyer
AOBYX yMHOXeHHI. CnenoBaTenpHo, obulee YHCAO yMHOXKeHHH, Tpebye-
MOe ANa BbIYHCNEHHS 2,(fo, Ry, ..., km—z), PaBHO yeTHpeM. Takoe XKe
QHCNO YMHOXeHHH TpeSyeTcss AJA BHYMCJACHHA KaXAOl H3 CYMM
Zi(fos fas v vvs fioty Ry Byy ooy Bmeics). Beero umeeres m takux cymm. [o-
3TOMY 9HCJO yMHOMEHHH, HeOOX0AHMOe ANl BHIYHCJEHHA o) IPH KaXK-
AOM (DHKCHPOBAHHOM j, PaBHO 4m, a AJA BHYHCASHHR BCEX U;, =
=0, 1, ..., M, 370 uHcA0 paBHO 4mM—4M log; M. Ilpn Goabunx
N=2"! 370 NPHBOJHT K 3HAUNTENBHOMY COKPALICHHIO YHCAA YMHOXe-
HHit MO CPABHEHMIO C YHCIOM yMHOXeHHA (N—1)2, TpebyeMoMy npH
HEenoCpeACTBEHHOM BEIYHCIEHHH cyMM BHAA (1). Tak, npn N=128 yuc-
A0 YMHOXeHH# OyAeT NOYTH B ABa pa3a MeHbIUe.
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§ 6. Pemrenne pasnoctHoro ypasHenua [yaccona
¢ HCMOAb30BRaHNEM GbicTporo npeoGpasosands Pypoe

B § 1 ra. 2 paceMaTprBaiacs PA3SHOCTHAA ANODPOKCHMAIHA 3aXa4l
Jdupuxne paa ypasuenns [yaccona

y;;x“[-f +yx_,x=.[|-‘=‘_fff’ Xif = Wy, (I)
4;=0, x;=1.

aeck ©r— MHOMKECTBO BHYTPENHHAX H frs— MHOMECTBO TPaHHYHEX ¥y3-
JIOB CETKH

Q== (", x| " =

O, M1 = iny, £ = jn,,
i=0,1, ..., N, j=0,1, ..., Ny haNo=1l, a=1, 2}.

PasnoctHan cxema (1) npeactasaser cofoii cucTeMy GoabLIOro
YHCTAd JTHHEHHBIX adrefpanueckKHX YpaBHeHHH, MaTpuia KoTopoil ABJA-
€TCA CHJAbHO pa3peiKeHHOoH, T. ¢, COAePRKHT 3HAUHTEbHO (oabllle HYJe-
BHX 3/JE€MEHTOB, YeM HeHYJeBblX (B JaHHOM CJyuae B KaxKIoid CTpOKe
MaTpHilLL He Gonee NATH HeHyJeBuiX 3jaeMenToB). Pemate Takue cHcre-
MHl yPaBHEHHI C DOMOMBI0 WHCJAEHHBIX METOAOB, NPEAHAZHAYCHHBIX A5
CHCTeM 0flero BILAa, HelleAecooGPAasHO, a YACTO AANKE H HEBO3MOMKHO
H2-33 GOJIBIUOTO pasMepa MATPULB. [109TOMY PasBUTH CHEUHAJbHBIE
METOLH, MPAMBE U HTEPAUHOHHEIE, TIDHTOAKBIE ANA PElUIeHHS ABYMEp-
HEIX PA3HOCTREIX ypaBheHHd. OHN noApoGHO paccMaTpUBAlOTCeA B 4. 5,
a ceftyac MEl MO3HAKOMHMCH C OAHHM cnocoboM pelueHHs 3afnayn (1),
COYETAOLHM OXHOMEPHYIO NPOrOHKY ¢ MeToAoM Dypbe, 3aMeTum, uto
NPeAnoNOKeHHe 00 OLHOPOAHOCTRH TPAHHUHBIX YCJAOBHI He OFpaHHYH-
BaeT OBUIHOCTH, TAK KAK HEOJKOPOAHHE YCAOBHA JIHpHXJIE MOKHO
BKJIOYHTD B MPABYK 4acTh NOAOOHO TOMY, KaK T0 GHJO cAedaHo B
Hadase § 1 Aas OAHOMEPHOTO cayuas.

PaccmoTpum o1HOMepHYIO 3a1a4y Ha cOGCTBEHHHE 3HAYCHHS

p(;+1)—2u(i)+u(i—l)+lpm=0 j=1,2 Ny—1

£ @
_ hoNg=1, po=pn, =0, p@)= M (x;f'))_
B § 1 6bi10 nokasano, uTo aagaga (2) uMeer cAefyloliee pelleHne:
FL .
B = pe () = Vr sin —=, b= pant B )
a I hy 2,

k=l, 2, ...,Nzl—l.

3adukcHpyeM KaKkoe-1060 3HaYCHHe HHLEKCA i, 0<i<IN,, u 6ynem pac-
CMATPHBATL Yy, [y KaK OYHKIHH, 3aBHCALIHE TOABKO OT hi=l1 2, ...
cooy No—1, Torna moxkan PABIOKHTD Yy, ffj 0o ¢OOCTBEHHRIM q)yﬁﬁuﬂﬂm
sagaud (2), 1. e. MPeACTABHTDb HX B BUAE

Me=1 M1
Yy = el fir= 3 Fa(@ (. 4)
k=1 =1
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MMoncTapnas pasnoxenna (4) B ypasenue (1), noayuum
A=l Nl Ne-1

3 e (e DT X ) 4 Mgy =~ 3} FaD e

k=1 k=1 =1
OTKyfla, yUMTbIBAA ypaBHeHHe (2) ¥ MHHEHAHYIO HE3aBHCHMOCTD My, APH-
xoauM Kk ypapHeHuaM (G (g,  —ha(i} + (1} =0. Takum oGpasom,

A0 HaxoXAeHus Koapduuuedta ¢, k=1, 2, ..., N;—1, p paznoxe-
HHu (4) no.yyaeM CHCTEMY PaSHOCTHBIX ypaBHeHHH BTOpOro NMOpsAKa

€, (E - 1) —2¢, () + ¢, (i — 1) .
- T T )+ e =0,
L

(5)
i=1,2...,N—1, e, (0) =¢,(N,) =0.

31ech uncaa A, 3agannl coraacuo {3), a anadenus f,({) sblYHCASIOTCA

o npasuay
Ng“‘l

fely= D hofupe (), =12 ..., N —1L (6)
i=
Ypasxeuue (5) peliaercsa MeTOLOM NMPOrOHKH

i i ) a8} | paF
L = me—————— L — X s 3 h ]
o =2 Ry — aék] i == o (B + Rufe (D),

i=1,2 ...,N—1, a®=pF=0,
ck(£)=aﬁ)lck(£+ 1)+ﬂi+h "’=N1_ 1; Nl""2t crey li ck(N1)=0t

Takum ofpasoM, paccMaTpHBaEeMbti ANTOPHTM pellenus 3agaud (1)
cocTout B chneayioueM, Cuadana no dpopmynam (6) BHYHCAAWOTCA KO-
sppuuuentol Pyphe npaeoit yactu f;. [IpH xaxa0M GHKCUPOBAHHOM i
cyMMul BHAa (6) MOXHO BBUHCAWT: AAA k=1, 2, ..., N,—I1 ¢ no-
MODLbIO GHICTPOro ARCKpeTHoro npeobpasopanus ®ypbe 3a 4uchao Aeil-
cteuit. O(N,In N,), a BbiyucneHue 3TUX cyMM aad Beex (=1, 2, ...
..., N\—1 norpebyer O(NN;In¥;) neficteuii, 3aTeM Hai0 pewHTh
MeTOAOM NPOTOHKM ypasuewMa (5) Ansm k=1, 2, ..., Ny—I1, yt0 no-
Tpebyer O(NN,) peitictBuit. Hakoneu, 3uaf kospduuuental @ypoe
¢, (i), MOXKHO BOCCTAHOBUTH pellieHue y; no GopMy/am

Nyl
Yy = 2 ck(i)uk(n’ i=1,2 ..., N]'.__ls i=1,2 ... , No—1,
k=1
KOTOpBle aHaJorudubl Gopmyaam (6) H TpeBylOT TOro e uucaa fel-
creuil O(N N.InN.).

CneaopaTeqbHO, H3J0KEHHHH 31eCh aArOPUTM MOXeT OHTh peasu-
30BaK 3a yucao aeicrpuit O (NN, InNy). Ias cpaBHeliks OTMETHM, 910
o6blyHbl MeTod uckarodennn laycca norpebosant 6uf O(N®) gedicTenil
W, KPOMe TOTO, TPOMA/HOHA MAlUHKHON NaMATH.

HenocTaTkoM RAHHOTO MeTofa ABJALTCH HeoOXOAHMOCTbL MOCTPOE-
HHA B ABHOM PU/le COOCTBEHHBIX YHCe H COGCTBEHHBIX QYHKIHA OLHO-
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MepHOH 3aaaud. B cayyae, koraa pelleHde 3ajaud Ha cofCTBeHHHe
3HAUYEHNA B SBHOM BHIE BBINHCAThL HEBOIMOXHO (HANPHMeEp, AJAA Kpae-
BbIX ycaosHit TPeThero poaa WAM B cJaydae nepeMeHWBX Hepasieffio-
(MHUXCA KO3PPHUIHEHTOB), AAHHK MeTod HENPHMEHHM.

3aMeTHM elle, YTO pacCMOTPEHHBIA MeTOoA MOKHO MPHMEHATh H Aas
PetlieHHs HEABHEIX PA3HOCTHEIX YDPABHEHHM, BOZHHKAIOMIHX MPH ammpo-
KCHMaUWH ABYMEePHHX HECTAWHOHAPHRX 3afay, NOLOOHHX TeM, KOTO-
peie paccmarpkeaauck 8 n. 4 § 3. B sToMm caydae ypapHeHusA, aHadO-
ruqenie (1), NPHXOAHTCA PellaTh MHOTOKPATHO (HA KaXIOM BPEMeH-
HOM CJOR), NOSTOMY OCOOSHHO BAMHON CTAHOBHTCA SKOHOMHSA HHCJA
AeficTBAA, KOTOPYIO ofecneunsaeT JaHABI MeTOL.

r1ABA 4
TEOPHA YCTORYUBOCTH PA3HOCTHWX CXEM

B rnase 3 yxke nayyajgace YCTOHUHBOCTD PE3HOCTHHIX CXeM, amnmnpo-
KCHMHPYIOINHX YPasHeHHe TEMIONPOBOAHOCTH. B nacrosluefl raase
HayyaeTca YCTOHYHBOCTL ABYCJONHBIX H TPeXCJAOHHEIX JUHeHHHX pas-
HOCTHRIX cxeM ofulero BHaa. PasHocTHEIE CXeMBl paccMaTpPHBAKTCA
He3aBHCHMO OT TeX WM HHBRIX HCXOJQHMIX YpaBHEHHH H ONpelelfArTcA
KaK onepaTopuble YPABHEHNR C OMEPATOPAMH, NeHACTBYIOIIUMH B €BK/IH-
JMOBOM NPOCTPAHCTBE. YCNOBHS YCTOHUHBOCTH POPMYNRPYIOTCA B BHME
ONepPaTOPHBX HepaBeHCTB. [IpuMenene TEOPHH K HCCASLOBAHHIO YCTON-
UHBOCTH KOHKPETHHX PA3HOCTHHIX CXeM COCTOHT B NPHBEAEHHH 3THX
CXeM K HAHOHWYECKOMY BHAY U TIPOBepKe BHNONHEHHA ONePaTOPHBIX
HepaBeHCTs.

[laparpad 1 HOCHT BCMOMOTraTeNBHEIA XAPAKTEP, B HEM HA MPHME-
Pax NOACHAETCHA, YTO PASHOCTHYK) CXeMY MOQXHO PACCMaTPHBATH KAK
OonepaTopHOe YPABHEHHE; NPH 3TOM KOPPEKTHOCTH CXeMBI OnpeaesseTcH
He CTPYKTYPOH DPa3HOCTHOro onepaTtopa, a ero OBLHMH CBOHCTBaMH,
T2KHMH, KaK CAMOCONDSKEHHOCTh W TOJOXKHTENbHAA ONPeAesIeHHOCTD,
B § 2, 3 nznarawoTcd 37eMEHTH TEOPHH YCTOHUIMBOCTH ABVCAOHHHIX H
TPEXCAGAHHX PA3NOCTHRIX CXeM, a B § 4 TeOPHA yCTOAYHBOCTH mpHMe-
HAETCA K HCCAEIOBAHHIO IKOHOMHYIIBIX PA3HOCTHHIA CXeM AAA MHOro-
MeDHHIX 32139 MaTeMaTHYecKol QH3IRKA.

§ 1. PasHOCTHBIE CXEMBI KAK ONEPATOPHbIE YPABHEHWH

1. Mpeacrasnenne PasHOCTHBIX CXeM B BHAE ONEPATOPHBIX YPaBHe-
Hui. PasdHocTHele CXeMBbl BOZRHKAKT B PeaydabTaTe almpOKCAMaUul Toit
HAH HHOH 33aJa4Yd MaTeMATHYEeCKON (PHIHKH H NpelHasHaueHbl AJd ee
NpubAHKeHROro pellennd. [TosToMy B TeOpHH pasHOCTHHIX CXeM BaX-
HOE MECTO 3aHUMAIOT BONPOCH ANNPOKCHMAUWH JAH(¢epeHINANBHBIX
yPaBHeHHt Da3HOCTHBIMH H CXOANMOCTH pellleHHHl PAa3HOCTHHIX 3a4aY
K pelleHuaM HCXOAHMX nuddepenunanbuuix 3aiay. Oanako Gyayun
NOCTPOCHROH, PA3HOCTHAA CXeMa NpeBPallaeTcsi B CAMOCTORTEJbHBI
MareMaTHYECKH] 00BeKT H MOMKET H3YYaThbcH BHE CBA3H ¢ NOPOAHBLUEH
ee Anddepennnanvuol 3agaved. TIpn 31OoM ovnapaT npobaeMwu
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anMpOKCHMAUHH H CXOMAMMOCTH H oOCTaeTcA JHWE npofaeMa Kop-
PEKTHOCTH pasHOCTHOR cXeMbl, T. €. e¢ PaspellHMOCTH H YCTOH-

YHBOCTH.
PasuocTHas cxeMa mpeicraBiser cofof cHcTeMy JAHHEHALIX anre-
6panveckux ypapHenuid, Ee Bceraa MOXHO 3anHCaTh B BeKTOPHOR

dopme
Ay =1, 1)

rae A — MaTpHIa CHCTEMBI, § — HCKOMBIA BEKTOP M ¢ — 3aA1aHHHIA BeK-
TOp, ONpPeAeaAeMbll TPABLIMI YACTAMH PA3HOCTHHIX YPAaBHEHHH H JO-
NOJMHUTENBHMMH (HARAJLHBIMHE H FpaHUUHBIMH) yenoBHaMu. Takan 3a-
nuch naubosee yAoGHA ONS CT2UNOHAPHBIX PA3HOCTHHIX 3a/a4, B CHy-
yge e ABYCAOHHBX M TPeXCAOHHBIX PAa3HOCTHHIX cxeM (yileM HCNOJb-
30BaTh APYTylo hopmy sanucu (cm. § 2, 3).

YpasHedue (1) MOMHO pacCMaTPHBATB TAKMKE KAk OnepaTopHOe
ypanHeHHe, rae A — JdHelHBIl omepaTop, AeHCTBYIOHH B KOHEUHO-
MepPHOM NpOCTpPaHCcTBe f, y — HCKOMBIH 3/MEMEHT 3TOro IMpPOCTPaHCTBA
H 9=H — 3aaannbti anemeHT. [as pPasHOCTHEIX CXEM XapPAKTEPHO, 4TO
KaxJad cxeMa onpeieqseT He o4HO ypaBHeHHe (1), a lenoe ceMeicTBO
ypaBHeHHHA

A= @n, (2)
3aBHCsilllee OT Hiara ceTkn A, [IpH KaxAOM AZONYCTHMOM 3HauyeHHH A
onepatop A, OefiCTBYeT B KOHEUHOMEPHOM mpocTpaHctse ff,. Paszmep-
HOCTh MpocTpPaHcTBa ff, 3aBHCHT OT IAara CeTKH # W, Kak NPAaBHIO, He-
OrpaHuYeHHO BO3pacTaer npu A—0.

[IpuBeaeM HeCKOJbKO NMPHMEPOB 3aMHCH PAa3HOCTHOA cxeMbl B BHIE
onepaTtopHore ypaguenus {(2). Urolbl 3anucaTe KOHKPETHYIO CXeMYy B
pHAe (2}, HAZQ BBECTH COOTBETCTBYIOWHM 0GpasoM NpocTpancTBa H,
onpelenHTb ONEPaTOpH Ay M 3aJaTb OpPaBHe dacTH ¢,. CnejyloliHA
npuMep yXe paccMarpusaica B § 1 a1 3.

ITpumep 1. Ha cetxe

Q== {ri=ih, i=0, 1, ..., N, AN=1)
pPaccMaTpUBAeTCA PASHOCTHAA CXeMa
g}'x_.{=_ff' £=1|2’ ""N_lt Yo= 1, Yn =Us. (3)

[Mepennuem cucremy (3} B BHAe
‘—"'-"_2 — T -
ylkg Y =f1) _y;x,;':ff, £=2,3‘ --.,N—-Q,
@
— Yyt 29'.'\?—;

2 = fN-lr

rae fi=Ff+wfh?, Fu-i=Fw-1+u./h*. Beemnem npocrpancrta fy_, pas-

MepHOCTH N—1, coctodmue n3 QYHKUHA yf(x), 3a0aHHHX A Xy,
o= {x;=ih, i=1,2,..., N—I], AN=I}.
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Onpenenum 8 Hy_, onepatop A H BeKTOp ¢ CAeRyomHEM 00pasoM:

Agh=22t | A=y, i=2,8,.. N=2 (g
-_— 2
(Ay)N-]. =_~—5’N—2 ; L= '
o=F., @=f, =23, ..., N=2, gv_i=fp0 (6}

Torpa paanocThyio cxemy (4) (uin, 4TO TO e caMoe, PA3HOCTHYIO CXe-
My (3)) MoxHO 3anucaTh B onepaTopHodl gopme (1). Martpuua storo
onepatopa fiB/fgeTCA CHMMETPHYHOH K TpexauaroHadsvoll. Hanpumep,
ANAa cayuan N =6 oHA UMeeT BHA
2 -l 0 0 0
(-1 2 -t ¢ o
A=— 0 -1 2 —1 of.

Bl o o -1 2 —i

0 ] 0 -1 2
Bo3MoXHO H HECKONBKO HHOE omlpepeneHue omnepatopa A, no3so-
Af0llee 3aHCaTh BHIPAKEHHA ANf er0 KOMIOHEHT eJHHO00Bpasno Bo

BCeX TOYKaX CeTKH w,. Ilycte Hy, — noampocrpancTso (yHRIu#, 3a-
JAHHBIX Ha ceTke &, v o0pAlLAKINUXCA B HYAb npH (=0, i==N. Bge-

Iem ormepatop A, AeiicTByowuit u3 Hy-y, B Hy_, # ONpefencHHBIH dop-
Myalamu

(Ay)f=__y;x.p £=l' 2'- -t.'N_l, ynﬂyN='0' (7)

H 3ajlafAHM BekTOp ¢ coraacHo (6). Torna mo-mpexHeMy pasHOCTHYIO
cxemy (3) Moxno samucath B Bule Ay=q, rae y= Hi,, ¢=Hx_..
Taroe onpeaeaenne onepatopa A MBI yXe Hcnoab3osaau 8 § 1 ra. 3.
[TopuepkueM, uro popmynsr (5) 1 (7) onpeaeasloT, No CynIecTBY, OAHH
H TOT Ke olepaTap.

PasHocTHBle cXeMBl ANA MHOFOMEPHHIX 33/d4 TAKNKe MOKHO mpex-
CTABHTEL B ONepaTopHoit dopme (1),

[Tpumep 2. B obnactn G(0<x, <l x==1, 2) BBefEeM CETKY

Q= {xy =, ) | ¥ = iny, £ = jn,,
£=0, l, faa Nl! f=0, ]| ey Ng, h]_N]_:!l, thﬂ=£g}.

[lycTe y, — MHOXKECTBO Y3/10B CETKH (), NPHHAAJEKAWHX FPaHHLE 06-
AacTi G H o, — MHOMKECTBO BHYTDEHHUX Y3/0B CETKH £, PaceMoTpuM
PA3HOCTHYIC CXEMY, alNPOKCHMHpYIOWYo ypasHeHue [Iyaccona

y,,—,xm-,- + Yomnit = — fi,  €CANH Xip & @y,

@

iy =0, ecau xi; = ya.

Tlycre H{:) w H{ws) — auHefiHble OpocTpaHCTBa BYHKLUHE, 3a4aH-
HHX COOTBETCTEEHHO Ha CeTKax Q, W w.. BpegeM Tardke moanpocrpas-
T80 H° (€4} QyHKUuT, 3a1aHHBIX Ha ©, U PABHBIX HYJK Ha y,. PasMep-
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HOCTb 3TOTO NMOANPOCTPAHCTBA COBNAAAET ¢ YHCJAOM BHYTPEHHHX Y3/I0B
ceTkH Q, n pasHa (N,—1}(N,—1). 3anave (8) coorBercrBYeT onepa-
T0p A, nefictByrowtufi u3 H°(Q,) B H{m,) 1 onpeienennutit dapMyaamu

Ay =— Y7 i Yo ip €O Xy S 05; Yy =0, €CAH Xy = Yo
(9)

Pasnocthyio cxemy (8) MOKHO 2anmcaTh B Buie (1), rae omepatop
A onpepenen corgacho (9}, a KOMNOHEHTH BeKTopa g=H (o) 3anaw0T-
ca GopMyaamu gu=(x;) =f, ecan x;=a,. CpoficTBa onepatopa (9)
nofapo6Ho nayvanuce B § 2 ra, 3.

Moxno O6en0 OH, TaK We Kak ¥ p npuMepe |, onpegesnts onepatop A Kax one-
parop, Aehcteywownfi va H(wx) B H{ws). OZHako B faHHOM Cayyae 3TO NPHBeno
O6H K rpoMosakam dopMmyanam. Hanpamep, Toneko HA OAHOR 9acTH TPaHUUH fpH ie=]
HaAo GHNO 6W 3afaTh 3BaueHua onepaTopa A dopMynamu

24,1 — 4y )
(A§)1f=— X -y;;-\':.ff' =23, ..., N.—9,
1
2¢n — Un 2411 — Y2
(A = + ,
r a3
2 — Y 2 —
(A8 pymy = LN _ 2Nt i h HiNy—s )
hy L

Tostomy yao0Hee HCNOABL3OBATL onpelenchue (9) omepatopa 4.
Ecan xpaeBhe ycnoeia (8) HeodHOpPOARBE, TO, NO ARANOLHH C IpHMepoM |, Me-
HAEM NPaByo 4acTh B OPHFPANHUAHX ¥3J4X.

2. KoppeKTHOCTL ONEPAaTOPHMX ypaBHeHHHA. PaccMOTpHM ceMmeficTBO
ONepaTopHLIX ypaBHeHHH (2), rae A,-— JMHefHbIl onepaTop, AeficT-
BYIOLLIHA B KOHeYHOMEPHOM JAHHEAHOM npocTpanctse f,. [Ipeanonoxum,

4To B npoctpancrse f, 3ananbt HOPME |-l B N+l B KOTOPHIX

H3MEPAIOTCA, COOTBETCTBEHHO, pellleHHe ypaBHeHns (2) ® ero npaeasn
yacTb. B cooTBeTCTBHM C onpefeneHHaMH, BBeJeHHMMH B § 6 ra. |, Gy-
JeM Ha3HBAaThL ypabBHeHHe (2) KOppeKTHbLM, eCNA

1) pewenne ypaBHeHHa (2) CylUeCTBYET W €AHHCTBEHHO NpH JIOGHX
':PhEH-'u

2) cymecTByeT KoHcTaHTa M,>>0, e 3aBucamas oT A M Takas,
4TO NpH M106HX @, H), BHIIOAHAETCSA OlleHKA

||yﬁ[|flm--<-...M1Hq3h”{2h]- (10)

Kax YKe OTMedHanoclh, YCJIOBHE 1) 3KBHBAJNEHTHO CYIIECTBOBAHHID
onepatopa A;', a ycioBie 2) — paBROMepHOHi NO /i OrpaHMYeHHO-
CTH A",

3amevapune CeolictBo 2), pupakenHoe ouenkolft (10}, wasuiBaetcR yerod-
HUEOCTHI0 PABNOCTHONG cxempt (2). BooGue, ycroflunBocTh kaxoii-mufo sazadn osua-
uaeT, YTO NPH HeSOSLWIOM H3MEHEHHH BXOJHBIX IAHHHX DEICHHE HIMEHAETCA Mado.

Tarkum ofpasoM, AnA HCCMeROBAHHA YCTOAUHBOCTH WeQGXOJAMMC PACCMATPHBATE YpaB-
HeHHe, KOTOPGMY YZOBNETRODAET MOTPEMIHOCTh, BOSHHKAWIMAS B pe3yabTare BOIMY-
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IeHHA BXOAHEIX TaHHuX. ONHak0 8 cayyae nHHefiHoro oRepaTopa Ax CTPYKTYPa Ypas-
HeHHA AR NOCPelMHOCTH Ta Xe, 4TO K OCHOBHOro ypasuenud (2). [Tosromy Ape mc-
CASIOBAHME YCTONYMBOCTH AOCTATONHO orpaunuuTech oueHkofi (10}, [deficranrenco,
paccMOTpHM Hapapy ¢ {2) ypaBHeHue
= ot
Aoy = Ok’

oTapdawmesca o7 (2) npapoit 4acthi. JlAg morpellHOCTH  Zh=gh—Us NOAYIHM
¥paBHeHHe
Anzn=">8qs,

rhe 6tpn=q3.s-—q3},” — BOIMYHIeHKe Npagoii uactd, Ecay swnoauena oueHka (10), 1o
“ 2 H“l\] = Ml u a‘ph “{231'

CAe0BATENLHO, |[z,,|]uk' — 0 npa | 6%“(%) =0 u sagava (2) ycroftuuea.

Hepr,ﬂ.HO OOAYYHTb HEKOTOPDBIC AOCTATOHHBIC YCAOBHA KOPPEKTHO-
CTH. ['[pennonoxmm, 4yTo Hh — BeIUeCTEBCHHOE KOHeYHOMepHOe [po-
CTPAaHCTBO, B KOTOPOM BBEJEHH CKajJfipHoe NpoudBeneHue (y, v), ¥
uopMa |lglla=¥(y, y)». CnpaBesauso ciepyoliee yTBepKaeHHE,

Ecau cywecrayer nocroannas §>>0, ne zasucamas or h u raxas,
470 npu 21060 &S H), sotnosneHo HepaBENCTEO

(A, ve)e == 8o i, (L)
TO ypaenenue (2} KOPPEKTHO U AR 20 Peleniin BolnOANAETCA OYeHKa
Hemlla=s 6= llepall. (12)

YTo6u AOKA3aTh CYHECTBOBAHHWE W €AHHCTBEHHOCTbL pelUeHHS
ypaBHeHus (2), DOCTaTOYHO YGegHTbCS B TOM, YTO OAHOPG/JHOE YpaB-
HeHRne

Ay, =0 (13)
HMeeT TOAbKO TPUBHAALHOE pelueHne 2,=0.
Myctb 2, — pewenne ypasueuns (13}, Toraa cornacno (11) AMeem
8l2nle < (Anzn, 2) =0,

oTKyaa noaydaeM [[2:lla=0 », cneposaTennno, 2,=0.
Hokaxem ouenky (12). Cornacuo ycrosmw (I1) agns peluenus
ypaBHeHHs (2} cnpaBeRJHBG HEPABEHCTBO

2
O g [ << (ny gndees
IMpumenan HepabeHctBo Kown — ByHAKOBCKOrO, nosiyuaeM, uto

8lyalr <l oull, 194,

OTcCiofla HeMeAJIeHHO caeayeT oueHka (12).

OrMeTuM cBa3b ycaoeua (11} ¢ oueHKaMn coOGCTBeHHBX 3HAUeHHMA
onepatopa A, Ecau Beinonaero ycaosue (11), To Bce cOOCTBEHHBIE 3HA-
yeHHA onepaTopa A, — HKeilcTBUTENbHRE YUCTA, IPUYEM AAst MHHAMAJb-
HOTO cOGCTBEHHOrO YHC/1a BHIIOJHAETCA OLEHKE

Mnin 22 8 2> 0. (14)
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HeiictBuTensHo, nycTs A — mioboe coGCTBEHHOE UYHCIO Oneparopa
A, U . — oTBeyawILan emy coOCTBeHHan ¢pyuxuns, Ayp=2Aiu. Toraa co-
rnacHo {11) umeeM

e, ), = 8]

H, CIeA0BATeNBHO, A= 8.

Jna camoconpsakenHoro onepatopa A, BepHo H ofipaTHoe: U3 yclo-
BHa (14) cneagyer BhimosHeHHe HepaBeHctBa (11) npu Awbhx v H,.
B nauxom cayuae jofodt snement v,=H, MOXKHO Pa3OKHTh O OpPTO-
HopMHpOBaHHOH cucTeMe {p,} COOCTREHHBIX BeKTOPOB onepatopa A,

Up= 2 Celly,
k

H NOAYYHTD, 4TO
(Anvs, v)) = Z haCh = lﬁn ﬂ I'h]ﬁ =6 H Un Ni
&

Taxum o6pa3oM, MOXKHO COPMYJUPOBATE eIle OAKH TIPH3HAK KOPPEKT-
HOCTH,

ITyere A, — camoconpaxcennsiti oneparop u My — eco mumnmanrs-
Hoe coBcraennoe wucao, Ecau soinosnena ogesra (14} ¢ nocroannod
8§>>0, ne aasucauweld or h, To ypasnerue (2) KOPPexTHO U 0ad e20 pe-
wenua cnpagedausa otgenka (12).

BepHemca K mpuMepaM, paccMOTpeHHBIM B M. 1. BBeaem B npocTpan-

cree Hy_, (cM. nprMep 1) ckansapHoe NpoW3BefeHNe
N=1
(g, V)= >\ gk

i=1

H HOpMY

N-1 s %
igl=1{> gi} .
f=1
Torfa, Kak Gelio nokasaHo B § | ra. 3, oneparop (7) aBnseTcs camo-
conpamennnm 8 Hy_, m AN ero MUHHMANBHOrO COGCTBEHHOrO Yucia
cnpaeeianBo HepaBeHcTBO (14) ¢ koncranToft § =9/ Takum oGpazom,
pasHocTHan 3apaua (3) KOppeKTHa W i ee pellleHHd BHINOJHAETCS

onenka (12), rie pyHKUNs @ onpedesnena coraacHo (6).
B cnyyae cxemsl M3 npumepa (2) ckaiafpHOe NPOH3BeIeHHE H HOp-
Ma B [1°(Q,) oNpereasOTCA KaK
N1 Ne-1
o=t 3 hyvu,  Nyl=V, ).
=]} f=1
Onepatop (9} aABngercs caMOCONPAKEHHBIM H AJS €70 MHHHMaJabHOrO
co6CTBEHHOTO UHC/IA BHNONHeHA ouenka (14) ¢ komcranToit 6= 914 -+
49/ (cm. § 2 ra. 3). CnefoBaTensHO, pasHOCTHas cxema (8) Kop-
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pEeKTHA H [T ee Pellesus CIPaBeLIKBA OlleRKa
ol <@+ oy L

Huorna oueHok Buaa (12), B KOTOPEIX pellleHye ¥ NMPapasd uacThb Bbl-
YHCAAIOTCA B OAHOH 1 ToH e HOpMe, OBHBaeT HeAOCTATOYHO AMA AO-
Ka3aTeJIbCTBA CXOAMMOCTY W BHIICHEHHS NMOPSAKa TOYHOCTH Pas3KOCTHOH
cxeMbl B To xe BpeMs oleHKH BHaa (10) co cnemuanbio nogoSpaHHoH
HOPMOR TPaBoi YacTH|@afz,y MOIBOAAIOT NOAYYHTL TIPABUIBHOE NIPEA-
CTaBNeHHE O NOPSAKE TOUHOCTH PA3HOCTHOH CXEMEL

[MpuBsegem CoOTRETCTBYIOMUI NPHMEP.
flpumep 3. B § 3 ra. | naydanach pasHoCTHAf ¢XeMa AAf 3a7adH

(R(x)a'Y —q(x)ule) +(x)=0, 0Tyl
—R(0}u (0) +ou(0) =,  4{f) =us
k(x) e >0, g¢(x)=0, o220

Buao mokasado, 4rto pashocTHad cxema {3}, {(4) na § 3 rn. | umeer BTOpOH NOPANOK
TOUROCTH. BHMTHWEM ypagHeHye, KOTOPOMY YAOBAETROPACT HOTPEWHOCT 2=t i—u{x¢}
{cetka Qn — Ta iKe, uTo H B NpuMepe 1):

{az;) =, 1—dzs=—i,
—a2x, o+ 020=", an=0. (13)
Pe=0{1?), w=0(?), i=I 2, ..., N—L,
a;320>0, i=1, 2 ..., N, 6=0+05 hdy,
diz0, (=0,1,..., N—L

3neck

I[TonniTaemcs npsimennts yenosue (1) k ouenke pewrehus sapaun (15). 3anumem
cxeMy (15} B oneparopuoM Brie Az=1. [ns Toro 4rofH MaTpEua onepaTopa A

Gtina CIMMETPHYHOR, mepenvureM pasHoOCTHOR IPpAHHYHOE YCAOBHE B BUAe
pe p
a
.._-;11- 2., _|_;L 7 = l;ll_ . Toraa onepatop A W npasad 4acth Y ONpelensOTCA
' i
CACAYICIEEM 0Gpa30M: _
iy 0
(A2}0=—sz.o+T20, Zyy =0,
(16)
(Az};:-(az;}xli—}—dizf, i=1,2, ..., N—1,
T
V1
1]):(-5",\],7“ ng' P "pNi_l) . (IT)

BeeneM AHHefiHO¢ MPOCTPaRCTBO H}\?’ ¢yukunfi, 3a1aHHEX Ha {3 H PABHHX HYJIK
npH {=N, H 3324IHM CKansApHoe NPOHIBEACHHE H HOPMY
N1

W= goh  lel=VEp.
i=a

Bumucaum 2nA onepatepa (16) u mpoussonsmoro v < HY cxanspuoe npoussencune

{Av, v). Tlo onpeaeneRuio HMeeM
M-l N-1

(v, ©) = — oy oo + v — ) A @), v+ D k).

i=1 i==1
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Panee Gpno noxasame, 4To apH ¢y =0 CAPABLAANSO TOMAECTBO {ca. (16) ns § 3
ra, 1)

N-1 N
1
av, W+ 2 h(ao;)x_‘-vi=-— 2' a, (U;“Ph.
=1 =1
TMoszomy v g v
v =] 1

(Av, v) = Z a; (o Vh4 ovd + Z hd2? > G0 + 2 hay (o= ).
(=) ! i=1 =1 ’

Otcrofa npn o=0, iz >0, i=1, 2, ..., N, nonyuuM ouenxy
by
.
(v, &) >0 3 oo 2. (18)

i=1

OuenMM cHH3y NpaByw uyacTb wepasencTha (18) ueped CpeiHeKBAJPATHERYIO

HOPMy : N /e
lel= (Z hv?) : (19)
i=g

)

Hanominy, uto corazcno ouenke (17) us § 3 ra, | npu awbux v E Hy' copaseanwso

HEpABEHCTBO
N

Dkl P, (20)
[£51
rae
v = max |u|.
i iFC{QJ, osas;fv-.[ s |
C Apyrofl CTOPOH, A8 CPeAHEKBAAPATHYHON HOPMEI (19) umeem
X1
2 b3 = 2
T < _max 1o, 2 A=tlvlkg, (21)

=0

Otctoza w u3 Hepasenctsa (20} moaydnm

N
R (v ) > TP
=1
H, yyutoiBan (18), npuxoAnm K oieHKe
(Av, o) Zod-2via

Crenosarencho, Ana ofiepatopa (16) cnpasesnuso HepasencTBO (11} ¢ EKoOHMcTauToR
f=c|{-% a mna pasHocTHoR cxemit {I5) BHINOARARTCA ONEHKaA (12):

izl et ). 22
Has cerounof dpyuruun (17}, yumtueag, uro vi=0{h?), umeem
N=y

[P =23 a9+ vih =0 (9,
i=1
Tak yto [Pll=0(h*?) u sepasenctBo (22) RPUBOANT K cuenke |z|l=O(h3%/2), Takoe

RoHY HeHHe NOPAJKA TOYHOCTH N0 cpaBHewAls ¢ gokasakuol B § 3 rn. | TOYHGCTHIO
O(h?) BHSBAHO HEYAAUHHM BHIGGPOM HOPMH nparoil yactn . Ecau g kauectee nop-
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Ml B3ATH, HANPHMED,

N
1l = 2 kIl 23)
i=q
To g GyHruHy (i7) moaAysHM N
-1
1l =1vel+ D) fl] =0 ). (24)
=1

Opuako oueHxa (12) He moamonger HcmoabsoeaTh HopMy (23). TTostomy MoxHO
NOCTYNIHTL CAeAYIOWHM 00pasoM. YMHowaR ypapyenne Az=1 cKaNupHO HA Z, DOAY-
YUM TOKAECTBO

(A2, 2)=(¥, 2). (25)
QuenuM MpaByi0 $acTh 3TOCO TOMAECTBA CAELylouHM 06pasoM:
N—1 N=y
2 b= D) iz, | <) ALl <
i=a (=0
N=-1
< max 1) § ARAE LI L P

Jlepaa uacthk ToMcaecTra (25) oueHWBAETCR CHH3y COMA3cHO HepaperctBaM (i8), (20):

(A2, 2) =i 2 [E g,

Taxum obpazom, aaa cxemer (15) enpaeeanusa oleHxa
M2 leco,, < Il (26)

Ha ouenku (26), yanteeas (24), monyuaewm, 410 [zl =O(A%). Kpome Toro, ua
{26) u (21} nonyuaeM, uto [zl|=0(#?).
3. Onepatopst neppoit pasHOCTHOH npoHspoAnoil. Ha ceTke
Q= {x=ih,i=0,1,..., N, hN=1{}
paccMOTpPHM Pa3HOCTHOE YpaBHeHHWe NMEePBOro HopAlKa
Y;— Y i
—T"—meph i=1,2 ..., N, ygp=pn. 27)
Beeaem npoctpanctso Hy dyHKUHEA, 3aJaHABX Ha CeTKe
on={x=th,i=1,2, ..., N, AN =1},
u onpefenum B Hy cKaAapHOe IPOUIBEeRHE
N
g, v)= 3 g
=1

3agazum onepatop A hopMyaamu

(Ag), =2, (Ay>f=y"—:‘"‘, i=2,3,....N. (@8
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Torpa ypaedenue (27) MoxkHO 3anpcate B BHAe Ay=gq, rae ¢=
T
=(¢1+%,% --—-'PN) . Oneparop A, onpefedennblii dopMyaaMu

(28), nasbiBaeTCA oneparopom Aesol PAINOCTHOL npouszsodrod. Mar-
PHLA 3Toro onepatopa HMeeT BHA (ANA ONpPeAeneHHOCTH MoJaraeM
siecs N=5)

1 0 0 0o ¢

=t 1 0 oo
A=— 0 —1 1 0 0
Bl oo 0o <1 1o
¢ 0 0 —1 1

Haifinem onepaTtop A*, conpsukennsnii omepatopy (28). ITo onpeaenenuio
AMeeM

N 1Y
Ay, v) = 3 (Aghivh=g0, + 3 (i — yia) i =
{1 =2
N N-1 N=1 v, —
—_— N . — £+1 U'l: ﬂN
= 2 YU — 2 Yl —_2 Hi _h_h +yN Th‘
i=1 =] =1
CneposareasHo, onepatop A* sazaercs popMyaamu
—

A=— b il 2, L, N, Uy ="2 . (29

Onepatop (29) Ha3HBaeTCA oneparoposm nPasol PaInHOCTHOL npous-
80Jr04. Marpiua oneparopa (29) sBAsieTcA TPaHCIOHUPOBAHHOH Mo
OTHOUIEHHKIO K MaTpulle onepatopa (28).

BuanciuM ckanaproe nponsseenne (Ay, y) ana onepatopa (28).

O6osnauuM gz,;=(yi—y:-;)/h W 3aMeraM, UTO CNpaBelAUBO ToNKge-
CTBO

| ¥4 i _ 42
y;_(y&'=3 (y )x.;"l" 9 (yx.g) . (30)

Toxpecreo (30) AokasHBaeTCA HeMOCPENCTBEHHON NPOBEpKO.
Hs (28) n (30} nonyuaem

Ao, )=+ 3 6t b S s =
=4+ D ERA+ 5 D W) h=

i=a i=3
1 2y h &
=< i+ o) + 5 D s .
i=3
[Tonaran dopmannto y,=0, noayunm

hgz  9=0. @D

M=

h N 1 = h
T )
(Ay, )= 2 2+ =g

i=1 i

I
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M3 nepasenctea (31) cneayer, B uacTHOCTH, 4TO OnepaTop (28) nomo-
kuTenbhbit: (Ay, y)>>0 ans seex y=Hy, y+0. HelicTBHTEABHO,
(Ay, y) =0 nxs Beex ye=Hy. Ecan (Ay, y) =0 mns mekoToporo y=
=(Ygr. .. yx)", 10 gi=gy=0,47,==0, T. & 4,=0,i=1,2, ..., N.

§ 2. KaHOHHYECKHi BHA H YCNOBHS YCTORMHBOCTH
ABYCROKHBX PA3HOCTHRIX CXEM

1. KanoHuueckHit BAN ABYCAORHBLIX pa3sHocTHHIX cxem, Ofuaa aa-
MHCh PASHOCTHEIX CXEM B BHAE ONEPATOPAKIX ypasHeHNit A,yn=xps, YAOO-
Hag AJA CTAUMOHAPHBLIX 3874a4, OKa3WBACTCH HEAOCTATOMHO AETAJbHOH
NP MEpexofe K HecTauHoHapHEIM pasHocTHbiM cxemaM. IMostomy npa
HCCAEAOBAHKN ABYCAONHBIX M TPEXCAOHRBIX PASHOCTHBIX CXEM HCOOJb-
3y0TCA ApYTHe KaHOHHYecKkne GopMbl 3anHCH.

TlyeTh, Kak H NpeiKie, 331aH0 CeMeliCTBO KOHEUHOMEPHHIX JHHeH-
HBIX MPOCTPAHCTB H,, Pa3MEPHOCTh KOTOPBIX 3aBHCHT OT MapameTpa A.
[lapamerp h cyuTaeM BEeKTOPOM C HOpMOil |#|. B mpunomeHusx K KoH-
KPeTHHIM Pa3HOCTHBIM cXeMaM NpocTpaHcTBo H, cocTORT M3 QyHKUWH,
3aJaHHBIX Ha TPOCTPAHCTBEHHON ceTke £, Xapaxrepusyioweiics wa-
roM h.

Ha otpesxe [0, T] BBezeM ceTKy N0 BpeMeHH

o= {t,=n1,n=0,1,..., K, Kx=T}

¢ warom 1>>0 u 6yaem paccMmatphBath GyRKUNY y(I,) =H, AuckperHo-
ro aprymenta {,Sw, O 3HAYEHHAMH H3 TpocTpaHcTBa H,, OYHKUHH
y(t.) =H, MoryT 3aBuceTb mapaMeTpHYecKH OT £ u t, ¥ (fa) =4 (f).
B raabueiimen 6yaeM o603HaYaTh Yn =t ({n).
Mycrs 3afnanbl AuHeitibie onepaTopsl B,, B,, AeficTByiomue B H,,
n byHknua @.=H. Jeycaotinoli pasnocTrold cxemol Ha3bBaeTCA Ce-
MeACTBO ONepaTOPHO-Pa3HOCTHEIX ypaBHeHni NepBoro nopaika

B FBotfr=¢, n=0,1,..., K—1, y=H,3anan. (I)
YUuTHBAs TOKAECTBO
Ynpr — ¥
Yo =tn + T% R (2)

noay4aeM, 4to JOYK ABYCJAOHYIO PasHOCTHYIO CXEMY MOXKHO 3amu-
caTh Ha CeTKE o, B BUAE

BN 4 ay—n, n=0,1,..., K—1, 4o Hisaman, @)

rae A n B — nuHeituble onepatophl, A=8,+5,, B=18,.

Kanonuseckun sudom (aaum xanonuweckod gopmoti) dsycaoinod
Pa3KOCTHOI Cxembl HA3BIBAETCA €€ 3aMnch B Buae (3).

TlocKONMBKY OAHY H TY XK€ Pa3sHOCTHYI CXeMYy MOMXKHO 3aNMBcaTh MHO-
THMH criocofamy, BeeleHNe eannoobpasHofl KaHOHHYecKoli GopMu 3a-
nHMcy observaer aHaJH3 N cpaBHEHHe pasAHYHHX cxeM. llo dopme
sanncK cxema (3) manomunaer aGcTpakTHyilo 3ajzayy  Koum ana
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AnddepeHunaAbhbiX YpaBHeH Il
Sr Ay =[O), >0, u@=u,

B cayyae KoHKpeTHRIX PA3HOCTHHIX cxeM onepartop A oluuHo npea-
cTapaser cobofl anmpoOKCHMAUMK NPOCTPAHCTBEHHOMO AHGepeHurap-
HOTo omepatopa ¥, a onepatop B 3afaeT Ty MWIH HHYK pasHOCTHYI
cxemy. [lostomy 3anuch cxeMmbl B Buie (3) yacTo ynpomtaer npoBepky
annpokcuMauuy. B paneHeitiiem Mbl yGeaumcs B TOM, 4TO YC/AOBHH
YCTOHUHBOCTH ABYCAOMHON Pa3sHOCTHON CXeMH yLo6HG (GOpMyJHPOBATH
B T€PMHHax cBOACTB onepaTopok A u B.

IIpuBeseM HECKONBKO MPHMEpOB.

[Tpumep I. PaccMOTpRM cxeMmy ¢ Becamu AJs OAHOMEpPHOTO YpaB-
HEHUSA TEIVIONPOBOAHOCTH (M. § 4 1. 1)

[ 131 3
Yo — W el

=0yt (1 —0) g5, (4)

i=1,2,...,N=1, n=0,1,..., K—I,
Yot =yn" =0, 4i=1,(x).

[Mpupenem cxemy (4) x KauoHuueckomy Bumy (1). B Kauectse npo-
CTpaHCTBa fI, Bo3bMeM MHOXeECTBO K , AeACTBUTENbLHBIX (YHKUMH,

3a0aHHBIX HA CeTKe
Qu= (=il i=0,1,..., N, AN =1}

H 06pallaIOWKXCA B HYJIb MU (=0, i=N (onepaunn CJIOKeHHT U yM-
HOXKeHHA Ha YHCAO 334al0TCH OOGHYHEIM 00pascM, T. €. NMOKOOPAHHAT-
Ho). Onpenennm onepatop A (onepatop BTOPOi PA3HOCTHOG Npouseoa-
HOH) topMynamu

(Ay)'::-_yzx.p £=1!2! --'rN'_l’ yo=y1\-’=0- (5)

O6osnaunm uepes y.= HY, Bektop g, =(], 45, ..., g5, rae
¥7 =y{x, 1,). Toraa pasuocTHyio cxemy (4) MOXKHO 3aNHCATD B onepa-
TOPHOM BHAE

Ynog— ¥

Lllt_n‘ + UAyrH-], + (I - 0') Ayn = 0, (6)
KOTODHIL ellle He ABJIACTCH €€ KAHOHH4eCKHM BHAOM. /S TOro yToGHl
MepeiiTH K KaHoHHYeCKOMY Bnay (3), A0OCTATOMHO BOCTOMBIOBAThCH
TOXAeCTBOM (2), 0TKyAa noayuum, yto B =E+orA.

Taxum oGpasoM, paswoctras cxema (4) 3anucelsaeTcs 8 KanoHude-
cxom sude (3), ede ¢.=0, oneparop A onpedenen coenacno (5) u
B=E+aA.

Mpumep 2. Ha 1ol xe ceTke, 4To n B npumMepe 1, 3anana paa-
HOCTHAA CXeMa

5"?“ =0,5 (y?ﬂ + y?-l)» (7)
=12, ..., N—1, n=0,1,..., K—1, Y=y (x).
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Tpusenem cxeMy (7) k KanoHnueckoMy BrAy (3}. Ilpexne Bcerc ne-
pennueM ¢¢ B BHIe
gt =050, — ity T v
Hau
H+1 T rn
Yy —yi =050y, .
IMopenus nocieanee ypapHeHuwe Ha 0,5/°% yOempaeMca B TOM, uTQ cxe-
mMa (7) nmpeacrtasaser cobofi wacTHbI cayuall cxembl ¢ BecamHu (4),
xoria o=1, 1=0,5". Crenosatensno, cxeMa (7) UMeET KaHOHWUECKHI
Bua (3), rae onepatop A onpenenen cormacio (B), B=E u v=0bh%
Sameuanune 1. Oneparopm A, B 8 cxeme (3) MOCYT 3aBHCeTH OT T, R H fn,
tak 40 A=Ax (({a), B=28p {ts). OyWKuNA . 3a8UCHT, Boobme roeapda, of T

H h’ @n=CPh,1(in}-
3ameuanne 2. Ecan cetka w¢ HepapHOMepHasn,

== fle, ne=0, 1, ..., K, (=0, 1x=T}
¢ MArAMH Thyi==lnt1—la, n=0, 1, ..., K—I, T0 B KauecTBe KaHOHHUecKOR (QopMu
ABYCACHHON cxeMbl MOMHO B3ATE YPABHEHHE
Yuvy — Yn
B-—T———}—Ayn:(pm n=0,1, ..., K—1.

fitl

3awmevanue 3. Kanounyeckufi sua nsycaofinoit pasnocrholi ¢xemel No ¢op-

Me 3aMACH AHAAOTHYEH OHOWArOBOMY HTEPaLHOHHOMY ME104Y PElIEHHA CRCTeMBbt fH-
HelAHX anreGpanvecknX ypaBHeHHE

Ay=¢ (8)

{cM. § 1 ra. 2w, 11), Takan anaaorus He ApgAeTCA QopMankHofi, NOCKOABRY Nepexod
OT ypaBHeHua (8) K HTepAUHOHHOMY MeTOLY

r —
gl T 4 oay 9)
T

MOMHO TPAKTOBATE KAK 33MeHY CTAlHOHAPHOrO YpaeHeRHs (8) HecTainHoHapHHM
ypaBHeHHeM (9). Oriuune HTepaudcHHoro Metoaa (9) oT pasHoctHofi cxemu (3) co-
CTOHT B TOM, UTC B ypashenud (9) a) A v ¢ He 3aBHcaT oT n, 6) HTepaunoHHHIA Ma-
paMetp t He 0A3aH CTPEMHTBCA K HYJH.

2. YCTORYHBOCTE PA3KOCTHBIX ¢XeM, Kak W B cayuae cTalHOHAPHHIX
3afla4, pa3HocTHas cxema (3) Ha3blBaeTCA KOppexTHod, ecln ee pelle-
nue yo,=y,(f,}: a} cymecrsyer, 6) eIMHCTBEHHO, B) HENpPepHBHO (NpHu-
yeM PaBHOMEPHO OTHOCHTENbHO T W A) 32BHCHAT OT BXOAHHX HAHHBIX
¢({.) u y,. B nanbuefimiem Bcerfa OyieT NpeAnoJaraThes, YTO onepa-
rop B! cymecrasyer {ecin B=B,.{{,), Tc npeanonaraercs cywecTBo-
pauue B-' npn Bcex AOMycTHMBIX 3HaveHnsx h, 1, 1,). Tem caMbM ra-
PAHTHPYETCH CYLIECTBGBAHHE H €IMHCTBEHHOCTh perneHns 3agaum {3},

HaauM cTporre onpeaelieHus ycrofiuusoctd. Bynem c4nTath, 4ro B
H, 3ananbl aBe HOPMEL | - |, B KOTOpOil H3MepsAeTca pewelne y{i,) &
=H, 1| -y, BKOTOpON H3IMepAeTcA NpaBas vacThb ¢ (f,).

Onpegenenue 1. PasHocTHana cxema (3) HasbiBaercs ycroiddu-
806, €CJIH CYUIeCTBYIOT NMocTosiHibie M,>>0, M.>>0, He 3aBucsimsue oT
k, T, n ¥ TakKe, YTO NPR NIOOLIX NPABHX YacTAX . (f.) =H: u mobhx
HaYaibHBX JaHHHX g, H), Ana pelleHus ypaBHeHHs: (3} BHAOJAHAETCA
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OLEeHKa
l9ale << Mif Yo ly, + Mo max o, (10)
b/l
Yeroliuupocts, BEIpAXKEHHYI0 ouenxoit ([0), HasbiBaoT YCTOHYH-
BOCTbIO MO HAaYanbHEIM AaHHBIM H NO Npaeofl uwacTd. HMcnoaesyworcs
TAK¥KEe MOHATHA YCTOHMHBOCTH IO HavaJbHbLIM AAHHEIM H YCTOHYHBOCTH
no npaboit vactu, PaccMoTpuM oiHOpoAHOE ypaBHeHKE

B”’“;:"-"i+/4yn=o, n=0,1,..., K—1, y,=H,sman (1)

Onpenenenue 2, PasnocTHas cxema (3) HasblBaeTcs ycroiwu-
804 O HA4AAbHOIM CaMHbIM, €CAH CYLlECTBYeT mocToseHas M, >0, He
3aBHcAwWlAA OT A, T, £ A Takas, uTO OpH MOOBX y,=H, AAa peweHyus
ofHOpoaHoro ypasHeHus (11) capapeanusa onenka

HyuﬁlhéMlﬂyo“w n=0‘ Ii ey K (]2)

PacemoTpum Tenepe HeofHOpoaHOE ypaBheaue (3) c HyJIeBHIMH Ha-
YaJlbHHMH AaHHBIMH

B%T_”"_FA%:% n=0,1,...,K—1, y=0. (13)

Onpenenenne 3. PasuocTHas cxeMa (3) HasmBaerca ycroduu-
801 nO nPesod 4acTu, ecAH CyILLeCTByeT MocTOAHHAs M,>>0, He 3aBu-
CHALAA OT /i, T, £ H TAKAHA, Y4TO NPH JOOLIX @ (f.) =H, AN pewenus
ypasHeHus (13) cnpaeeanuBa oLeHKa

Jonl,=< M, max [q;,,. (14)
b fen—1

3aMeTHM, 4TO B CHY JMHEAHOCTH PA3HOCTHON CXEMbl H3 OLHOBpe-
MEHHOW YCTOHYHWBOCTH MO HAYaJbHLIM AAHHBWIM H [0 IPABOH YaCTH CJe-
AyeT YCTOHYHBOCTb B CMbicae onpefeteHus 1. Bodee Toro, moxaxem,
YTQ YCTOHYHBOCTE MO MPABOH YACTH ABAAETCA B ONPEAEJEHHOM CMEIC-
Je CAEACTBHEOM YCTOHUYHBOCTH 0 HAYAJAbHLIM AAHHBIM.

Onpepenedne 4. PasHocTHas cxeMma (3) HaselBaeTCs paato-
MEPHO YCTOUMUBOL NO HAYAALHOIM TANHGIM, €CAH CYILECTBYIOT MOCTOAH-
Had p>0 u nocrofHnan M,, He 3aBHcAWAs OT A, 1, #, TAKUe, UTO pH

abux #=0, 1, ..., K—1, K>1, 0 npu seex y,=H, aia peweHus
Yn+1 OLHOPOAHOTO YpaBHeHHus (11) crpaBeanupa onenka
(7 "1;, =P “ Yo g (I15)

nprueM pt=cM,,

B TEOpHH pasHOCTHBIX CXeM B KAYeCTBE KOHCTAHTHW p BHIGHpaeTcs
OGRIYHO OfHA H3 Beauynd p=1, p=1+4c,v WIH p= &%, rae ¢,=>0 He 3a-
BHCHT OT &, T, fi. Ecid, Hanpumep, p= ¢%, 10 g = ¢ =¢™n T,
T. e. M==ea!, rpe T=Kx.

[lepenuuieM oanopoaHoe ypasuenue (11) B Bude

yﬂ+i=8ym ”’=0r 17 LN | K_]; (16)
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rae onepartop
S=E—B-14 (17)

Ha3hblBaeTca oneparopan nepexoda cxemot (3).

HerpyxHo sunets, 4To B cHNy NpoussoasHocTH y.=H, TpeGosanne
(15) paBHOMepHO! YCTOWYHBOCTH IO HAYAALHHM LAHHEIM 3KBHBAIEHT-
HO OFPaHHYEHHOCTH HODMBI OflepaTopa S KOHCTaHTOI p:

ISl <<p. (18}

OTMETHM, YTO OMEPaTOp S MOXKET 3aBHCETS OT .

B nanpHefilieM A0NyCTHMBIMH SHA9EHHAMMU n GyZem HasblBATbL uuc-
na n=1,2, ..., K—1I rakue, uro Kv=T, rge 7>0 — 3ananunoe 4ncho,
Heobxoaumo ormeTuts, uto K—»co npn 1—0.

Teopema L. Mycro cxema (3) pasnomepro yerodquaa no Havass-
Hotm dannois 6 Hopae | «|y,. Toeda cxema (3) ycroiivusa u no npasod
HacTU, npuderm 04f ee pewenus suinoanena oyenka (10), 2de 7] -
p— L =

HAoxasareancrso. Mepennwewm ypasuerue (3) IpH =] B BHJe

-1
Yin = Sp.y; + 87 'g;
W NPHMEHHM HepaBeHCTBO TPeyroJbHHKA:

"9;“ hy <ISralf g fe, T BFL‘P;‘ "1,:1-

Y3 tpeGosanus paBHOMEpPHOH YCTOHIHBOCTH N0 HAYEMbHLIM J4HHBIM B
cuny ouenks (18) monyqaem sepasenctso

gimlin << p]y; hy 7] B?‘P!"l,:,:

KOTOpOe NDHBOOANT K OHLEeHKe
n
1 hin < 0* ), + 5] w077 [ BT |y (19)
j=a

CornacHo ycsOBHIO PABHOMEPHOH YCTOMYMBOCTH N0 HauaibHBIM OaH-
HEIM UMEeM, uTo "M, Rus Beex NOMYCTHMBIX £, B UACTHOCTH p*'sC
=M., p"~<{M,. llostomy u3 ouenku (19) NOJYYHM

[Yan 1, << M,y (ﬂ Yo "u; + 2 T MB?‘W “l.&) .

=0

Hasn sapepwenun noxkasatessctsa Teopemsl 1 ocraetes 38MeTHTh, YTO

n

= =1 ~1
Z Tlf Bf qu"l,& 5 {py Max ” B; (PjthﬂT max ﬂB:’ ¢y “Ik-
vt osign oz
HMes B BHAY TeopeMy 1, MOXHO OrpaHHYHTBCA H3Y4YeHIeM paBHO-

MEPHOil YCTOHYHBOCTH N0 HAYAALHEIM NAHHBIM. MM OyaeM paccmaTpu-
BaTb JHWL cAydail, Koraa BHNOJHseTes ouedka (15) ¢ koHcrawTofi
p=1.

12 A. A Cemapexull, A. B. [yaan 358



3. Teopembl 00 YCTOHYHBOCTH MO Ha4aAbRbiM AandbM. [lpexnono-
WHM, 4To B H, BBeJeHbl CKaJsApHOE NpPOH3BeAeHue (y, U), H HOpMa
Hyll.=7(y, ¢)» ILas ynpoluerus 3aluCH HHIEKC fi Y CKARAAPHOTO NpO-
H3BENCHHS W HOPMEL OyleM B AanbHeHWEM onycKaTb.

QOnepatop D, aeiiersyowinil B 1, Ha3MBAETCA MOAMKUTENBHEIM Cne-
patopom, ecan (Dy, y) >>0 ana seex y=H,. Ecau ) — camoconpssked-
HBIfl TOMOKHTENbHbIE ONepaTop, TO MOXHO BBecTH HOpMY [gllo=
=y (Dy, y), razbIBaeMyl0 3HepreTHYeCK0A HOPMOM, NOPOKAEHHON one-
paTopom D. B panbneher nepapenctso D>>0 (DZ=0) osnauaer, 4To
D — noaoxurentusii (HeoTpHuatensHuii, 1. e. (Dy, y) =0 nas Bcex
y=H,) onepatop.

Byzem cuaraTe cefiyac, uto f, — BellecTBEHHOE TNPOCTPAHCTBO,
Mmeer mecTo

Teopema 2. flycro 6 cxene (3) oneparop A as8aseTca CAMOCONPAR-
HEHRDIM NOAONUTEABHBIMN OREPATOPOA U He 3as8ucuT oT f. Ecau 8bi-
HOARERO ONEPATOPROE HEPUBEHCTEO

Bz==0,514, (20)

TO ¢xeng (3) pasHOmepHO YCTONHUAA HO HAYGABHBIAL OAHNLIN, ApUYes
das peutenus odnopodnozo ypasnenun (11) cnpasedansa oyenka

Ignsillalyallas  n=0,1, ..., K—L (21)

HdaokasaTedbcTBO. OG03HAUNM ¥, = (Yuy—Uad/T, Y= Yo B YM-
HOXHM ypaBHeHne (11} cxanapHo Ha y,. Toria NMONyyuMm TOXAECTBO

) (Byh y!‘)+(Ayr y!)=0’
KOTOpOe nocae Q4eBlAHLIX Hp@Oﬁp&BOB&HHﬁ MOMHO 3aNHCATL B BHAC
((B—0,5tA)y,, y.) +{0,57Ay+Ay, y)=0. (22)

3ameuad, YTO
0'5t/4yf+‘4y= G:SA (yn+yn+l) s

nepenuuem (22) B Buje
((B—0,5tA) Y., ¥:) +0,5t (A (YnsiFYn)s Ynpr—4n) =0.  (23)

Hlanee, Hcnofb3ys YCRoBHE CaMOCONpPAKEHHOCTH omepaTtopa A, a
TAKIKE €ro He3aBUCHMOCTL OT 7 H NIOJI0KUTRNBHOCTS, MTOJTYUHM

(A (Yner F Yn)s Yawy — Yn) = (AYnsr, Ynar) — (AYnnr, Y} +-
+ (AYu, Yni1} — (A Yo) = (Abnsr, Yan) — (A, yn) =
=% (AYn, Gade =7 (4 [2)r-
OTtciona u u3 (23) OpHXOIHM K CleAyleMy TGKISCTBY:

((B—0,5v) y1, 4) + T 4af): =0, (24)

Ha yeaoeua (20) nonyuaem, uro
( (B——O,51:A)yt, 9':) =0,

noaToMy B CcWIy (24) nas pemeHus ypabHenus (11) cnpabeianso
354



HepaBeHCTRO
T{yafiak <0,

KOTOpoe coBNajaeT ¢ HepaBeHcTBoM (21). Teopema 2 nokasana.

Sameuvanne 1. B reopere 2 ofepatop B MomMer GblTb HECAMOCONPAMKEHHBIM
ONepaTOPOM H MOM(eT KAK YrOAHO 3aBHCETH OT 1.

Jamevanue 2. Ecnn A — caMoconpfMenHbll NONGKHTENLHMA Onepatop, To
ycaosue (20) ApaseTcs W HEOGXO0IMMBIM YCAOBHEM BLINOAHEHWA ouewky (21). flefi-
CTBHTeABKO, H2 (2]} 0 (24) RONYuaeM HepaBencTBO

((B—0,5td) 41, 1) ==0. (25)
Cornacho (11) uMeeM y;—=—B='Ay,, caegoBaTejbio, B CHAY NPOHIBOILROCTH
4= 0 ofpathMocTn oneparopa A HepapeHcTso (23) 3IKBHBANEHTHO ONEPATOPHOMY
HepaBeHc:‘r?' (20). '
Ecnn M, — KOMIeRCHO® OPOCTPEHCTBO, TO CNpaBeANiBa

Teopema 3. fpu Tex se ycavsuax wa oneparop A, aro u & Teopesme 2, usz
HEPABEHETEA
B*+B=14 (26)

caedyer oyenxa (21) dur peutenun ypasnenus {11),
JorasatenscTao, COREPIIERHS aHANCTHUHOE LO0KA3ATe LCTEY TeopeMbl 2, mpegna-
raem NPOBECTH YHTATRIIO,

Teopemnl 2 u 3 N03BOARIOT cHOPMYTHPOBATE CAeAyiOllee NPaBUAO
ACCNeIOBAHHA YCTOHIHBOCTA  KOHKPETHBIX JBYCIOHHBIX DPAa3HOCTHHIX
cxem. [Ipexne Bcero Haao NPUBECTH PA3HOCTHYIO CXEMY K KAHOHHYe-
cKoMy BUAY (3) W onpeienHTh TeM caMmbtM onepaTopwl A u# B. 3atem
Ha0 ucc/J1e108aTh cBofcTBa onepatopa A. Ecan stor onepatop sBas-
eTCA CaMOCUNPSKEHHABIM 0 NOJIOKHTETbHBIM U HE 34BHCHT OT 1, TO OC-
TaeTCA NPOBEPHTH BHINOJHEHNE OllepaTOPROTG HepaBeHcrBa (20) (B cay-
yae KOMMJIEKCHOro NPOCTPAHCTRBA — HepaBetcTBa (26)). O6biuHO He-
paBencTBo {20) NPHBOAHMT K HEKOTOPHIM OTPAHHYEHHAM Ha T H A, KOTO-
PHle H HPeACTaBJAAT COGOH yCaoBuUA yCTOHYUNBOCTH JaHHOH pasHOCT-
HOH CXeMbl.

[lpueeaem mpuMepbl HCCAeI0BaHINA YCTOAYHBOCTH Ha OCHOBE Teo-
pemMu 2,

[Ipumep 3. PaccMoTpuM Ty Ke cxeMy C BeCAMH AJf YPaBHEHUSN
TeNJAONPOBOIHOCTH, UTO W B mpimepe |. 3Ta cxema Gwna npuBeaeda K
KaHownueckoMy BHRY (11}, rae onmepatop A onpenenen cornacuo (5)
4 B=E+o01A. B raaBe 3 nokasano, 4ro A — caMOCONPAKEHHHH H T0-
JOKHUTEILHE ONepaTop B CMBICAE CKANAPHOro NPOU3BeleRuA

Ne1
th =3 yiwh.

i=1

Ing ckanaproro npoussenenns (Ay, y) clipaBeaauBo BRIpaXKeHHe

N
(Ay, )= 3! (= ).
i=1
Takum oGpasom, onmepaTop A yIoBJETBOPAET YCAOBHAM TeopeMu 2.
Ycnosre yerofignsoetu (20) npuBumaeT BHA

E+614 20,514
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H 03HAYaeT, 4TO NpH A06oM yEH, f0AMHO BHNONHATLCA HEPaBEHCTRO
(6—0,5)t(Ay, y) +lyl*=0. (27}

Bcnomuuan sepasesctBo (cM. § 1 ra. 3)

4 "
Ay,  <hvalyls,  Aya= m cos? ;_t ,
BUANM, 970 cXeMa (4) yCTOHUHBA NPH YCJAOBHH
(@—08) 1+ ——=0
Aoy
HaH
1 I
=g - 28
O T B, (28)

JocTaToqHbM yclIoBHEM YCTORYHBOCTH ABJASNETCS HEPaBEHCTBO

1 h
e —
cr,—2 P 29

Hanomnim, uto Te e camble ycaoBus (28) u (29) Guau nomyzeHs
paHee MeTOAOM Da3flefieHud nepeMenHnx (cM. § 3ra. 3).

Npamep 4 PaccMOTPEM yp2BHeHHe TENICUPOSONHOCTR B MEARHAPHIECKHX
KOOPAHHATAX

n_logm o,
& x Ox ax)’ < '
(30)
u (0, t)
U 0) —ho (), T =0, u(, H=0.

TlocTpoHM pasHOCTHYIO CXeMY, HMEWYID BTOPOR AOPAIOK ANNPOKCHMAUMH 1o k M
mepeuift Mo T. OCHOBHAR TPYAHOCTE COCTOHT B aNTPOKCHMALHH MPOCTPAHCTBEHHOTO
onepaTtopa

?u I du

di? x Ox

Ly =

H TPaHHUHOFO YCAOBHA B ToMKe x=0,
Bzenem paBHOMEDHYIO CETRY

Qu={xi==ih, i=0, 1, ..., N, AN=1]}
u saMennn Ly PAIHOCTHEHM BHPAMEHHEM

o=t 4ty , im0, ... N—L (31

xx.i X xi

ﬂCHQ, YTQ OPH TaKkoR 3aMeHe 0NorpelnoCcTh aNupOKCEMAOHH ABANALTCA BeAHEHHOR
O(h?). 3amerum, 4To pasHocTHOe Bhipasende (31) MONKHO 3aNnCaTh B JHBEpreRT-
HOM BEIE

1
(Lyu); = = (au;)x.f'
+

rae
35-30.5 (x‘ + x{-.]).



Manee, 97064 anmpoKCHMAPOBATH CO BTOPHM NOPRAKOM PAHdHOE ycaoBde npn x=0,
BOCOOARIYEMCA PaAINOHEHHEM

o Uy —izg _ du (0, £,) +£ Ful0, t,)
h ax 2 oxd

X0
Yrobu mexmouate ha (32) Bupaxenwe % (0, {.)/@42, nepennmem ypasmenwe (30)

+o@h). (32

B BHAe
du(x, 1) n % (x, 1) + 1 dufx, 8
ay T gt x  Ox
H NepefiieM K npefieny mpu x—0. Mpumenas npaenno Jlonutana, momyuns
Hm : =u"(0) 0.8 _, 0 Qrcona H
m == =u"(0), orkyna enenyer, uro ot = ot
A3 {32) monyuaem
du (0, ¢ du (0, oL —
Ol 2 208 oy B KT e,
dx 4 ot ' : 4 T
Takuum 06pa3om, pasHOCTHOR KPARBOR YCAOBHE
R+l 0
E% T o, (33)
4 T

HMeeT BTOpOR NOpAAOK aNNpOKCHMaUMH Ha pewernn 3aaaqun (30). Hrax, npuxogun
K Pa3nocTHoM cxeme

1 __ 1
_.yE_.i=L(ay£x)x.l., i=1,2 ..., N—1, (34
T x;
al=0'5 (.t’;-l—-xl-_l}, y;tr: 0,
(35}

h 93”1 _y: a

— = Y0

4 T

KOoTOpas Ha pewennH ypaeredns (30) wmeer annpokcamanmo O(t+A?).
[Tpupenen cxemy (34), (35) x waHoumueckomy muay (3}, Ofosnauas

8= u ’ W=y,
T
mepenmoey (34), (35) B BHAe
o=@ =050+ x,), (36)
=12 ....,.N=—1, =0

4 (37)
Ho= h Yre

PaccMOTPHM AHHehHoe mpocrpancrso A4 dyHkuuR, 2afanHuX Ra ceTke Q M pas-
P N

Hux Hyaio npa i=N. Beegem B Hf\?' CkaJAAPHOe TPOHIBEREHHEe H HOpMY
N=3
{4 v} = Z g o=V, 9.
=0
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flero, 9T0 BO BHYTpeHHux Tourkax ceTkn €, onepaiop A, coorBeTcTBYROWNT CcXeme
{36), {37), nano onpeneanThb caeRYIOUIUM OBPAICH:

(Ay}“:——(ayz)x.i, a;, = 0,5 (x; + x;_,), i=1,2 ..., N—1.

Hoonpenenuy snavenne (Ay)y Tax, utobul onepatop A 6w camoconpaxennun. Ecan
ynv=uvy=0, 10 cnpaveannno ToxxAecTBO (cM, (14) w3 § 3o, 1D

N—L Nl N
2 (Ay)vh = — 2 (ay;}xbl.ufh = 2 a‘yi‘iu’i.ih -+ my, o
=1 {==1 i=1
]
Monaran (Ay}u=—_;"‘ Yx, 0. MONYUHM TOMIECTBO
N
{Ay, v) = 2 a‘-y;'iv}lik,

=1

H3 KOTOPOTO Cpa3y caeayer caMoconpsaMerHoCTb ofepatapa A, [Ipn atom
M
A, ) = D alus Phe 0, =05 +x,.). (38}

i=1
Hrak, onepatop 4 OlpefenneTca chpMy.r[am{

&
(Alj)o=—*“":‘yx'0. Yy =10, m=0,5{x;+x.-_|),

(39}
(A= —(ay),r (=12 ..., N—L

3aMeTHM, 4TO Pa3HOCTHOR rPaHNYHOE YCAoBHe {37) MOXHO 3aMWcaTh B BHAR

h
E U H1AY)=0, 1Ak kak a=0,5 ki Taxum obpazoM, pasnoctuas cxema (36),

(37) wumeer kauowmveckuit Buf (3), roe onepaTop A onpenenen cornacno (39). a one-
patop 8 — dopMynaMu

13
(By) = 3 o (Bi); = x4, i=1,2, ..., ¥—1 {40)
Hokamen noncxntesshyio onpesenesnocts onepatopa (38). Ma Tomaectsa (38}

caepyer, 4to {Ay, y) 20 ana scex y= HY. Tlpeanoaoxnam, uto (Ay, ¢)=0 nas
HEKOTOROTO ¥ = H}S'. H nokaxem, uro toraa y="9. Ecan (Ay, ) =0, 10 g =1,
=012, ..., N 1 e po=p=...=yx. Ho B city rpansarore ycaonus yuy==10, H,
enenoBaTedbio, ¥; =0 149 peex i, Taunu o6paszoM, A — CAMOCONPRKEHHBIA NONOHKH-
TeAbHbI ONEpaToOp B MOMMHO MpHMeHATb TeopeMmy 2. Ycnopre yctodtuupoctn (20) ¢
yuetom {38) w (40) npnROAMT K HepaBeHcTBY

N-1 N
h
3 Y%t D w051 3 a e yh, (41)
i=1 =1
KOTOPOE A0MMHO BHNONHATECA NPH KAMAOM i & HE-S:'.

Haftnem, npn kakux cooTHomeHrsx Ha wary T u k BenoakseTca yenosme {41).
Lan storo ouednm ceepxy Beauunry {Ag, y), ZaHHYIO BLIPAKeHHeM (38). Hcnonbaya
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eepasencTBo {a+b6)?=2(a?+ 5%}, noayunm npu yx =0, sto0

A N N
1 2
(g, ) =25 D &=y <oy ( D agint D) aiy%_lh) =
i=1 ' f==l =1

N A=1
2 2 2 24, 2
=z ( Z {a; + ;) yih -+ ﬂlyﬁ-&) = F;% {a,+a;,) i + T Yo

A=k

Orciona npu a:=05(x;+x,-) HMeeM o:4a;p(=2x; H, CICAOBATENBHD,
N L

M-
4
D a4y Ph Sy X xith+ g (42
i=L f=1

Hepaserctee {41) Gyzer sunonreso, ecid notpefonats

PP N=1 4 Nl
<5 Wt D) xh> 0,5t (Tz D xgih A yﬁ) ,
. i=1

i=]

h? 4Ty, T i .
L R 1 — S .
8 (' hﬁ)yﬁ{ znz)[q it 20

Cnefosateasro, cxema (36), (37) yeroitunsa npn ycaeeun T<Sh?/4, nprueM yCTOR-
UHBOCTb HMERT MECTO B nopme

N 24
194 =( D050+ x:,) (y;ﬂ.}%) :

=1

OTMETHM, 4TO YXYIIEHHE YCNOBUA YCTORYHBOCTH 0O CPABHEHHIO C COHMHBIM YCAO-
BHEM YCTOHYRBOCTH ABHOI cXembl T=:0.,5 A? npOH3OMmMANO AHIWE 33 CYT PaIHOCTHOrQ
rpanpaRoro yoaosud {37).

4. HecamocOMpAKEHHBIe PA3HOCTHHIE cXeMbl. PaccmorTpum ABYyCnOf-
HYIO CXEMY C Becami

9‘.-:+11:_yln + 6Aynn + (1 —6) Ay. =0, (43)

rie A —onepatop, AelcTBYOUHA B BeHIECTBEHHOM KOHEYHOMEPHOM
npoctpadcTee H, o cKaMApHBIM NpoH3BeAeHHeM ( , }, 8 ¢ — 4HCAO-
Bolt mapamerp, Cxema (43) umeer KaHoHuueckuit Bum (3), rie B=
=F+401A. Kak u Bceraa, npeamonaraem cyulectpoBanue B-', B otnu-
yde oT TeopeM 2 0 3 He GyneM TpeGOBATb CaMOCONPAKEHHOCTH onepa-
topa A. CnpaBeainsa

Teopema 4. Ecau npu moboix vesH, sotnoaneno Hepasgencrso

{o—0,5)llAv|*+ (Av, v} =0, (44)

To cxema (43) pasnomepuno ycroliuuga no HA4AASHOIM GaHHbLY U DA
€e PeterUs Cnpasediusa oyenKa

lgnedltyall, n=0,1,..., K—1, (45)
ede gl =¥ (yn ya).
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HoxkasatennbcTso 3anumweM cxemy (43) b BHIe

yn+l=Syrn
tae S=E—1B~'A, B=E+o7A. Ouenra (45) 5KBHBaJeHTHA TOMY, 4TO
ISgall < llgrall. (46)

B cH1y ToxKAecTBa
SYall® = (Y, —TB Ay, yo—tB~'Ay,) =
= ||gall> =2 (B~ Ay, ya} + 1B~ Ap.ll®

3aKJII0YaeM, YTO HepaBeHCTBO (46) BRINOAHEHO TOrAA M TOJBKO TOTAA,

Korza
(B='Ayn, yu) 220,51l B-' Ayall®.

YuurhiBas nepecTancBOYHOCTL ohepaTtopoB A u B, nocaeianee nepapen-
CTBO MOXKHO NIepEenHcaTh B BHAE

(AB-'y,, y.) =0.5tllAB~ 'yl (47)
Q6o0anauum v=B""y,. Torza (47) npumer BUA
(Av, Bv) =0,5t)|Avll* uan (Ao, v+atde) =05t/ 40|

Ho 3ro HepaBeRcTBO BHNOAHAETCH B cHAy yc/oBHA (44), 4To M foKa-
3biBaer TeopeMy 4. '

Jamevanne |. Ecan A4 —nonomnTtebHBlii onepatop, 1o MpR ¢z=1/2 cxema
(43) ycrofiunpa npu nobux v {a6c0a0TIIO yCTOfMUBA).

3amevaaue 2. Ecan onepatop A 3aBHCHT OT 7, TO B TeoPeMe 4 Hano MoTpe-
60BaTE, YT06H HEPARCHCTBO (44) BLIMOAHANOCH TPH BeeX .

[ITpumep 5. PaccMOTPHM pPa3sHOCTHHE CXEMH AJIS YpaBHEHHs nep-
BOro NOpsAAKa

%+‘;—j=o, o< t<T, 0< v, (48)
u(0, £y =0, u(x, 0) =u,(x).
BEeeaeM CeTKY o=y ., T1e
op={x;=th, i=0,1,...,N, AN=I},
wy={la=nt, n=0,1,..., K, Kt=T},
H anfnporcHMHDPYyeM 3anauy (48) pasHOCTHOH cxeMofi

Lo (1 —o) gt =0, i=1,2,...,N, (49)

T+l

#;

y:=0, n:(}i 11-"‘!Kt yg=uo(xi)o L=0! ]t0°°!N!

re 6 — YUCNOBONA MapaMeTp H
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Beesem npoctpanctBo HY QymKIuE, 3aJaHHEIX HA ceTKe @, H PARHBIX
(©)

#yao npH i=0. Onpefenum 8 Hy craaspeoe NpousBegeHue H HOPMY

N
@)= 3 goh, [yl=V {9

{=1
H 3ajanum onepatop A dopMynamu
(Ay)‘=y;.v £=ls 2. L ,N‘ yo=00 (50)

Toraa pasnoctHylo cxemy (49) moxHo 3amucath 8 Bage (43}, rie

yeHY. Onepatop (50) (onepaTop JeBoi PasHOCTHON MpPOU3BOAHOMN)
r3yyanaca B 0. 3 § 1. Buio nokasaHo, uTo A — HecaMoOCONPAXKEHHHH

onepatop, 144 KOTOporo npu mobom y< HY punoamsercs tomze-
CTBO

N
A9, =3 3 0 b+ 5 v 1)

{==1

[IpaMennM Teopemy 4 K uccaeaoBaHHIO YCTOHUMBOCTH cxemul (49}, Ua
onpepenenya oneparopa (50) nmeem

N
189l =S )4,
[

No3TeMY ToXAeCTBC (51) MOkKHO 3anuCaTh B BHAE
Ay, y) = 0,501 Ay [* -+ 0,543,
Toraa yeaosue yeroftunsocti (44) NPHBOAMT K HepaBeHCTBY
(6—0,5) 1] Av[® + 0,51 Av|* 4 0,62, =0,

KOTOpOe BHINOJHAETCA TNPH Beex 0= HY

0;%(1—3—). (52)

TOraa H TOABKO TOrpa, xKorga

T

HepaBencrBo (52) u npeacrasiaser co6oll ycaoBHEe YCTONUHUBOCTH cXe-
Me (49). B uactiocTH, ABHas cxema (o=0) ycroiiunBa npu ycnosun
T<:h, HeABHBIE cXeMul ¢ 02=0,5 ycTofiuuenl npy moGHX warax «© d A.

B ceMefictro cxenm (49) BXOANT o cxeMa

Yl YU e =0, 53)
BMeOWas BTOPOR NOPAACK anOpOKCKMauuy N0 T H no A, JleiicTeuTenbHo,
h  au
it n f —_ — n
Yiim = yt.i_hy‘;g =i T Wz, _9’;_‘)'

nostoMy {53) MOMHO DepenHcath B BHAE

i ks 1 h
%+3@—7P“+E@+:Pa=¢

xi

361



T. €. DOAyvaeM cxemy (49) ¢
1 h
g = —“( l -_— _') .
2

. T

{Tpn sroM aHaueHHM ¢ YyC/i0BHE YcToitudBocTH (52) BHNonRAeTcA AfA BeeX T H A,
T. . cxema (53) abconwTHO yerofiuwaa.

§ 3. Kanoru1eckHil BUI H YCAOBHA YCTOHYHBOCTH
TPEXCAQRHBIX PAIHOCTHBIX CXeM

1. Kawonwdecknit Bua. [pycaoiiHad pasHocTHas cxema omnpenend-
nack B § 2 Kak pa3HOCTHOe ypaBHeHHMe MePBOro Nopslka Mo HepeMe-
HOMY 72, KO3 HLUHEHTH KOTOpPOro ABAAKTCH ONepaTopaMu, AeHcTBYIO-
WHMH B JHHeRHOM npoctpaHcrse H,. EcTecTBeHHO ompeaenuTb Tpex-
CMONHYI CXeMy KAK ONepaTOPHO-PA3HOCTHOR YPaBHeHHe BTCpOro no-
psinKa.

[ycTe 3agaHbl: ceTKa

[ {tn=n‘r) n=0: l’ ey K) 7>03 KT:T}!

ceMeHCTBO KOHEYHOMEDHBIX JIHHEHHBIX NpPOCTpaHcTB {H,}, AnnedHpie
onepatopsl B,, B, B,, aeiicteyiomwune B H,, 1 dyHKuHsa @.=¢(f,) SH,.
Tpexcaotinod paswocTrot cxemoll Ha3BIBAETCH CeMeNCTBO ONEPATOPHO-
Pa3HOCTHHIX YPaBHEEHHI BTOPOro nopsika

Botfar i+ Byt Botin = @u, =1,2 ..., K—1. (1)

Onepatopn B, {=0, 1, 2, Mmoryt 3aBHceTb OT A, 1, 1, a yHKUHSA
@.=@{{,) MOXKeT 3aBHCETb TAKXKE OT t H Ai. Mbl 6yaeM Hayuarb 3anauy
Kown ans ypasHenus (l), cocTonlyo B TOM, YTo MO 3aJaHHBIM 3Je-
MeHTam y,, y,=H, Tpelyerca onpeenutb pewenke y,=y({,} A1a BCeX
NOCAeAYIOUINX 3HaueHuh #n, T. e. ana n=2, 3, ..., K. Uro6ul 3agaya
Koun Gbi1a 0AHO3HAYHO pa3pewuMa, 10cTaTo4HO NOTpedoBaTh CYIIecT-
BOBaHHA omepatopa B;'. B panbHeiiwieM Mu GyneM npeamosaraTh
BCErJla, UTO 3TO TPeOOBAHHE BEITOJHEHN.

BeegeM KaHOHHYECKYI0 GOPMY 3anucH TPeXCAOHHBX PA3HOCTHBIX
cxem, OnpenenuM Ha ceTKe . pa3HOCTHHEIE OTHOWEHHUS

Y= Yo — ¥ : y!_= Yo —Hpy ,
T T
_ 1 _ Y1 — Y
Yy =5 Gty = B
___yt_yf- _ yn+1‘"‘29n+yn_1
Yo = T T

H 0003HaUNM Y=y, HenocpeacTBenHON NPOBEPROH MOKHO YCTAHOBUTE
CIIPaBeRNHBOCTD CAEAVIOIUX TOHACCTD:

Y=y — s + 0,50y,,

(2)
ynrl == g 'Jf- ty? + 0|51:2y}f-
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MogcTasaan 3TH TOXKAECTBA B ypaBdueHue (1) M HCROAB3YA JlHER-
HOCTb oRepaTopos By, i=0, 1, 2, IpHX04HM K YPABHEHHAK

T(By— o)y‘: + 0,5t (B, + B,) ¥, -+ (By -8B, + By =1,

rag ¢ =, Ofo3HaunM
B=t{(B,—B,, R=05(B,4+B.), A=B,+B,48B,.
Toraa ypaeuenue (1) MOAHD 3a0HCATD B BHAE
By. +v*Ry;, + Ay=-1e. 3

3anuck TpexchnoifiHofi cxembl B BHAE (3) HA3bIBARTCA KOQHOHUHECKUM
audom Tpexcaolinoil pasznocTrof cxemet. V13 Apelbtiyllnx paccyxie-
HU#l cleAyeT, 4YTO B KAHOHHYECKOM BHAe (3) MOKHO 3anncaTb J00YI0
TPEXCAONHHYI0 PA3HOCTHYIO ¢XeMy, ecan onepatopel B,, B, B, nuneir-
Hble, a4 CeTKa ., PABHOMepHasd,

3ameTuM, YTO CyllecTosaHHe B;' KBUBAJERTHO CYlIECTBOBAHMIO
onepatopa, ofpatHoro onepatopy B+42tR.

2. JKBHBANCHTHOCTL TPEXCAOHHON cxempl ABYcAoinoi, [Towaem,
UTO TReXCACHHYI0 CXeMy BCerfa MOXHO DPeACTaBHUTE B BHAe HEKOTO-
poit skBuBaneHTHOM efl Arycnoliroil cxembl, Taxkoe crenediie Tpexchoii-
HOH CXeMBl K ABYCJOHHON aHajJ0ruuHo NPUHATOH B Teopuu Auddepen-
HHaMdbHBIX ypaBHeHuli 3aMeHe YpaBHEHHMS BIOPCro NOPAAKA CHCTEMOH
ABYX ypaBHeHNH nepBoro NOpaakKa.

Onyckas ungekc h, o6o3nauum ff=FH, u BeegeM npocrpaHcTee [P =
=H®H — npamyio cymmy aByx sxsemnaapor npocrpancrea H. [po-
cTpancTBo H? onpefensnercs Kak MHOMKECTBO BeKTOPOB BHAA y= {Y., .},
rie y,, y,=H, a onepaunn cloxeHUd H YMHOXKEHUs Ha 4IICJAO BBOAAT-
CA TTOKDOPAHHATHO, T. €.

ay+pv={ay,+pv, cgt-pua},

rae y={y,, 2}, v={v,, vz}, &, p—wucaa. Ecan 8 A 3agzano ckanapHoe
npouasesieniie {, )y, TO DOAAraem

(v, V)= (10, vt (2, Vo) s

Hanee, ecan €, — auHeiitaole ofepatopel, AelcTRywiuse 8 A, {, j=
=1, 2, T0o maTpuna
C—= ]Cu Cu]

Cyn Cn

npeactraenser coSoit omepartop, AeficTayW NN chedyriuM obpasoM:
ecnn x={x,, x.}=H? 1o Cx={C, x,~4Chxs, Cor,+Cpox,}. st onepa-
TOPHbBIX MATPHU CIOPABEAJMHBB Te e NpaBUNa CTOKEeHHA H YMHOKEHHA,
YTO U AJf OGBIUHBIX MATPHUI, HAJO TOABKO CJAeANTL 33 NOPAAKOM CO-
MHOKHTENEH,

Bosepaimmasch x ypasHednio (1), nepemuiuem erc B Bujie CHCTEMBL
Yo = B
Ynyp=— B;l otn—1 — B?Bjyn -+ B?‘Pn-
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OnpegeauM BeKTOP y°= {ya-y, Ya}, HPABYIO HACTDL o"={0, B'¢,) ®
ofepartop

0 E
S = —1 -1 '
- B2 Bn —_ Bﬂ. BI

AeiicrByiowmnii B 2. Toraa ypaserue (1) MOXHO 3anHCaTh B BRIe ABY-
CAOHHON Pa3sHOCTHON cxeMbl

y=Syrtar, @

onpedefenHolt B npocTpalcTee H2.

YuHTHIBAA BO3MOKHOCTL CBeleHns TPeXC/ICHHOR CXeMBbl K ABYCAQil-
HOH, MOXHO MHOTHE pesy.abTaTH § 2 epeHeCTH Ha Tpexcaoinble pas-
HOCTHBIE CXeMBl. B yacTHOCTH, anst Tpexcnoiinoil cxeMH Tak e, KaK |
Al ABYCJOHHOR, H3 PaBHOMEDHOH yCTONYHBOCTH MO HAYAJIbHHIM AaH-
BBIM CIEAYET YCTOMYMBOCTH Mo mpaBofl yactn. [TostoMy B JasdbHeiiirem
MH OrpanyiupaeMca H3yueHHeM YCTOHUYHBOCTH DO HAYaNBbHBIM JdHEBIM.

Tpexcnoiiryo cxeMy MoxHO MPeACTaBHTL B BHAE ABYCJONHHOH cxe-
Mb! HE €AHHCTBEHHHM 06pa3soM. MHorna GbiBaeT yaoGHBIM npeacTaBHTb
Pa3HOCTRYIO cXeMy (3) B Buae ABYCAORHOM CXEMEI, 3aNHCARHON B KAHO-
Huyeckoh dopme
%1

B

—Y =g, )

T

rie y"=H* u £, F — onepartopw, peficTeylomue 8 H. Urobnr TONYYHTh
TaKoe NPeACTaBeH e, BBEAEM BEKTOPH

"= {9 O}, 4" ={0,5(¢0+4a1), Ya—Yu-}, (6)

TA€ Y. — pelienue, a @, — npaBas 4acTe ypaskenus (3). Janee, onpe-
IeJIMM OREPATOpP bl

- |
A 0 B+~;—A t(R—TA)
'A=[0 R —IAJ‘ = / Loy T [ - @

B —t{R——4) —[R-—4

! H(Rovd) 1(R=74)
Torma, Kak MOKHO YGEAHTBCS HeNoCpPEACTBEHHOM TIpOBepKO#H, Tpex-
CHOfiHafA pa3HOCTRas cxeMa (3) NpemcTaBiaseTca B Bule ABYCTOHHOMN

cxembr (3). Ilpu 3ToM, ecam sanucath cxemy (5) xax CHCTEMY ABYX
YpaBHeHU#, TO NepBLIM OyieT YpaBHEHHe

By, + vRy;, + Ay =,

a BTOpHM — Toxaectso 0=0.
3. YcroitunBocTs N0 pavaabHbLIM aHHBM. Byaem paccMaTpuBaTth

sanauy Komu
Bys + 1Ry, + Aya =0, ®)

raen=1,2,..., K—1, y, 4, 3a0aHzL
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[Mpennonaraem, uto cyuiectByer onepatop (B+42tR)~', n, cneno-
BaTe/NbHO, YpABHeHue (8} 0LHO3HAYHO PA3PELIHMO OTHOCHTENBHO o4y
BygeM cuurtaTh cefinac, uto H — KoHeuHOMepHOe [IPOCTPAHCTBO CO CKa-
NApHBIM TpousBefeRdeM { , ). CrpaBezsuBa cleaylollias TeopeMma o
paBHOMepHOW YCTOHYHBOCTH cXeMbl (3) MO HaYyaAbHBIM AAHHBIM.

Teopema [. flycre A u R asaarorcs camoconpawcenuoimi noio-
HUTEALHBLML Oneparopamu, He sasucaugumu ot n. Ecau aeinoauerst
OREPATORHBIE HEPABEHCTEA

R>%A. B>=0, )

TO npu a0belx i, y=H daa pewenus pasnoctroi cxemst (8) cnpased-
AUBO HEPABERCTBO

(sl yall,, r=1,2, ..., K, (10)
20e

19l = = (A Yn + Yomds s+ Fat) + ((R — %A) (Fa — Yacs)s G — yn_l).
(11)

HoxasateancTBo, [peactrasnm cxemy (8) B BuZe ABYCAOMAHOH
CXeMhl

il
4

el

o ¥ yrl e =
BT + Ayt =0, n=1,2, ..., K—1, (12)

rae BexTop y"eH? n onepatopsl ¢, % onpenesers corsacuo (6), (7).
Has cxembr (12) 3ananc HauanbHoe 3Hauenue y' = {0,5(yo+ 1), Hi—ts}.
[Moxaxem, yto cxema (12) yA0BJETBOPAET BCEM YCMOBHAM TeOPeMBl 2
uz § 2. M3 camoconpsxeHHOCTH onepatopoe A, R ¥ W3 omepaTopHHX

HepaBeHcTs A>>(), R>~:—A creayer, yto omepatop &£ (cMm. (7)) se-

JAACTCA CAMOCONPAXKEHHBIM H MOJOMKHTENbHWM ONEPAaTOPOM B HPOCT-
panctee f* Tlostomy B H* MOXRO onpefenuts Hopmy ||, MOpOXK-
AeHHYW omepaTtopow s¢. laa sextopa v={v,, v,} HOpMa[v|s ompede-
JIARTCH CAefYIOLEUM 06pasoM:

bz, = (Avy, 2) + ((R— 5 4) 0, v,) .
Orciona ans pewetun 3agaqn (5) y"= {0,5(¢a+tYu-1), Yn—Ya-y)} HMeeM
Vo or= 1A G+ 400, 8o+ 9 + (R — T A) U=t o).

T. e |4*]» coBmazaer ¢ mopmoit |y,ll,, onpeaenennoit cornacko (11).
[IpoBepuM BBIMOMHEHHE ONEPATOPHOTO HEpPaBEHCTRA

F=2054, (13)
KOTOpOe CoriiacHo TeopeMe 2 13 § 2 ofecriedHBaeT PaBHOMEPHYIO YCTOM-
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YHBOCTb CXeMEL (12) Mo HavamwnuM JawneM, M3 onpexenenna (7) one-
patopor & B & nojiyyaem

;o
B T (R’ — 'Z A)
#H--0b5t4d= | '
: A) 0
Haa moGoro saementa v= {v,, 0.} = H? nmeem

(B—05tAd)v= {Bt'l + (R ——lA\'] Uy, —-r(R~ %A) U,} .

—(r—

O6o3nauum ( , Jus, (, )y cKaJdApHBIe npousbelenrs B H* u 8 H co-
orBeTcTBeHHO. Toraa noayunm

{(3 —0,5v.4) v, V) = (Buy, v)n +
~|—1:((R — %A) Uy, Ty ]H —1 ((R ———i/-l‘] 7y, UQ)H = (Bvy, s,

NpuyeM noc/ielHee PaBEHCTBO CTUPABEAMHBO B CHIY CaMOCONPAIKEHHO-
1
CTH oneparopa R _TA’

Takum ofipasoM, u3 HeoTpuuaresstocTd B H onepatopa B cuenyer
BHINOJHEeHHE yCaoBusA ycTofuusoctd (13). B cuay rteopemut 2 uz § 2
Adia pelterns 3anaun {12} cnpaBeinnBa ouenka ||y"*'| <<y, Ko-
TOpan, Kak Mbl TOKa3anauw, cOBNajaer ¢ oueHkod (10} ana pemenus
sanaun (8). Teopema 1 poxasana.

Jameuanne. [lycte H — Komnaexchoe npoctpancTBo. Toraa Teopema 1 octa-
HETCA CRpaBefNisol, ecad ycaonHe B220 aaMenkThb yoaoenem B*+ 83220,

4. Mpumepn. Jas HeCAEIOBaRHA YCTOHYMBOCTH KOHKPETHBIX Tpex-
CNOAHBIX PA3HOCTHHIX CXeM HAaZ0 3aNHCaTh HX B KAHOHHYECKOM BHIE
(3) u onmpenennTh, NpH KAKHX 3HAYeHHAX NAPAMETPOB BHNOJHAIOTCH
ycaosua Teopemel 1. IlpuBenem HecKONIBKO NPHMepOB HCCAeN0BAHHA
YCTOAUYHBOCTH,

[Ipumep l. Paccmorpry Nepsylo KpaeByio 3aaauy 14s ypaBHeHAR
Koaebannll eTpyHH

P P
e -
YR O x<lt, O<ET,
et (x, 0} - :
u(x, 0y =y, (x}, =t (x), 0 =<"x <l (14)

w0, H)=u(l, =0, O0=iT
BeeneM ceTky wn .= wp Xy, T1E
wp==f{x;=ih, i=0,1,..., N, ’N=1,
or={th=nt,n=0,1, ..., K, Ke=Ty,

H CONOCTaBHM 3alave (l4) nByxnapameTpnueckoe ceMeilcTBO CXeM ¢
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BECaMH
y?f.r: = o AgE " 4 (1 —0, — o) Ayl + GaAyT,
n=1,2 ..., K-, i=1,2 ...,N-1, (15}
i = uy (x3, Yi :El] (¥a), _5'3 =yy=0.
31eck o, 0, — 3aJaHHBIE YBC14,

noo__ y:'IH — ‘15"? + y‘_-l Ay — y?—i—l - Qy? + y?—l
i y A= i H

12

a 3HayeHus #,(x;) nogoGpaHsl Tak, yToOBl NOPSLOK MOTPEUIHOCTH amn-
NpOKCHMANUY HadaibHoro ycnoBus dulx, 0)/di=u,(x} cosnajasa ¢ no-
PAAKOM [OCPELIHOCTH ANNPOKCHMALHK OCHOBHOTO YPABHEHHA {KOH-
KperHoe RHIpa:eHne Ia4 f,{x;) HaM He norpeSyeTcs, a CAOCOB MOCTpoeE-
HUAl &,(%;) OBl yrkaszan e §5 . 1).

BeeneM npocTpancteo M, Kak MHoMmecTBO H ByHKUHA, 3a8aH-

HBIX HA CeTKe o, W PaBHHIX Hyaio npn i=0, i=N. Onpegennm B Hiy.,

oneparop

(Ay)I::_y;x‘;! "'=1u 2, ey N——-l, y(l:yN:O' (]6)
Toraa Pa3stHoCTHYKD CXEMY (15) MOMHO 3aTHCATE B BHIE
i 03 AYnn+ (1 — 0, — Gy) Ay - Ua‘4yn-1 =0, (17)
rae yn:_: Hﬁ)—h yn — (Ilf. y;r R HR'-L)T: yﬂ = (yn+l'_-2yn+yn—1)fta-

TMonbayack ToxaecteaMmu (2), nerko mpusecTH cxemy {(17) x Kanomu-
yeckomy Buay (3), rae =0, onepatop A onpepenen coraacHo (i6) H

B = {6, — 6,) 14, R=_%2E -I—CH—_;—G-"—A. (18)

Jlna BHIACHEHHS YCJIOBHIT YyeTOHYHBOCTH cxeMM {15) Bocnoabsyemcs
TeopeMofl 1. YiKe HeozHOKpaTHO GbLo MoKazauo {(cm. § 1 ra. 3), uto
onepatop (16) aABngeTcs caMOCONPAMKEHHEIM H MOJCKHTENBHBIM ONepa-
TOPOM B CMBIC/]E CKAAAPHOrO NPpOH3BEIeHNS

N=1
{y, ©) = D) #awh,

i=1

npHYeM €ro Ha uSoJibliee COOCTBOHHOE 3HAYECHHE

OIEHHBAGTCA CBEPXY BeNRYuHOH A=4/h%

Onepatoput B u R, onpejenensnie dopmysoi (18), Taxkke camo-
conpsikeHHBe. CoracHo TeopeMe 1, AJA yCTOAuHBOCTH cxeMb (15)
JOCTATOYHO BHITOAHeHus yeaosuit (9). Yceaorue B=( OopusoaAT K
OTPAHHUEHHIO §,3>0,, O3HAUAILIEMY, UTO BEC HUMHEro CJI0s He 10J-
JKeH TPEeBOCX0[HTE Beca BePXHero cJos.
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IMepBoe u3s ycrosuit (9), a uMeHHO onepaTopHOe HepapeHCTRO R>>
= % A, B AaHHOM Ciyyae NPHBOIAUT K HEPABEHCTRY

Lpyfoto 1
QE+( s +]4>0,

T
03HaYawlleMy, 4To

L 2 a+tae _1_ 9
WP+ (22— ) (g >0 (19)
Ans 1106010 OTAHYHOTO OT HYJAA ye= Hﬁ{?’_l. IMockonsky
2~ 1 . 20
Iy >—-(ny, a=-—, (20)

HepapeHcTBO (19) GyneT BeMoOnHEHO, ecau noTpe6opate
1 g1 1~ O3 1
SN ok S >0

Ax? 2
Hraxk, cxema (15) ycrofiqupa npu BHNONHEHHH yeaoBuit
>g, Sto 1 _L) S
S T L IR @

Caenyer OTMETHTb, 4TO 3TH HepaBeHCTBa, NONyweHHBle KaK JocTa-
TOYHBIE YCJIOBHS YCTORUHBOCTH, Ha caMOM Zelle OYeHb GAH3KH K HEOG-
XONHMbIM YCJIOBHAM yCTOWYHBOCTH cxeMBl {(15). A umeHnno, OpHMEeHsA
METOR rapMOHHK (cM. § B ru1. 1), MOXHO NOKA3aTh, YTO AIH YCTONUH-
BOCTH cxeMul (15} HeoBxoanMO

Gy +0’2 1 l _ L
01 2 Oy, 2 24(1 ?_.]’ T

Hactasmm cayuaem cxemsr (15) sBnawotes CHMMETPHUHEI® CXeMEl
(6,=0,=0), KOTOpHIE HMEIOT BTOPOH NOPALOK NOTPELIHOCTH AMAPOKCH-
MaluHn Ha pemednd 3aiasum (14). B 3Tom cayyae ycaoBus yCTOlun-
BOCTH CBONATCA K OIHOMY HEPABEHCTBY

1y %

1 =
>yt g) = @

Hanpnmep, siBHasi cuMMeTpuuHas cxema (6,=0.=0) ycroiiyusa npu
YCAOBHH ¥ << |, T. &, T<Zf1.

IMpimep 2. B § 5rn 1 yxe paccMaTpisagack cxema s vpas-
HEHHUA TEIIONDPOBOIHOCTH

it/ ek U/ e o /i Rt
21 - ht

, (23)
T2
h
cxeMa acoMoTHO yeToitunBa. [Tepenutiem ee & Buse
‘[’
¥, + Pk + Ay =0,

e oneparop A onpegenes coracho {16).
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Toraa nonyynm, yto cxema (23) uMmeer KaHOHHUecKHit BuA (3), rie
¢=0,B=Fu R =}%E. YemxoBua veroifigupoctn (9) cBOAATCA K Hepa-
BEHCTBY

l l
wE>Th

KOTOpOe BCerja BuIMOAHeHo B cuny {20}, Tem cambim cxema (23) ab-
COAITHO YCTOHUHBA,

§ 4. O6 3KOHOMHYHBIX METOLAX PelueHHs MHOTOMEPHbBIX
HECTAUHONAPHEIX 32129 MATEMATHYECKOH GHIAKA

I. HexocTaTkn oGbIYHBIX pasHOCTHBIX MeToxoB, Llenb macTosmero
naparpatpa [ath NEepBOHAYAJBHOC MPEACTABJEHHE O HEKOTOPHIX pas-
HOCTHEIX MeTodaxX, NPpeAHA3HAMSHHBIX CEUHANBHO A4 pPLLUSHNST HecTa-
HHOHAPRBIX 3aiay MaTeMaTHYeCKol ¢JH3HKH C YHCJIOM RPOCTPARCTHEH-
HbIX NEpeMeRHBIX, paBHBIX ABYM MJAH TpeM (TaKHe 34a1a49H HasblBawT
MHOI‘OMQPHHMH). Hpemne BCETO {IOACHHM HeolGX0AHMOCTh RpHMEHEHHA
cneuHaJbHbIX MeTodoB. B kauecrBe npumMepa pacCMOTpHM ABYMepHoe
YpaBHenwe TeNJOIpOBOAROCTH

3 2,
ST T = m =6,
¥ ax

L 2

|
alx, )=uix, ), x=T, 0<tT, O
u(x, 0y =u,(x), x=G+T
B NPAMOYTOJBHHEE
G={0<x,<l, O<m<cl)
c rpannueit I'.
Beegewm, kak o8BIYHO, CETKY NO BpEMEHH
o={l,=nt,n=0,1, .., K—I, Kt=T}
H MPOCTPARCTBEHHYIO CETKY
Qu== (v == (0, &), x = ihy, 2= jhy),

rae i=0, 1,2, ..., Ny, j=0, 1, 2, ..., N, npuuem AN,={, hN,=l,

MHoxecTBo BHYTPEHHHX TOueK ceTkn Q, (Koraa i=1, 2, ..., N—1,
i=12,..., Ny,—1) 6ynem 0603HasaTh Yepe3 ws, 2 TPAHKILY CETKH (y—
yeped qx. Takum 00pasoM, yy— TO MHOKECTBO TOYEK CETKH £, npH-
Hapnexaulux rpanuue I' npamoyroasiuka G, Bymem of03nayath ¥y =
=y (% 1,), TIe X, =0, fr=0.

Kak Mul 3Haem (cM. § 4 ra. 1), Ana pellenus ypaBHeHHS TERJAONPO-
BOAHOCTH MOXHO NPHMEHUTb JHGQ ABHYIO, JHOO HEABHYIO PA3HOCTHYIO
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cxeMy. PaccMOTPHM cHavala SBHYIO CXEMY
1
Y — i
T

== Ay, €CAU X, & @, In €2 g, 2

Yt = u Xy, lan), €CIH X E . IS 0y,

yh=ulxg),  eclu xy; <= Qp n=0,
rae
Ayi =AYy + Mgy,

Giar.p— 2y + Ui
Aly” =y;,_xhi_,' — Jix h; i=1,f ,
1

3
i1 ™ 2y + ¥ijo
Agyﬁ =y;’x’.‘j — Tt h; i1 ]
2

Pewenue pasnocTHoli cxeMbl (2) HAXOAUTCHA MO CJAOAM ¢ HOMOLIBIO SB-
HOH QOopMyJIEL

yi:t“ﬂ:y&-l_tAy?h n=a, ll---lK_l; Xij &= Wy,

NpHueM HCNOMAL3YIOTCA HadajbHBIE M PPAHHUYHBIE YCJOBHS, 33JaHHBIe
cornacho (2). Takum oGpasoM, MpeuMyLIECTBOM ABHOH CXeMEl ABASOT-
s NPOCTOTA HAXOMKIEHHS 3HAaueumit §7! peleHNs Ha BepXHeM CJoe.

CyulecTBeHHEIM HEAOCTATKOM 3TOH CXEMH, He NOIBOJSIOUIAM HCNOMb-
30BaTh €e NPH NPAKTHYECKHX pacyeTax, siBASeTCA YCAOBHAR yCTOHYH-
BOCTh, HafiteM ycioBHe YyCTORYHBOCTH 10 HAaYaAbHBIM AAHHBIM CXEMBEI
(2), onupasce na Teopemy 2 nu3 § 2. {Ipu uccnea0BanyH yeToONUHBOCTH
GyaeMm npeinonaraTb, 4TO TPAHHUHBIE YCAOBAA u{x, /) paBHL HYJO,
Beeaes npocrpanctso H® ¢dyukuuii, 3anaHHBIX Ha ceTKe §, H paB-

HBIX HYJI HA (s, CO CKAJSAPHBIM NpOH3BCOCHHEM
Ni=1 Ng~1

W)= 3 h D hathijvy.
=1 j=1
Onpeaennm B H;? onmepatop A dopMynamu
(Ag)a=(Ag) s+ (Awy) 4, ecan xySan,
At =— 5,0, 050 Adii =— 5., 11> (4)
¥4=0, ecan x ey,

Omneparop A (mATRTOYEwHBIH pasnocTabil oneparop Jlanaaca) wuay-
yajca B § 2 ra. 3. Bulio mogasaHo, 4o A — caMOCONPSKEeRABH 100~

HHTENBHBI OMepaTop, A KOTOPOrO Npu JOHX y= H' chnpasetu-
BO HEPABCHCTBO

4
Ay p<alyp, A=ttt ©)
1 2
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Ecau sanucath cxemy (2) ¢ p=0 Kak onepaTopHoe ypaBHeiuHe B
npoctpaucrpe Hi®, 10 oHo nprMeT BAL

ym-LT‘_ Y, + Ay, =0, (6)

rie .=y (t,) = Hy . Taknm o6pasom, cxeMa (2) HMeeT KaHOHKYECKHIl

BHA,
gl T 9n + Ay, =0, (7
T

rae A onpenesied coraacHo (4) u B=F — egunnunsii onepatop. Yeao-
BHE YCTORYHBOCTH (CM. Teopemy 2 us § 2)

B=0,51A (8)

B AaHHOM cayuae (npu B=F) ozuavaer, uto npu Jwobux ye= HM
NOJKHO BHMOMHATLCA HEPABEHCTHO

lgli*=0,5t(Ayg, 4).

Ozciona, yuurnisast (5), NDosyuaeM, 410 cxeMa (2) ycroilumea mo Ha-
YaJlbHBIM JaHHLIM IIPH YCJAOBHH

1 1 |
- =T . 9
1:(2_'_;12)-{2 ()

910 yClNOBHE HAKIAAMBAET OUEHD JKECTKOE OrpaHHYEHHE HA LAl No
Bpemenn 1. [lycTh, AAA OMpeneneHHocTH, A,=h,=h, Toraa HepagBeH-
cT1BO (9} npuMeT RHN

AL

B d
Ecnn, wampumep, h=0,01, TO ycroiiunBocT rapanTHpyerca npH
T T, Me 1,=0,25-10-* Ilpeanonoxum, 4r0 Hago WalTH pellleHne
sajaun (1) npu T'=1. Toraa, nonpsysch cxeMoit (2), Haxo coBepLInTS
He MeHee yeM n,=T/ty=40000 waros no epemenn. Pasymeerca, cuer
C TAKHM MeNKHM WIaroM HenpuemJ/eMm ans npakTHkH. [To ykazaunofi
IpHYMHe NIPH pelieHHH YpaBHeHHH mapaboinyeckoro Tuna Haberaior
N0/p30BaTLCA ABHBIMH cXeMaMH. B cnydae ypaBuennit runepSonuye-
CKOTO THIa YC/IOBHS YCTOHYHBOCTH NO3BOMIAKIOT B3sATh LIAr NO BPEMEHH
TOTO e NOpAJIKA, YTO M War no npoctpadcrey. [Mosromy aas rumep-
BONMYECKHX YDABHEHHE SBHLIE PAZHOCTHLE CXEMBI HCNOAB3YIOTCS TO-
pazlo uaute, yem A8 napadofnyecKux.
Pacemotpum Temeps HesBHYIO CXeMY L1s ypaBHeHMs TEMIONPOBOA-
HOCTH
A+l
v — o
— =Ay?ff1, eI Xij = 0y, In= Ws,
Y = (g, tanr), ECAH Xy S Pn, LS 6, (10
Yl =uy (xi7), ecu Xy =y, n=0.
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3ta cxeMa ycrofiynBa mpH JMOOLIX arax t v #, JleficTBNTEABHO, CXEMY
(10) ¢ =0 MOKHO 3afHCATh KAK OMEPaTOPHOE YypaBHEHHe

@ + AYfni =0,

rae y=Hy' n onepatop A onpexeler coriacHo (4). Tarum ofpasom,
HesaBHast cxema (l0) umeer Kawounuecknil Bum (7), rae B=E£+14,
MpHYeM yCaoBHe ycToliuuBocTH (8) Bceraa BhHIIOJNHEHO.

OnMako HeAOCTATKOM HesaBHoI cxeMmbl (10} aBasfeTca HeoGXOAHMOCTD
PELIeHHs HA KAX10M BPEMEHHOM CJIO€ CHCTeMbt YPABHEHHI

gif — Ay = Fij, % & @,
(11)
Yi = !’l'?;.l‘ Xij = Y
the gy =y v Fiy = Y.

Pemtenne momofHBIX cHCTEM YPABHEHHI NpeACTABJISET 3HAUHTENb-
HYI0 TPYAHOCTb. MeTOAb, MpefHa3HayeHHble NJ5 PELUeHH CHCTeM JH-
HellnBIX aarefpanuecKHx ypaBHeHHN obmero Buaa (cM. vacte I, ra. 2),
3AeCh HENPHFOAHBI H3-3a CAHUWKOM GOJBIIOF0 pasMepa cHcTeMbl. Jle#-
CTBHTRNbHO, ecAH NOJONKHTB, HANpHMep, h,=#,=0,01 u /,=1,=1, TO
YHCO HEH3BECTHHIX Yy B cHcTeMe (11) okaxercsa papHbiM ODHMEPHO
10 000. [MTonoxerne ycyrybaserca etue TeM, 4to cncteMmy (11) neobxo-
AHMO pPellaTh MHOFOKPAaTHo (HA KaMKIOM BPEMEHHOM cloe),

MoskHO npeAdoXUTb IPHeMIeMble METOARl PellleHHd, YUHTHBaOULHe
cnenHanbHbif BHA MATpHIBL chcTeMbl (11). OAWH H3 TaKHX MeTOLOB
paccmatpuBancsa B § 6 ra. 3, Apyrue NpAMble H HTEpAUHOHHBIE METOABL
OyIyT H3JIOXKEHH B I, 5. 31ech Xe MBI OCTAHOBHMCA HAa MeTOoAax pe-
weHns ypasHeHus (1), KOTOpble OCHOBAHH Ha CBEACHHH MHOMOMepHON
3aZaud K NOC/ea0BaTelbHOCTH GAHOMEPHBIX 3agavy. [1pH Takom cpene-
HHH BO3HHKAIOT PA3HOCTHHE METOAH, COUYETAIoWHe MOJCKHTEAbHbIe
CTOPOHE! ABHOH H HeABHOH ¢XeM: aBCOMIOTHYIO YCTONYHBOCTL H NPOCTOTY
pewtenusi. Haunnas ¢ NATHAECATHIX [OAOB, 3TH METOIbI NOJ Pa3AHIHBIMH
HA3BAHHSIMH (METOALI NMEepeMeHHBIX HanpaBReHHil, ApoOHBIX UIAro.,
pacliemjIeHns, A0KaAbHO-0QHOMEPHbIE MeTOAb) LHPOKO MPHMEHSINHCD
A5 pelICHHA MHOPOMEPHBEX 33144 MAaTeMATHYECKOH (QHIHKH.

2. MNMpuMep meToxa TNepeMEeHHMWX HanpaeJeHHid. PaccMoTpuMm mo-
ApPOGHO OAHY H3 PA3HOCTHLIX CXEM METOJa HepeMeHHbIX HampaBJeHBnH
gnst ypaenenua (1), HasbiBaeMylo npOJ0A6HO-NONEPEUHONE DAIHOCTHOL
cxemori uan cxesold Huemena — Paugpopda. B 310l cxeMe nepexo] oT
caosl 1 K caole ni+ 1 ocyumiectBasercs B Aea stana. Ha nepeoM sTane
ONpPefefAIOT APOMeIKYTOYHEIE 3HAYEHHS Yf'% H3 CHCTEMBl ypaBHeHHi

iyt .
Q’O.T%=Aly?f/’ + Aolfisy X S n, (12)

1
a Ha BTOPOM 5Tale, NMOJB3YSCh HAUZEHHEIMH 3HAYEHMAMU yif ', Ha-

XORAT i K3 CHCTeMBl ypaBrenuf

pel il
GE T pgpen £ Agen, xS o (13)
0,5t H H

372



3ech pasHOCTHBIE OTHOWERHS A0, A, Onpelefedsl COLMACHO (3).
¥pasuenue (12) asaserca HessBHBIM TOJbKO TQ nepeMeHHomy x,. Ilo-
3TOMY ypasdeuus (12), (13) MOMHO pellHTb MOCAEAOBATEABHBIM npu-
MCHEHHEM OLHOMEpPHbIX NPOTOHOK, CHAYAMa MO HANPABACHHIO X,, 4 3d-

TEM TO HaMpaBACHHIO X,. ITUM 06CTOATENbCTBOM H 0OBACHAETeA Ha-
3BaHRE MeTO.A.

OcraHoBuMcR NoapoGHee Ha afropHTMe petretus ypaenennit (12), (13). [epe-
nHoleM ypaeHende (12) B Biae

1 1 J
0,507y — (L) o 4 0.5%f 1% = — FR, (14)
rae Y= A}, Fy; =g} -+ 0,5TAw); . Ypasuenne (l4) pewaerca npH KammoM QK-
cuposantoM j=1, 2,.. ., No—I meronom aporomks no MepeMeHHOMY £ (CM; u. 7 $ 4
£
4. I}, Hro6R NpHMEHHTb NPOCOHKY, HAZO 3HATb TPAHHYHBE 3IHAYCHHS y’;}"’" e
=12 T N:—1. Ha nocTanoBre TDaHHMHEX VCNOBHA 048 BCHOMOTATENBHOM dyaK-

LtHH y’:-';-“" Mbl OcTanoBHMCH Hie (cM. n. 3). [lpu raxaom dnkcHposaHAoMm | Hpo-
TOHka 70 Hanpasnehnio X, BHNOgHAeTCA 3a O(N),) apudmetnueckux peiicraud. Cre-
AOBATEIBHO, HAXOMWINEHHe BCeX y?flﬁ TpeGyer O(NN.} apudmertHuecknx neficTeui,

Tocre Toro xax Bce y:{,*'/’ HajiaeHsl, pewaerca ypaedenwe {13). Ilepenncnipas
3TC YpaBHeHHe NOApOOHEs:

0,5va07 7Yy — (L—v) 471" + 0,5%0f iy, = —@F,
(15)
\’2 = T,"‘h:, ‘D?f = y?}l‘/z + 0,51.&03?;”"4 ¥

BHAHM, 4TO NpH KAHIOM QUKCHpORAHHOM f==1, 2,..., N(—1 erc Mo#HO pewTh
€ NOMOLUBI) ONHOMEPHO MPOLOHKH NO [epeMeHHOMY j. I'pauHuHble YCNOBHA 3afaloTcA
B COOTBETCTEHH C 3ajaueii (1):

i1

Yo = =W (xm, tnu]‘ y:‘\f’: = U {xm’zy inH)‘

Haxoxneune pcex y7/' ua cucremuw (15) 1peSyer O(N(Ns) apudmernuecknx pedi-
CTBHI.

Taxuu o6pasoM, npr Ny==N,=N paxoxieane y['' no H3BeCTHbIM SHAvEHHAM
J‘.} € NOMOWIBIC METOAA NepeMeHHWX HanpasieHult Tpebyer G{N?} apudmeTnyeckux
AefCTBHIT.

flasi cpaRenis OTMETHM, HTO pelWleHHe ABYMEPHOH HeSBHON CXeMH (HanpHMep
cxembl (10)) ¢ nmoMowbio craufapTHOre Merofa Iaycea notpeGopano Ok O(NS) peli-
CTBHA, NOCKOABKY WHCMO ReussecTHux O(N?). Haxompeuue pemenna 4! wesmuoit

CXEMH € TIOMOUIBId OHCTPOrO ANCKPETHOTG Mpeobpazopavus Qypre OCYIIECTBARETCH
3a O(N?log,N) mefictenit {cm, § 6 ra. 8).

3. ABCOMOTHAN YCTOHYHBOCTL NPOAOALHO-NONEPEYHON cXeMbi, UTo-
6Bl HCC€10BaTh YCTONUHBOCTD NPOAOALHO-TONEPETHON CXeMbl, HCKIIO-
YHM CHauala H3 cHereMbl (12), (13) nmpoMeikyroyrbie sHayenns y}‘;'ﬁ
i MOJYYHM 3KBHBAJECHTHYIO PAZHOCTHYIO CXeMY, CBA3LIBAMIIYIO 3HAYE-
HHA HEH3BECTHHIX TOJbKO Ha LUEABIX CI0AX n U n+1. 3aTem MprMeHuM

K NoJMy4eHnoil cxeme Teopemy 2 w3 § 2 u ybenumca B ee abeomoTHo
YCTOHUHBOCTH.
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Buiytem ypasnenue (12) ua ypaenedus (13). Toraa npuaem K
VpaBHEHHIO

ik

0,5t -

A (gt —up)y Xy == Op

U3 KOTOPOTO MOJYYHM

oS+ o)

a

Yitth = - %Az Wit — v Xy = o (16)

TlogcTaBnsa HalileHHOe BEIpAXKEHWE ATA Y[ B ypaBHeHHe (13}, mo-
JyuaeM ypaBHeHHe
[ =05 @ + ) + T as ot — o) ] 0.5 =

=054, (3 + o) — AN W — o) + A

KOTOpOEC NOCJIC OYeBHAHHX ynpomeHHﬁ NPpHBCGAUTCA K BHIY

it (A T
S =S AW ) — T MM ). (17)

Crporo rosops, yKkasaHHas TOACTAaHOBKAa BO3MOXKHA He BO BCeX
TOUKAX CeTKH @y HanpnMep, npn i=1 vpaBrenne (13) nMeer Bua

S i 1A e a2
[H] 4 5t hf

fi+1
+Aquf]

H COJIePMAT 3HAUERHS ¥5t%, TOKA HHKAK He 3a7aHHHe (MOJYEPKHEM,
uTo ypasHenne (16) onpegenser y[,}*’/a auws npa =1, 2, ..., Ny—1).

AHanorHyHas CHTYAUMA HMeeT MecTo I npH (=N,—I, a nmenHo, ypae-
HeHue (16) mpu i=N,~—1 cONepKHT 3HAUCHHS Y4k, He OApefe/icHHble

dopmynoit (16). Uz Bueopa ypasHewus (17) BHAHO, 4TQ OHO Oyler
CTIPABEANNBLIM NPH BCEX X;;€ins, €CJAH JQONpefesHTb TPpaHHYHHE 3HA-
ueHMRt Yot gt/ B COOTBETCTBHE C (OPMYyJaMHu (16), T. €. NOJOMKHTD

nays == Bo.j + Bo;
aF - 2

1+l
yﬂ+% ==
yf

T
_:Aa(!-‘::fl_!-tg; s
WAE 4, T

R — A R — .
i=1,2, ..., No—1.

ATH rpaHAUMble 3HAYCHHA MOMKHO HCNOJBL30BATL MPH DEIUEHHH ypaB-
HeHMil (14) MeTOROM NPOrOHKH.

Hrak, B pesyibTaTe HCKAOUEHHS NPOMENYTOWHLIX 3HAUEHHN y"‘;%
npumwis k pasHocTHoll cxeme (17). HecmeayeM yCToOl4HBOCTE CXEMBI
(17) no HauaNBHEIM 3HAYEHUAM, NPeANoOnaras, yto u{x, ¢} =0. B stom
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cayyae cxemy (17) MOXHO mepenucath B BURe

Rl AL __ L
u __A(ynﬂ +yn)_mAlA2M’
T
i=1,2 ..., N—1, j=1,2,...,N~—1I, n=0,1,..., K—1,
y:ff=0, el xy; =y, =01, ..., K, (18)

y?f =u, (xii]’ x(ﬁ;‘)), eCH X;j = @a.

Bsenem npoctpauctso H® ¢yukumit, 3afaHHEX Ha Qy H PaBHBIX

HYAI0 HA s, H ONpelenum onepatopwl A,, A,, A coriacHo (4). Toraa
cxemy (18) moxHO 3anmucaTh B oneparopﬂom BHAE

¥ny L TN St
___11_ "|“ A 1Ay ——1 + A (Yn + Yrr) = (19)
n=0, I ..., K’—l, Y, 3ampam,

rae y.=y(f) = H®. Cxema (19) umeer kamouuuecxkuil sug (7), rae

B=—E+051A+ th A Ay = (E 4+ 0,5tA) (E + 0,5t4,).

[okaxewM, uro oneparop A,4, noaoxiatenen. [lo onpeaeaeHno
HMeeM

(AIA‘}y)l'f = Y ilii? i=1,2 ..., Nl_lt =12 .., N2_11

TAK 4YTO

N1 A1
(AlAzy‘ y) = 2 ha Z hly;,x,;lx,_;;yif- (20)
f==1 ey

YuurbiBad, 4TO y,;= fYv; =0, NpeoGpasyeM BHYTPEHHIOI CYMMY B
(20) no qbopMyne (cm. (14) n3 § 3ra. |

Ny=1 M
2 hly;axz';'lxz.ffylf = 2 hly}?"'z;l-”y;l'ﬁ
(=1 (=1

u 3anuiem (20) B BuAe
Ny Ne=1

(A ey, y) = — Z fy 2 hzy;&,x,,ifyil.ir

i=1 j=1

3atTeM, CHOBA npuMeHasa dopmyny (14) n3 § 3 ra. 1 v yyuThiBas, 410
Yio=1Yi»,=0, NoAYUUM
Mp—1

2 hﬂyx. Fon iR 0 T Z fy (yxx €1, u

=1

TaK 910 OKOIIMaTeJbHO 6y,r.1eM HMEThH

Ny Ny
(4,44, ) 2 ,’112 ho (Y5 i)
i=1
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OTKYAa H celyeT NOJOMHTeNbHOCTS onepartopa A,A,. Tlpu stom

B=E + 0,54 + tT Ay > 0,574,

H, CAEIOBATENLHO, YCI0BHE yeToHuuBOCTH {8} BBIDODAHEHO NpH AI0GBIX
T, hy, fiy, T. €. TPONOABHO-TIONEpPEYHAn cXeMa afcodIOTHO YeTofuuBa.

4. TlowaTee cymMapHOi annpokcuMmauun. B npenbayiieM NyHKTe
MBl BCCNCAOBAMH YCTONYHBOCTL NPOAGILHO-ONEPEYHOl CXeMBl MyTeM
HCKJIYEHRS NPOMERKYTOUHBIX 3HaYeHHE y;’f‘/a I 3aMeHl HCXOAHON cXe-
Mbl TNIEPEMEHHLIX HANpaBAeHHTl SKBHBAAeHTHO! eli neABHOl MHOrOMep-
Hoil cxemofi (19). He npexncraBnser rpyiaa Aokasarb, 4TO OpH ADCTA-
TOuHOl riagkocTH pewrennsa u(x, ?) 3anaud (l} pashocTHag cxema
(19) nmeer norpewHocte anupokcumMaunn Q(1*+A°) M cxoaHTcA B
CeToYHOH L,-HopMme CO BTOpHM NopazkoM no t M no k. [Toatomy cnpa-
BEAMKBO YTBEPKACHUE H O TOM, UTO pellieHHe Yi' NpoA0AbHO-TIoRepey-
Hoii exempt (12), (13) cxoaurtea K pewenuto u(x, #) 3azaun (i) co
BTOPEIM MOPAAKOM, T. €,

Hyﬂl-l—u(tﬂi-l)"“‘-.{-"le.(’rz‘—lwhf—i— h:)y n=0; lt LERIER ] K_'_ ]J
rae

<%
| Gas — &t (fnetd | = ( D —u (X, tan)) hlhg)
=T

# M~ noctosiHBas, He 3aBHCALLAA OT T, A, M,

HMeknoyernHe NMpoMeKYTOUHBIX 3HAYEHHH YNpPOLKaeT NMPOUeLYPY HC-
ClIelOBARHA PASHOCTHOI CXeMbl, OAIIAKO BHOCHT HEKOTOpLIe HeQnpae-
JaHHBle orpaAuueHnsa. Hampumep, Ana sxBuBanedTHoCcTH cxeMbl (12),
(13} cxeme (19} cyliecTBeHHBIM SIBIASTCH NpeANOJQKEHHE O TOM, 4TO
06sacTh (G — APAMOYTOJIBHUK, KPOME TOrG, HEQOXOAMMO COELHANBHLIM
o0pa3oM 3alaBaTb I'PaHHUHBIE YCJAOBHA ANA BCNOMOTaTellbHOH (YHK-
ouH YR

OKasbBAETCA, YTO CXeMBl NepeMeHHNX HANPABJEHH MOXKHO HCoTe-
A0BAaTh HENOCPeACTBEHHO, He MNCKAYAs UPOMeKYTOUHBIX 3HAUeHHA
yir.  Ilas 3T0ro HaAO0 BBeCTH NMOHATHE CYMMapHOi aBNpOKCHMALHH,
KOTOpOe Mbl IOSCHHM Ha npaMepe cxeMel (12), (13). [Tyets u{x,, X.. ¢)—
TOUHOE pelleHHe 3adayd (1). [lpeacraBuMm pelenne pasHocTHOH 3aaa-
yu (12), (13) B BHAE

Yy =uj + 2, n=0,1, ..., K,
YRR = L N n=0,1, ..., K—1,
re

ul, =u (x0, 2, 1), W} =ux®, 2P, ¢, 4 0,51).

! .
TloacTapaaq ykasaHuble Bblpa)KeHHs 1A yfl,.,y?f"ﬁ B ypaBHéHHA

(12), (13}, noayunm ypaBEeHHS, KOTOPbIM YAOBJIGTBOPHET NMOrPELUIHOCTD
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MeTonIa

2(‘;—‘/3 — 2{?:" HEL, 1 it
: ! ¥, f . —
9.5¢ = A,‘Z;‘, ! + AZZ(';' + lpl_(-‘," ‘1.‘-].- = mh,
]
21
2oL it "
LY — nt1 n
. 0,51 e = A A AT A g, Ky = o
riae
" u?f‘/’s —ut "
L] 1
P =— =L i - Alu:; + Ay, (22)
0,51
dTH gt
Wi =— et A A A 29)

Cerounble pyHKuMH, onpelereHHble cordacHo (22), (23), Haswipa-
HOTCA NOrpeLiHOCTAMU AMNPOKCAMAUNH ypaBHeHrit (12), (13) cooreer-
CTBEHHO Ha peweHun McxonHoil 3agauu (1). Pasnaras ¢yHKuHM, BXO-
AfalHe B BHpameRrus AAA ¢, i, Do dopmyne Tefiopa B TOuKe
(x&, XN, £.), nomyunm

t u(xg ty) T A (x50 1)

f-”=_IT+?L1 3 + 0(* + 4%,
3 Puixy, 1) Py O (x4, £,) dut (0 )
Vot == Vet ke o TOWER),

rae Lou=0%[0xz, ao=1, 2. TakuM 06pa3oM, Kamaoe H3 ypaBHeHUH
(12), (13) annpokcumupyer ncxoaHoe ypaBHeHue (1) ¢ nepBeIM mo-
pPALKOM MO T W BTOPWM —nto fz. BMecTe ¢ TeM cymma morperHocrei
anfpoKCHMAUNH f; = Y} ;; + i ;; HMeeT BTOPOA NOPSAOK NO T H 1O 4.
HeiicTBHTEABHO,

9 (0 4y

il

dut (xyp, 1)

)
+ 1l L)

1|J?-=.—1.'

+0(* ),

H B cuay anddepenunaasroro ypaBHenua (1) umeem

9%u du
=L Ly —
a2 ( 1+ 2) al ’

Tak uto Pi; =0 (v +4?).
[Tostomy ropopsit, uto cxema (12}, (13) obnanaer cymmapuodi an-
npoxcusmayiel 8Topoeo HOPROKG 1o T U no h.

MoXHo RONYYATE QUEHKY pemenws 3ajauW As morpewroctd (21) uepes wopmy
$GyHkUHR Y= 1Py, W3 KOTOpOl HyaeT CreloBaTh BTOPONl NOPALOK TOMHOCTH CXembl
{12), (13) (em. [32]).

[Ipreenem Apyrhe NPHMepH CXeM RepeMeHWbIX HaspaBIeHI 104 ypasreHHA (1),
NGAANAIOWAX CYMMApHOH atnpokcRMannedl, JoKaasno-00ROMEPHAR CXEMA COCTOMT
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8 MOCACAOBATENLHOM pelieHnH y[PaBHeHHH

yn+/, _ r;':l-
if “if
- - A‘y?;%. x” = (I]h,
(24)
L +%
yi yu
. = Agy?;l, x[-f = @y

B srofi cxeme kaxaoe w3 ypapHeHH{ B OTAE/bLHOCTH He auNPOKCHMHPYET HCXOA-
Hoe ypaBHehHe (|}, OLHAKO 1IMEET MECTC cyMMapHaf annpoxcHmauHf O{t+h%). Hedfi-
CTBHTCNIBHO, B LAHHOM CAyvae

u”.*'/! —u , B (xy, t,)
Py =— T + At =05 — T Ly (x;p &) F0G-AY)=0(1),
apt — ”;/: . & (x5, £,) .
¢;=——T-+A¢ =05 —— +Lu(, t)+ 0@ +H=0()

H Y= C{(T+ A7),
B KkauecTBe YNpamHEHMA GHTATENO NDEANardeTcA PacCMOTPETh CXeMy

it — ol

= Al 4 Aoyl
T
(25)
Jnn f+”
;_ A — o)

W JOKA3aTh, 4TO OHA ofnafaet cyMwapHo# annpokchMaunell. Kpome Toro, pexomes-
AYETCA NPOBECTH HCKIIOUERHE NMEOMEKYTOUHLIX 3HAYEHHIE yhf"’ H3 cxem (24), (29),

OONYIUTE COOQTBETCTEYIOUIHE MHOTOMEDHBIE PA3HOCTHRE CXEMBl H CCbOpM)’J’IHPOB&Tb
FPARHYHHE YCAOBHA, OPH KOTOPHX MHOTOMEPHBHE CXeMbl 3KBHBAJCHTHH HCXOAHBM cXe-

1
Mam nepeMeMhuix Ranpapsennfi. [IpH BAXOMIEHHH TPaHWMHHX ycnomud s if %
CAEAYET NOCTYNATh TAK JKe, KAK U B c.nyuae cxemu (12), (13), T. e. Bupazurh 1;""""

U3 ypaBremufi (24) wan (25} uepes J” R f‘_, H AOCHPeSTHTE y"“” HA TpaHHne
¢ NOMOLIbIY MOJYYEHHOTO BHPANEHHA,

FATABA S

NMPAMbIE H HTEPALLHOHHBIE METOOAbB PEWEHHA
CETOYHbLIX YPABHEHHHA

§ 1. MoseaeHan 3apava

1. Beexenne. Kaxk MBl yxke BHAEJH, aNNpPOKCHMauus Aupdepesiu-
ANbHEIX YPABHEHHS PASHOCTHHIMH NPRBOAHT K CHCTEMAM JIHHEAHLIX ad-
re6panyeckux ypaBHeHHUt

Ay=}, (N

KOTOpHe HelenecoofpasHo, a yalle BCero H HeBO3MOKHO PEIUATh CTAH-
JAAPTHHMH BLIMUCAUTEADHBIMH MeTOAAMHN JHHefiHOl anreGphl
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Ecan ncxonnoi szapadeit apAfeTCA KpaeBas 3azavya ansg oOkIKHO-
BeHHOro IHdpepeHinalbHOrO YPABHEHHA, TO COOTBETCTBYIOLLYIO Pas-
HOCTHYIO CXE€MY MOKO DEWHTL C MOMOIIbI) METOAA NPOrOHKH (CM. M. 7
§ 4 «. I). B MmBoroMepHoM csiyyae He CVHIECTRVET CTOMDb 3Ke YAoOHOro
H 3KOHOMHYHOrO cMocofd pelleHlR Pa3HOCTHBIX YPABHEHHI], KaK MeTox
nporodkH. [1o3ToMy BO3HHKAaeT COGXOGAHMOCTE B Pa3BHTHH METOLOB,
cheuuaabHO MPeAHaZHAYCHHM X AN PellleBAA MUHOTOMEPHBIX PASAOCTHBIX
KpaeBHX 3agay. Mm OyneM paccMaTpHBaTh 3ie€Ch JHIUb ABYMEpIIble
PAa3HOCTHEIE 3a8a4H.

Kax n B obumem cayuae CHCTeM JHHEeHHWX ypaBHeHHil, METOAH pe-
WeHHsT pa3HOCTHBIX 33034 Pa3lessioTca Ha NPAMBbIE H HTepalHOHHbLE,
Hrepaunounsie MeToanl ABAAIOTC GoJiee MPOCTHIMH, YeM HpfMEE, H B
MeHkIeld CTenetud HCTOIb3YIOT CTPYKTYPpY Martpuusl [lo 37oft npuyune
ANA pelleHHd ABYMEPHBIX PA3HOCTHHIX ypaBHeHHH MepBOHAUAIbHO HC-
NOJTh30BAACE HCKIOUHTENLHO HTEPALHOHHbIe MeTodbl. OIHAKO B CaY-
Yyae PasHOCTHBLIX 34244 CXOOHMOCTb TAKHX, HATIpHMED, METoA0B, KaK
MeTO NPOCTOH uTepaliny, 3efiaens, Bepxieil pejiakcaluii, BeCbMA Mel-
AeHnasa. B vacrosinee BpeMa MHTCHCHBHO PAa3BUBAIOTCA W HpSAMBE Me-
TORB PEIUeHHs ABYMEPHBIX DA3KOCTHBIX ypaBHeduH., OHH NPHMEHUMH,
KaK NpaBRJIo, K ypaBHEHHAM € pasiessiiolHMICT NepeMedHBMH, KOT/A
06.1aCTh H3MEHeHNA He3aBUCHMBIX NepeMeHHbX — NpaAMoyroNeHuK, Ha-
KOHell, C1eQYeT OTMETHTh BCE BOZpacTAlOUICe 3HAUCHHE HESIBHBIX HTE-
PAUHOHHEIX METOLOB, B KOTOPLIX PellleHHe HA HOBOI HTepautn HAXOIHT-
CAl TEM HJIH HHBM [PAMBIM METOAOM. XOTH TaKHE MEeTOAbl aATOPUTMH-
YeCKH CJIOMHee, yeM ABHEE, HX HECOMHEHHLIM NPEeHMYLIeCTBOM SBJA-
eTCA CYIECTReHHO GoMee GLICTPAA CXOAHMOCTD.

2, Mozneabhan 3ajava. Merodul pemieHHs ABYMEPHBEIX Pa3HOCTHHIX
KpaeBBEIX 2a0a4Y MH 6Y,EEM HINKCTPHPOBATE B AafnbHefilieM Ha cJhe-
AYIOUEM NpocToM mpHMepe. PaceMoTpum 3anauy Jdupuxnie aas ypae-
nenuda [Ivaccouna

2 2
P B f®, x=, W) =6,
It O3

1
u(x)=0, x=(x, el
B eAnHAuHOM KBaapate G (0<Cx,, x,<< 1) ¢ rpanuneii I,
BeeneM B ¢ KBaApaTHYIO CETKY € WIAroM A, T. €. MHOMKECTBO TOYEK
Qh = {xif= (xl:ll'vl' xgl)}i
rae  xPV=ih, xP=jh i j=1,2, ... N, EN=1. Tlycte, KaK 06bYHO,

Wr— MHOMECTBO BHYTPEHHHX TOYEK H Yp— MHOMECTBO FPAHHYHBIX TO-
YeK CeTKH 2.

3aMeHUM HCXOAHMYIO IHdD(epeHUHANBHYI0 3aauy PasHOCTHOH 3a-
Aauefl

y}'lth',' + y;m.” = _fifo Xij F 2 Oy, (2)

yl'j:__-o, xiJEYH)
KDTOPY}O 6Yﬂ,eM paCCMﬂTpHBaTb KaK MOIe/bHYIO [lpﬂ H3YVYEHWH MEeTOo-
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ZLOB petlteRns ceTounbix ypaBhenu#. [logpoGHee 3ajauy (2) MoxHO
3anHCcAaTh B BAJE CHCTEMB

Y — 2 + 8, + Yipor — 25 + 901y
k‘) ;12

Yo=tin=0, yo,-=ym———0, i, j=1,2, ..., N—L

Ha stom mpHMepe X0Opowo BHAHBI Xap aKTepHbIE OCOGEHHOCTH CHCTEM
YPaBHEHH, BOINHKAIONMX NPH anDpOKCHMAUMH MHOTOMEPHBIX 3aaa4
MATEeMATHUECKOR (H3HKH. MaTPHUR TAaKHX CHCTEM XAPaKTEPH3YIOTCA
BLICOKHM TNOPAAKOM, CHAbHOR pas-
pexeHHOCTBIO (7. e, TpeofiagaHu-
eM HyJeBHX 3AeMeHTOB) H 60Jb-
mHM pa3fpocoM coGCTBEHHBEIX YH-
ceJl.

— JeficteduTe bHO, NOPAZOK  CH-
cremul (2) coBnafaeT ¢ UHCAOM TO-
9€K CeTKR @, H paseH (N-—1)%
Jawe npu A=0,1 umeem (N—1)*=
=81, 7. e. MatTpuiua cucreMul (2)
SIBJISIETCH KBaJpaTHoit MaTpuueh 81
nopaaka, Ha 6Gonee TunyuHofi cet-
Puc. 14. Oauomepnan nymepauwa aey- Ke, Korda mar h=00], nopaiox
MEPHOro MaccHBa cHcTeMB paBeH mnpumepHo 10000,
CuabHAR Pa3peXeHHOCTb BHA-
Ha H2 TOTO, 4TO KAMI0e ypaBHeHHe cHCTeMH (3) CoAepXHT He Gonee
NATH OTAUMHBIX OT HyaA Kodd@uuueHToB. TeM caMbiM OTHCLIEHHe YHC-
Ja HEHYJICBHX 3JeMEHTNB AAHHOH MATPUNH K oflleMy 4¥Cay ee 3Je-
MeHTOB He npeBoexoaut 3/ (N —1)*=0(h%).

Co6cTBeHHbIe Yncaa MaTPUULl, oTBevalolteil cucreme (2), naineunt
B § 2 ra 3. IOna Hac cywecTBeHHO celfyac, uUTO OTHOIEHHe HAHMEHb-
ero coGCTBEHHOTO SHeHa v, K HapbosabueMy cOSCTBEHHOMY QHCAY Y.
PaEBHO

=”—‘fl'ft (3)

I
|
& 7 Zz J ¢ M)

M

=tgt— .
V2 2

OrHowlenne § ABAsSETCA BeJHUHHON BTOPOrO MOPALKA MAJOCTH IPH
h—0, 2 UMeHHO

§=

§=¥F+omw @)

ChejfcTBHEM MallOCTH BEJNHYHHHL E sBASETCH NA0Xxas 06YyCAORJAEH-
HOCTEL cHcTeMbl (2). JTo 3Tofl We MpHYHHE ABHBIE HTEPALHOHHEIE METO-
A AJAS cHCTeMH (2} cXOAATCA MeineHHo,

Uro6bl 3anucaTh cHCTEMY ABYMEpHIX DAa3HOCTHWX YpaBHeHid B Ma'rpmmom BH-~
fe (1}, napo npopecTn NepeRyMepalHi0 ABYMEPHOrO MACCHBA WHAEKCoB (I, ;)‘H_l

B OAHOMEpHHWH MaccHB, DTO MOMHO CAENaTb Pa3JHYHBIMA chocoGamH. ConocTaBHM,
RanpuMep, HEAeKCY (i, f) ABYMEPHOro MaccHBa HHZene B OJHOMEpPHOre MJCCHBA M)
npaeuay k= {N—I}{i—1)+j {cm. puc. t4). [Ipn stoM, ecan { B | MeHAIOTCA B Npe-
aeaax o1 1 go N—I, 1o & meraetca or | a0 (N—1)2 B pesyanTaTe yKazauuoil ne-
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peHyMepatiH cucteMa ypaBHennii {3) sanuwetcd B BHAE
Yo — Mot feey | Ha—pv—ny F Heav-p
ht + ht
Ypaphenus (A} onpeucnedu RAA
E={N=1}(i—1)+j, 4 j=23 ..., N=-2

= —f,e- (5)

[Tpu ocTambuEX 3HAYCHHAX &, YUHTHBAA HyNepble TPAHHYHie YCAOBHA, MOAYYHM Cfe-
AYIOLIHE YPaBHERHA:
—dy iy =—0f, k=1 (i=1, j=1),
Su-1—4Ga+Ynrr+ Yaen o= —h2fa,
k=2, 3 ..., N2 (i=l1, j=23,..., N—2),
Yy g+ Y -ny=—hfn_, R=N=1 (i=1, j=N—1),
Yuw—i—dgnt st Parv-o= —s, k= (N=1)({—1)+1
(=2, 8,...,.N—2, j=1),
— 4yt yai FYn—w—pt U se—n= —h¥fp, k=(N-1)i (=2, 3 ..., N=2,
j=N—1}|
Yrain—n—Ayntyesi=—hfn, A=(N—1)(N-2)+1 (i=N—-I, j=1},
Fa—in =0 F Yo i—dYr + garr=—hx,
b= (N—)(N—2)+] (i=N—1, j=2, 3,...,N—2),
Ph—tr—n+Ya-—~dye=—hfr, R=(N—1)? (i=N—1, j=N-I).

Matpuia cucremsl (8) ana cayuas N=5 yeaopHo wzolpaxena Ha pue. 15, rae
KPECTHKAME OTMEYEHB HEHYNeBWe 3MeMeHTH. 3aMerdM, uTe DpH peilieHHH CHCTeMH
(3) HeT HeOGXOAMMOCTH 3aNHCHLIBATh ee B BuAe (D), MBI MPHBEM TAKYIO 3ANMCh NMIIL
BAs TOro, 9TobH ele pa3 HPOIEMOHCTPHPOBATE PAIPEIKEHHOCTE MATPHULL M ee JeH-
TOUHYIO CIPYKTYPY.

3. NMpumenenne meronor Axkobu u

3efinenn. 3anuileM pasHOCTHOE YpaB- [x|x x
nenne Tlyaccowa (2) B omepaTtopHofi |x[x|X x
¢opme (1), rae onmepatop A onpene- = X
feH caelyolnm o6pasoM: x e -
(A9):; ==Y i SIS On S RS T =
x LA LS *
(6) = RN
yﬂ=0» xijETh- % = x ::); v Ll =

B naashefilleM SyaeM paccMaTpH- x x|[x x
BaTh NJIst 3TOTO YPaBHEHHs OLHOWIATO- X v s
Bbie¢ HTEepALHOHHEIE METO[bl, 3aMUCaH- % P
fke B XaHOHHueckoM bBHae (cM. § 1 % x|x
ra. 2y, 1),

Bym:: Y 4 Aga=F. (7) Puc. IE.CT%LEKE%piﬂ:aNTE{EH cH
M+l

Haunewm ¢ nauGonee npoctix Metonos — fAxkoOn n 3efinena. INoka-
HeM, UTO 3TH METOABl CXOJATCA. OOHAKO HX CKOPOCTb CXOOHMOCTH He-
BHICOKA.
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Meron ﬂxoﬁu g cacTeMbl (3) 3aNHCHBAETCA B BHAE

"”‘ =— (y;_l g+ yH-l.J' + yf -1t Jn.,'i-l TRy, X € oy,
(8}

g, =0, Xy & ya

3nece iy —anauenHe pellieHUA B TOUKe X;SQ, Ha n-it urepaunu. B nan-
HOM cilyuae MeTon $ikoOu coBnafaeT ¢ METOROM NPOCTOl HTepaLnH TIPH
ONTHMAaJMbHOM 3HAY€HHH HTEPaUHOHHOrO napamertpa, HeficTRHTENbHO,
METOX NPOCTOH HTEPAUHH (Yori—n)/t+Ay.=f nna cuncremor (1) B
cayuae A'=A>0 obaanaer Hanbo/blied CKOPOCTLIO CXOLHMOCTH, €CJH
T=1,=2{(6+A)}, roe §, A — HauMeHRblWee U Haubo/bllee COGCTBEHABLE
ypcaa MaTpaubdl A (eM. § 6 ra, 2 u. 1),
Jaa pasnoctHoro onepa’ropa Jlanaaca uMeem (cM. § 2 ra. 3)

6— 5][12 ﬂ 2_8-(:052%
2 h?

clefaoBaTeabHo, T,=h*{4. TIpu 3ToM sHaueHHH NapaMerpa MeTom Hpo-
CTOH RTEPalHH B cayvyae MojdeabHol 3anayn (2) npHHUMaeTr Bujl

y:_zfu _ -‘/?;'

rt
h2/4 Yt T Yri = fii, Xij €

Y5 =0, Xy &P

Tocnennee ypapuenne, Kax HeTPYAHO BHIETh, COBNAAAET ¢ YPABHEHH-
em (8).
CkopocTb cxonHMocTH MeToRa (8) Kak MeTona npoc*roﬁ HTepaLlHH

C OUTHM&JbHBIM NMapaMeTpOM oNpeiensieTcd YHCAOM p-—— +‘, 'é— A =

Uncno wrepaunii #,(e), HEOGXOAHMBIX M JOCTHMKEHHA 3a/aHHOHN
TOYHOCTH ¢, PABHO

n,{e) =1In a-}iln— =In-L "ln(l -|- )

162 Th3
[pr i1 —0 nmeem E:%, ln—1:2§=%, TAK YTO
e

2ln{l/e
NCEES 2 ©
Cueposarennio, Metop fxobu tpebyer Q(h-*) mrepaumit gas mo-
CTHXEHHH 3ajaddoit TOWHOCTH. IDTO OYeHb MenJaeHHad CXOIHMOCTD.
B Hacrosawee BpeMs npHMensioTes  MeTodw, Ttpebylomne O(h~') u
xaxie O(InA-') urepannl AAa AocTHKEHHS TOil Xe TOYHOCTH. C S3THMH
MeToAaMH MH Mo3HakoMumes B § 2, 3, 4.
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Paccmorpum Meton 3efinens ans cucremst (3). B ofmem cayvae
(eM. § 1 ra. 2 u. II) meron 3efinens crponTes Takum obpasom, YTo6GH
B YpaBHEHHH ¢ HOMepOM [ HeH3BecTHhIE, HMeWIlHe HHAeKc Goablini,
yeM {, BBIYHCAAANCh OBl MO 3HAYEHHSM Ha n-1i uTepauun. Peaausauus
meTona 3efifens Ais cucTeMsl {(3) MPUBOANT K CAEAVIONEMY HTEPALH-
OHHOMY MeTojny:

+1 ;1 it 1
Ying =207 ey + Yk =2
ha hﬂ

= —fi5, Xy = ap,

(10)
gt =0, xyS

Xota merof, 3efigens ABAAETCH HeRABHBIM, HAXOXIeHHe 3SHAYeHH
yi* Ha HOBOl HTepauMu He MPEACTABASET TPYAd, MOCKO/MBKY OHO CRO-

AUTCA K OOpallEHHIQ TPEYTrOJbHOR MATPHUBL 31ech HYXKHO JHIUL Npa-
BHJABHO YCTAHOBHTD NOCJAEAOBATENBHOCTh TNpPOBEAEHHS BBIYHC/JASHHH,
Cuayana w3 ypaedenna (10}, MCmOAB3yR H3BECTHHE TPAHHYHBIE 3HA-
ueHHs Y =0wu y’l‘;‘=0, Haxoaar yflﬂ. 3Han yf;l, MOM¥HO HAHTH y’l‘;‘
n 1. A. Takum oGpazoM, HeH3BeCTHRIE Y3t BHIYHCASIOTCA B CAEAYIO-
meM mopsAke H3MeHeHHA HRraexcos: (1, 1}, (1, 2), ..., (I, ¥—1),
(2, D, (2,2), ..., (2, N—1), .., (N—1, 1}, (N—1, 2), ..., (N—I1,
N—1). B 3Tom ciyyae roBopsiT, 4TO BHMHC/EHHS BEAYTCA OT JEBOTO
HHXKHETO YI/1a NpaMoyrodsHuka G K OpaBOMY BePXHEMY yray,

Meroa 3efiaenft ¢xoAMTCA HECKONBKO GLICTpee, ueM MeTon $IKoGH,
OIHAKO YHCJIO MTepallMil, HeoGXONKMOe AMS JOCTHXEHHA 34AaHHON
TOYHOCTH, 31eCh TAKMKE ABJRETCA BeJANUMHOH NopAaKa h-?,

Urobht AOKA3ATR DOocCTeaHee YTBEPHKAeHHE, AOCTATOUHO MOCTRONTE NpdMep Ha-
YAMBHBX AAHHBX, [pH EOTOPBIX TIOrpeiiHQCTh HTEPALKOHHOTO MeToAa yﬁmnaer He
GoicTpee, ueM 47, rae ¢=[—0(h?). Tlpusefien tawofi mpumep, Iycty {y;‘f}f,!-il'_
pelliedHe pasHOcTHOM 3anaun (2) u {y;'f}?f.,‘;l — NpUGJAHKeHHOe peleHne, NOTY4YeH-
10e Ha n-f HTepaliu ¢ Momomsio Metona Sefinens (10). [as norpeursoctn 2f;= yf—
—-fi; NonyuaeM ypasHeHne

" -
LS 42?;' Y+ z?:ll.! + z?,;’u + 3??11 =0 Xif € Oy
z;,-=0. Xii5=Vh, (11)
4 hi]
3”- = yu- —_ yf:.'"
Byaem nckath pewenue zagami {11) B sHae
2 = 4", (12)

FAe¢ § — 9HCMO, 2 Ui; — CeTOYHAA (YHKLHA, He 34BHCAINAA OT N H YJAOBTETBOPAIOULAA
HY.1CBBIM TPAHRMHBM veaoBiraM. Tlomeravnsa (12) s (I1) ¥ cokpawan wa ¢®, nory-
HEHM CHCTEMY ypaBHeHHH

Vigr, y=4qvii+ 92y 101 st qvs jo =0, xij=as,
(13)

U‘-:';-O‘ Xiis=Ya.

CucreMa ypasuensii (13) apezcrasnster cofoll 3afayy ha coBcTECHHHE SHAYENHS,
Byaem mcxaTh ee petmenue B puje
kY __ iwf (R
%ip = 8 B (14)
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rae k== (&, R}, ka=1, 2, , N—1, a=I, 2, |.t” - coficTBeHHBe bYHKUHH MATH
TOUEYHOrQ PasHOCTHOre oneparopa Jlamaaca, pfﬁ’ = 2sin (nklx“‘) sin (ukzx‘”) n

S4 — WHCIA, NOAMAeKaHe ONpeleNenil.
[Moncranana (14} 8 (13), noayunM ypaBHeHnue

& 4 4 k
sk U"’Ei—ll .r E ,!4-1) + q “‘ll ’—1 + !’l}—]l. d4 43}(";,’}) =

[oaaras g=ga= s§, NPHXOAHM K 3a7a3¢ HA COGCTBEHHBIC 3HAUEHHS
i + e LAY + A =0, Xy E @y

W= 0, X S Yo

rae A=ns=4(1—s:)/k% Bulpaenns Ana Ay H3BecTubl (cM. § 2, ru. 3):
4 L. MRt mki
lk=lkk=h—2(sm37+sm2 ) J.

Bubapas k= (1, 1), noayuum

8 nh
hemdy=8=—_sin®* —,
! A2 2
Iipe 3TOM 23Ma4enHH & BeiHvHRHa |q;|=5§ AOCTHrAeT MAKCHMYMA, PABHOLG
q%5 R :
la1=(1="). (15)

Tagum oGpaseM, eCTH MOAOIKHM
vip = vy + o (16)

rae §ij — TOUHoe pelenHe 3agayd (3) u

h*
,_,u 1 V- 5£+1 (141} sy =1—

L. JR
i Bif 2 =1—251n’—2“-.

To cornaco ([2) nmoayunm z?;:q"zf-'j. TAe BHpaXeHHe ANA § OMPEJeNeHO COrAac-

no (i5). CaegoBaTeNbHO, AAA HAYAAhHHX AanHbix (I16) npm noGoA nopMe BumomiA-
eTCH paBeHCTEQ
fyr—yl =gl lzo—yl.

[Ipu Maawx warax i AMeeM
§=1—0,5 h28=~1—na%2
T e, HeoGX0AHMOE YHCNG HTepauHi Bospactael Kak h=2,
4, Merton, BepxHed peadaxcandd, PaccMOTpHM MpHMeHeHHe MeTOAa
BepxHell penakcaudy K mofeanuoft sagaue (3). Hna oleit cucreMal

ypasaenuit {1) MeroL BepXHel pelaKCalHH ONpeleAdeTCa CASLYIOMHM
obpazoM (cM. § 1 ra. 2 u. II). Checrema (1) nmpeacraBigercs B BHIe

(A-+A,+D)y=/, (17)
rae A., A,— HHXHAK TPEYroabHas H BePXHAS TPeyrobHas MaTpHUH

¢ HyleBHMM AmaroHansMu, D — auaronmanbhas MaTpHua. Bsoaures
nrepallHoHBBIH mapaMerp we (0, 2) ¥ uTepaunn onpelensaioresa ¢op-
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MyJamu
At A+ D (- tan + {1 au)=1. (18)

[lpn w=1 meron (18) cosnanaer ¢ MeroaoM 3efizens
(A—'+D)yn+1+~4+yn=f-

B cayyae moamenpHoii 3azaun (3) mpeacraBaennio (17) cooTser-
CTBYET 33IHCh CHCTEMEl B BHIE
Yip F Yoy 4y,

y‘-l.!+ Yi 1 —
- I + m —'F =—Ffy, XjE o4

y;=0, XiEs.
MeTOﬂ, BEPXHEﬁ peJaKcaludH offpedeReTcd YypaBHEHHAMH
Yt ot Yip Ui 4 /1 AP
1. f {i-1 + i+ i1 . _( _‘y?+l + (l _ _) yf:J — _fgf,
Rile Y w/ Y

h2 h*
Xij = W,
(20)

4, =0, Xe

Cnocof HaXOMAeHHS 3HAUEHH y;}“ Ha HOBOH HTepauMH TOT Ke,

4YTO B B MeToje 3eilfiena. A nMenHO, HaJMO 3amHC2Th ypasnenns (20)
B BHZE

7 11 4 + T
Yol Yt — - Y '==F§, (21)

rae
n n 1
Ef)= — (Ui + Yo + 4 (l - a) 5 — h*fe,

H BHIYHCAATB 47!, HaYHHad OT JEBOrQ HHXKHero yriaa obaacty @,

[TpoBezeM HcclleyoBaHHe CXOAHMOCTH MeTO[a BEPXHEH penakcauuw
{20} n nmokaxeM, B Y4ACTHOCTH, UTO TpPH ONTHMAABHOM BEISOpe Rapa-
MeTpa ® YMCIo ATepauuli, HeoOXOZUMEIX HNJA TOAYYEeHHS 3aRaHHOMH
TOYHOCTH &, siBAsercs Benuuunofl O(h~') (a e O{fi~?), KaK B MeTOdE
Sefizens}. OcHOBHOE MPeMMYIUECTEO MeTONa BepxHell pejaKkcalund ne-
pel mMeroloMm 3elijens KaK paa K COCTOHT B CYLWIECTBERHOM YBEJHYEHHH
CKOPOCTH CXOBRHMOCTH APH RapnexaieM BbHGOpe HIepaUHOHHOTO ma-
paMeTpa o.

HJin mOCpemHoCTH 2 == 4 —yq METONA {20) noayyaem ypasHeHHe

a+1 1 n "
27T 2 + Zija T 2 4

2;=0, Xi="n

(qu]u + (1 — L) z'.‘,‘) =1}, Xij = Oy,
W [} o ”,
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KOTOpOE HPUHBGANHTCA K KAHOHHYECHOMY BHAY
2z

Bl 4o,
T

e zp == {z,f}}?_’;‘i,, onepatop A onpeneaen coraacto (6) u
B=2{QT:"’LE + (R +R), T—o0,
(22)

Z if ) if
(R2)f = _hL— s (Re?)j = “;1_ .

Onepatopsi A, B, Ry, R, oupexeaenm B npocrpancrse HY cerou-

UBX QYRKURIL, 3a1aHHBIX HA ) W PABHHX RyT0 Ha v, B HYY seepenu
CKaspHOe NPOH3BeLeHHe

N1
g, )= yijuiih?
ii=1
# HopMa llyll=V(y, y). Oneparop A sBasercs CAMOCONDPAMCHHEIM H
MOJNOXNTENBHO ONpeAeienHHM oniepatopoM B Hy'. Bonee toro, A=

=R.+R, rne R=R[+Rz

Taxum obpasoM, meron (18) seasercs CTAUHOHAPHEIM HTEPalHOH-
HEIM METONOM € CAMOCOTPANEHHEIM onepaTopoM A H HecaMoconps-
MEHHLIM onepatopoM B. Bumo gokasano (em. 1. 5§ 2 . 2 4. 1), uto
B 3TOM CJTy4ae BRIMOJAHEHHE ONEPATOPHOTO HepaBeHCTBA

B, —0,5t1Az= '—gi B'AB, B,=0,5(B -+ B (23)
T
€ KoHcTanrtoit p=(0, 1) rapautnpyer cxoauMocTk HTEPALHOHHOrO Me-
TOAa, NPHYEM M5 TOTPEINHOCTH CMpaBedInea Ollelka
Nga—yila==Zp I go—uil a- (24)

lIpoBepHM BHIIQIHEHHE HepapencTBa (23) B cayyae MeToAa BepXx-
Hell pedakcalitu, Koraa

B==L=9 1 oR, A=R' 4R, =0, (25)

Ilpexae secero aamernm, yro

By—0,514=2C=9)
11'2

i3

f03TOMY HEPABEHCTBO (23) YUPOWALTCH H APHHHMAET BHL

22— E> 1 — p’B.A_lB.
H? 2w

OTcrofa ¢ IOMOIWbIO IKBUBANEHTHBIX npeoGpaloBalHil DPHXOANM K He-
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PaBEHCTBY
2 4= 1=0 g
BT e@—w

lMomcrasasasa cwona Buipa)eHue Aas onepatopa B u3 (25) w npusoas
Mojo6HLIE YIEHEl, NOAYYaeM OKOHYATENBHO

x 4 -+ pt
RR 4+ A F <18 2 (R4 R), (26

o:=m,"(2—m).

Haligem xoncranry p*=(0, 1), npu Kotopoii cnpaBeIfHRO HepaBeH-

ctBo (26). ILna 3TOr0 OLEHHM CBeDXY JEBYK dacTb HepabeicrBa (26).

Tipn awboM ye= HYY umeem

(RRy, ) =|RyF=|Ry +RuyP<2(RyP+|Ruyl). @D
N3 onpenenenus (22) onepatopos R,, R, nolydaeMm (CM. Takxke n. 3
§ lra 4), uro
Y,if

L yx,_i‘ * .
(Ruy)ij = — T’ v (Ray)y=— =

CHenoeraTenbLHo,
N1 N1

IRlyng 2 (yx. f.‘

:=o f=1
N—-1 N-1

h* E E (yxz U) h

i=1 f=0

Takum obpasowm,

R +Rwl = (Ay, )

H H3 (27) caenyer onepaToproe Hepaaeﬂcmo
o 2
RR = 3 A. (28)

Jlanee, yyuThiBas HepaBeHCTBO
Az=dE,

8 . .mh
rae §=-£;sll'l2 <~ — HauMeHblUee co0CTBEHHOE 3HaYeHHe ONepaTopa

A, monyuum
4 4
Mad O htols
Hrak, neBas yactb HepaBercTsa (26) oUeHuBaeTca cleAylolnv
06pa3oM:

RR'-I—ﬁEé(%—}— h‘:,ﬁ) ( +F%)(R+R)
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Hepapencreo (26) Gyaer BHINOAHEHO, eCJAH KONCTAHTY p® NoAoHpaTh
3 YCHAOBHSA
2 4 14+pr 2
= (29)
K Wats  1—p? Ao

Pewas ypasnenne (29), noaysam

g wyn_ l—pa{l—a) 0
p—p(a)———[+“a(l+a), (30)

rne
u=0.5h26=4sin3£;~ .

M3 (30) BuaHo, uro mpu w=(0, 2) (7. e. mpu o >0) BHMOAHAETCA
#epapercTBo p’(a) < 1. CneloBatenbo, MeToH BepxHel pedakcaunn
CXO/IHTeA TpH e (0, 2},

B cayuae metona 3eiinenn nMeem o=1, =1,
= 1/{1+A4%).

TIpa Manuix it nonyvaem p—'s=2 140,86 #2822 1 +n%2, Inp-' = nH?%, TAK YTO YMCAO HTe-
palthfi rg(€), HEOOXOAMMLIX AMA  NOAYYEHHA 3aRaWHOA TOYHOCTH €, OKAZHBAETCH

PaBHEIM
© Ing™1 Ineg™?
fofe) = —— = ——
¢ lnp! m2H3

CregoBatennud, HeobXoMNMoe YHCAO WTEpauHi MponopunoHanso h~%, uro chM-
JETCARCTRYET ¢ HeBRICOKOH CKOPOCTH CXOANMOCTH MeTofa 3efigenn B cAyyae pasHocT-
HHX CHCTeM ypasuennd, OTM2THM, OfHAKO, 4To Tpebyemoe YHCAO HTEPauMii B MeToie
3eilgenn APUMePHO B ZBa pa3a MeHblle, yeM B mertone SlkoGu (cm. (9)).

Ob6patuMca cHOBa K MeTOAY Bepxweil pedaKcauhu B moalepeM B
supakeddnt (30) mapametp o TakMM 0Gpa3oM, YTOGEH MHHHMH3HPO-
Bath p®(«). Herpyano BuleTh, 4TO MUHHMYM p*{o} mocTHraeTcd npH

o=1/¥p, T. e. npu

2 . g TUh
W= —— p=4dsin*—,
+ve !
H QN paBeH
1 s 1—05Vp
p* —-)=p =, 31}
(lfu T 14 05VE (

. Lmh
{ToacTaBaaq cioaa p—4 smz—z-— , MONYUHM OpH MAAKX h, 4TO

1 —sin (n#y2) 1 —nhy2

== = 1 —mnh,
1 -} sin (1h/2) 1 4 nh/2

0o =

caefoBaTenbio, Inp,~' A 0,518 K HeoBxolumoe UHCTL HTEpaunil n,(e)
PAaBHO

n )= 2= 0[] (32)
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§ 2. lpuMeneHHe FBHOCO HTEPALHOHHOTD METOAQ
€ ONTHMANBHBIM HABOPOM NMapaMeTpoB

1. flBHnlii HTEPALMOHHBI MeTOA ¢ HeGblMeBCKMMH NapaMeTpaMH.
Januuifi Metou noapodao pacemoTped B § 6 ra. 2 u. [1 npuMenHTeALHO
K CHCTEMAM JHHEHHBIX aare0panyecknx ypasueHHi

Ay={, (1)

¢ MOJOKHTENbHO OnpelenedHol chMmerpuuHoit matpunefl A, Hamowm-
HUM HeoGXONHMHE AMA NANbHEHIEro cBeJeHMs, OTHOCAMMECA K HaH-
HOMY MeTOoay.

[TycTh BRIMOAHEHD ONEpATOPHbLIE HEPaBeHCTBA

TiEs-:..A"-{12E$ (2)

rae 1,>v,>>0, E-—epnunynus MaTpaua. B rauectBe v, ¥ Y. MOXHO

B3ATh, COOTBETCTBEHHO, HAHMEHblLIee H HauGobliee COOCTBEHHblE 3HA-

YEHHA MATpPHIM A. Ecau Toynnle coGeTBennbie 3HAUCHHA HeH3IBRECTHHI,

TO MO ¥: H Y MOXHO NOAPA3IYMEBATb HX TpaHHLW, T. €. ,— HHMHAA

(HOJIO)KHTQJ'H:H&H) rpanilla MHHHMAJALHOTO co0CTBeUHOTO 3HAMEHUS W

{z— BEPXHHAA TPAUHLUE MAKCHMAJBHOTO COGCTREHHOrD 3HAUCHUA,
eIl HTEPALMOHALIH MeTOa A cheTeMul (1) UMeeT BHI

BenT0e 4 Age=f, £=0,1,...,n-1, 3)

o

rAe £ — HOMEp HTepallMH, Y,~— NPROJHKEHHOE pelueHHe cHeTeMbl (1},
nofyuenHoe Ha k-it RTepaunn. Ilpeanosaraerca, 4To 3a1aHO TPOU3BOIL-
HO€ HaqaJbHOe MpubAMNeHHe y,. B uveGLiMIeBCKOM HTEPALHOHHOM Me-
TOAE MapaMmeTpW T, k=1, 2, ..., n, nonGupawicy Takum oGpasoM, yTo-
Gul MpH 3anaHHOM YncJie MTepalHil 1 MHHHMM3HPOBATh TOrPENIAOCTD
flg.—yil, Bosuukalowyo na a-fi wrepaumn. [Mox nopmoir [[2]| BekToOpa
Z 3/ech TTOHHMARTCA CPEeHEKBAAPATHYHAA HOPNA

t2l=( 3 zz)"'.

v E=1

B § 6ra. 2 u 1l 6u0 moKazaHo, uTe ONTHMAJABHEIME SBAAIOTCA TIA-
pPaMETPH T,, ONpele/eHHbIe caelyiomuM 0bpas3om:

T 2 i—&
'I:..-—-.....—, T, = . f——J ' (4
T U+ ooty R Po (+E )
E=J gy BETDT ey 9 oa
Y2 2n

Ecan sutfipats 1, corfnacHo (4), T¢ AR NoTpewHOCTH Gyaer cnpa-
BEIJINBA OLEHKA

lg.—¢ll < gullg,—ull, (5)
rne
20} {—VE
= s g == P ML 6
BETTE P Ty T2 ©
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Takum obpasoM, utofitl pHMeHHTh UeGHILIEBCKANl HTepaLHOHHEID
MeTOA K KOHKPeTHLIM CHCTEMaM YpaBHEHHH, HYXKHO

1) v6eantbea B TOM, yTO MaTpHUa A cHMMeTpHYHA (MJH AOKAa3aTh,
4TO0 AAHHAsi MAaTPHOA ABJAfETCA MaTpHUel caMocODpsXXeHHOro omnepa-
TOpa);

2) HafiTH TPAHHLL CTIEKTPA ¥, W ¥, MaTpHubl A,

3) BHUHCAHTE HTEpPALHOHHBIE MapaMeTpul v, COrfMacHo (4) H ymo-
PALQUHTE HX TaK, YTOOH 06ecNevnTh YCTOHUHBOCTL METOAA.

B crenywiinx RNyHKTax paccMaTpHBaeTcsi MPHMEHEHHE AaHHOTO
MeT0a K PA3HOCTHBIM anIpOKCHMAUHAM YpaPHeRHN 3JJIMRTHUECKOrO
THTI2.

2. MpumeneHne Kk moaeabHol 3apave. Jlad MogeqabHodl 3a1a4d

Y i — 2 4 Yy B — Wi + Y = fi
7 Y =i
i» .fz'l’ 2»» N_l» hN:l! (7)
ym=ym=0, f=l, 2, ey N-], y0j=y]\rj=0, _f= 1, 2, ey N—-l,

B § 1 6na0 NOKa3aHo, YTO €CAl 3aNHCaTh ¢ B MaTpHYHOM Buae (1), 10
MaTpHua A Gyler cHMMeTpHYHOM, RpHYEM ee HaWMeHblIee H HAHGO/b-
Iee coGcTRENHBIE 3HAYCHUSA OTIpeIeasI0TCA QOPMYyAaMH
8 . ,ah 8 . amh
= — 51" — g = — CO§" — ,
Y1 42 a Yo ht 9

CanenoBaTenbHO, cHCTEMY (7} MOMHO PEWATHL ¢ NOMOLIBLIO YeGHILIEB-

CKOTO HTepauHoHHOro MeTona (3), (4). Buiuncaenue yoy ={# Wi

ueﬂecooﬁpasuo OpranH30BarTbh CJACAYIOHIHM 06pa30M. CHavana no H3-
BeCTHEIM anﬁJ’[HH{eIIHHM y,{f] HAXOAUTCA HEBA3IKA
(&} (%)
rii = Ayij — i =
;R (3 3 k L3
S L v — 25 + i 9 — 2B + 4 \

i Hi+lL »
0 + Y + fl-') H (8)

i, i=1,2 ..., N—1,

a 3aTEM JOCYHTHIBAKYICH 3HAUYEHH A y}?ﬂ) no CpOpM_VJTe

i = gl — e, i j=1,2,..., N—1. (9)
ITpx 3toM nonsaraem
gt =gt =0, wi=gi"=0, ij=1,2,...,N—1. (10

CKOPOCTb CXOIHMOCTH HTCPAUHOHHOIC MeToAa OnpeledasseTcd mna-

paMeTpoM .
-= .-.?L= IE.IE-
143 1/ " tg =

[TockonbKy WAar ceTKH /i HEBEANHK, MOMHQ CUHTATh, YTO VT;_’,-:O,5nh.
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Ol{eHHM QHCAO HTEp&HHﬁ i, HQOGJ{OHHMOE Ana yMeHBIOEHHS Havdadb-
HoW norpeutnoctd B 1fe pa3s. M3 Hepasencrsa (5) u Beipawenusn (6)
Ald @, CAelyeT OUEeHKa

[ 42— g1 << 20" 5 — -
[ToatoMy gocrarouHo notpeboBath pr =e,T. €.

2 |
n>n,)=In=/In—.
ef ™"
Ipu Mansix i umeeM
1 —
In—=~2 VExmnh,
(5]
cJeR0BaTeAbHO,
In {2/}
fn, () = ——— | 11
o) = 1 (1)

OcHOBHOTI BHBOA, KOTOPBI MOMKHO OTCHAA CAENATh, CBOIUTCH X
CACLYIOWEMY: UPH pelelud ¢ NOMOWIBI0 4eObIIeBCKOr0 HTEPALHOKHO-
ro MeT0Aa pPa3sHOCTHHX 33aja4, ANNPOKCHMHPYOWHX YPaBHENHI 3AMHN-
THYECKOTO THNA, YHCAO0 HTepauHi n,(e}, HeoOXOAMMBIX AT NOJAYUEHHA
3alaHHON TOYHOCTH ¢, ABAAETCA Beanuuuoli O(A-1).

Hanomuaum, yro meron npoctoil utepaunu u metox 3efiiens Tpeby-
01 O(h~*) utepanuit, yro Kpu h=0,1 va nopanok Goabuwe, IMopaaok
YHCTTa HTEpaUkit B YeGhIEBCKOM MEeTOLe TOT JKe, 9TO H B METOAE BepX-
Hefl pemakcalyM ¢ ONTHMaMbHEIM BHIGOPOM pelaKCalMOHHOTO mapa-
MeTpa .

B HAaHHOM CAYY3e HHTEpEeCHD apoeecr: cpaplieHHe HeOGX0AHMOrS YHCAA HTGP&IIHF[
B meTofle pepXHell penakcaunn H B veSHLienckoM merTone no uucay g. Cormacuo {32)
H3 § 1= MeToLe Bepxneﬁ peaakcawin HEeOBX0AAMOE YHCTO n‘repalmﬁ onpegendaeTca
dopmynoi

2lnet

(a.p.) ~
n g} =
¢ & |

B TO BpeMA KaK AJA 4eOulllieBCKOTO OTepalIlOHHOrO MeToad

In {27!
no(e}:%:).

TaxHs oGpasom,
In {(1/(2e)}

(8.p) .
n (&) —ny (&) =
s 1y (£) h
CaenoBaTentHo, MeToA RepXHell penakcaumn TpeSyeT 6oanMerc uucaa HTEPAIUNN.
EctecTrerno TPGGOBaTb, YTodR! NOrpRlLHOCTE € HTEPAUHOHHOIO MeTOZA HMena ToT
We NGPAmoK A%, uTO K MOMPEWHOCT: aNNPOKCHMAURH Pa3MOCTHOA  cxeMbl. IloatoMmy
nonownm e=05 ah? rae o¢>0 — nocrosuHas, ke saeHcamas ot h. Toraa TORYUEM

In 1 {{ah? 1 1
u‘:'“"(s}—no(e}z————f;ht) = O(Iln ;-) .

3. Ilpumenenne uyeGblIIEBCKOTO METOAA K PA3HOCTHEIM AUNPOKCH-
MAUMAM YPABHEHHA 3NJIMNTHUECKOro THNA, B cayuae Gogee o6wux
annpoKCHMANUK ypaBHEeHHT 5NJAMATHYECKOrO THOA CXeMa NMpHMeHeHHs
4e0HILUEBCKON0 METOAA OCTACTCA TOW Ke, YTO M paHbile, OJAHAKO TOU-
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RBl€ TPAHHIB CIIEKTPA ¥, H 4y, KAK TPABHNO, HE YAAETCA HaliTH B aHa-
JHTHYecKOH QopMe. TTo3TOMY HCNOAB3YIOT T€ HJH HHBIE OUEHKH AJA
rpaHulL CHEKTPA.

B kayecTee npHMepa paccMOTPHM ANNPOKCHMAIMIO 3afaul IupHx-
Jle M1 YpAaBHEHHA JIJIHNITHIeCKOTC THIA

a du a dn
e (kl (X1 %) a) +a—-\'z (kz (%, X3} a) —q (X1, Xy =—f (xy, X5)
(12)
B IIpAMOYTOJBHHKE
G={0<<xa<<ls, =1, 2}.
Ha rpannue I' mpaMoyroapknka G 3ajano yoIoBie
'u(.xh x2)=|.t(x1, x?)9 (xl’ xz) EI" (13)

[Ipeanonaraem, uro npm Beex (x,, X,) <G BBHINONHEHH HepaBeH-

CTBa
0<Crasihe (X, X2) K0e, a=1, 2,
(14)
Ogdn‘;..l]’(xn -’fz) = ds.

BeeseM B ¢ npsMoyroabHywo ceTky Q ¢ waramy A, u k, N0 Hanpas-
JIEHHAM X, X; COOTBETCTBEHHO H 0G03HAYHM

x[;:} = ihll x;:ﬁn = jhm Xif = (xf}v x;”),
h{N1=l|, h3N2=£2‘ yﬁ=y(xij),

£=0; 19---: Nh f=0| 1,-——,Nn.

1 Ypn, i — Yy Yif —Hiag
(Bl is = ™ (al.fﬂ.i‘_"_——hl — ~m ) '

| Yy, i iy Yij _yl‘.i—l)
dalf— fr— —— | {1 —_— e g g —————— | ..
(0245 )i "y ( 2d,f+1 " 2, s

OG603HaUHM Yepe3 y CeTOYHYIO IPAHNLY, T. €. NepeceyeHue { ¢ rpaHn-
neit I,

3aMeHHM HCXOZHYK Auddepenunanbnyio sagavy {12), (I3) pas-
HOCTHOH ¢XeMoli Broporo nopsaka annpoKCHMalnH

(@3 )xi7 + (Oebiz )i = digthis = — [uss

‘=l!21"'tN1_]' j=1t2s--°’N3_lt (15)
Yii=|l; CCIH XzEN. {16)
3aech
d‘.‘:qi}'!

aif =05 (ky (4", ™) + &, (7, ),
gip = 0,5 (b, (2, ¥ + &y (5, X)),
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[TokaskeM, uto pasuocTHy 3amauy (15), {16) MoxwHO 3amucarh 8
onepatopHoit gopume (1), rae A-—casoconpaxeliblii onepatop, B 00-
AYYHM ]9 3TOrO ONepaTopa OUeHKH BHAa (2).

ITpexae Rcero aaMeTHM, UTO, H3MEIHB COOTBETCTBYIOWHM OOpaszoM
npaBylo 4acTh ypasiexns (15), MOXHO cuutath, uto ¥, =0 ApH r;<1q.
Takum 006pa3oM, NpuaeM X sxksrbBajentnolt (15}, (16) cumcreme ypas-
HellHi

(@05 )e0ii + (@5 )it — ity = — Tips (17)
£=1’2)--'1N1—]» f=112!""NS_li
i#;=0, ecan x;=y, (18)

rae f; OTAHMaeTCs OT f; TONBKO B NPHIPAWHIHBIX TOYKAX CETKH,
Paccvotpum npoctpaucTBo A dyHKIHH, 3afanHBX HA ceTKe & H
abpalatoulixes B nyab Ha y. Onpenenum B H ckanapHoe nponseedenune
H HOpMY
M=l M=)

(y, )= 2 3 z 1aY5ivij, ﬂy“ = l/(y' .
i=1 f=1

Hanee, zazaaum B H onepatop A dopMynamu
(Al = — (@) rii — @tz )xeii + diis, (19)
i=1,2, ..., N—1I, j=12,..., N.—L
Toraa pasHocTyio cxemy (17}, (18) MoxHO 3anncaTb B BHAE onepa-
TopHOro YpasHennst (1) B npocTpancTse f.

U3 passocrtioit dopmynst Ipuna (cM. (15) 43 § 3 rv. 1) creayer,
yTO AN omepatopa (19) npn AwbHX y, v&<{ cApaBeIaHBO TOXKIECTBO

My MNy—-L
(Ay! U) = 2 hl Z hﬁal»'.f y;,,a’;' U;,,i_f +
= = Mi-1 Na N=1 Na—L
+ DB D\ Mt eiliz, Vs o+ D0 ey (20)
i=1 i=1 i=1 =1

Orci0a, Meldsil MecTaMu § W v, JeTKO ycTanosdTh, uto (Ay, v)=
={y, Av) npu nobux y, v<=H. ChejoparentHo, PasHOCTHONN cxeMe
(15), (16) cooTseTcTBYET caMocONpsKeHHH{l onepatop A.

Hanee, nonaras s ToxgectBe (20) y=rv, nOAyuHM

R Ne—1
Ay, y) = 2 iy 2 ot i (y;l_,-;)g =+
i=1 f=1

N1 Ny N1 Nl

t Sk S (07,0 + S e S iy @ 21)

i=1 j=1 f=1 (=1

Or1cioaa, yuuThiBas HepasencTsa (14), MpHXOAHM K OUEHKAM

By (Ay, 5) + d P <Ay, <Py (A, ) + ds o2 (22)
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rae

. N N Nl
A )=\ iy Sz + Sh D ha (0, 0%, (23)
=1 =1 i=1 jf=1
'ﬁ1=C|'|+C|_2, ﬁg=83.1+62,2. (24)

[+
O6osnauenne (Ay, y) o6bsicHAETCH TeM, 4TO CyMMa, cTOAILAS B
npaeoit vactk (23), npeacTaBafer coGoil cKanapHOE NPOH3BeACHHE
L

IBYX BEeKTOPOB Y H Ay, rie
(Ay)l;‘ =_y;1xn('f-_y;sxa.ffl E"‘:“ I! 2;4 - -a‘Nl - I! j= 1: 2v' b N2__ 1'
IMockoanky

8yl =< (Ay, << Ayl

rie
4 ., nh 4 . . mh
§=—"sin* "L } - sin® 2, 25
K2 TR PR (29)
4 Tth 4 Tths
A=—cos? L | —cos? 2 26
L5 21, T o 21 (26)

(cM. § 1 ra, 3), u3 (22) caenylor onepaTopuble HepaBeHeTBa (2) ¢ KoH-

CTAHTAMH
Tl=ﬁiﬁ+dh Y3=[32A+d2. (27)

Orcrona no dgopmynaMm (4) MOMKHO BHYHCAHTL HTEPALMOHHBIE Ma-
paMeTprl T, H OHEHHTb corflacho (5), (6) BeJqHUHHY MOTPEIUHOCTH.

OtmeTnM, 4TO TMpHBeleHHe pa3nocTHOW cxembl (15), (16) k muny
(17), (18) notpe6oBajoch HAM TOALKO AAS TOTO, HTOGH OfNpeAeSHTD
onepatop A W MOAYYHTH OUEBKH ero cnekrpa. [locse Toro Kak napa-
MEeTpH T, HAlIeHbl, HTEPAIHN MOXKNO TIPOBOIUTh HEMOCPENCTBERHO AN
cxeMmbt (15), (16). CHavana BEIYHCIAETCH HERSI3KA

r =— (¥, — @y, ,+
Fdg®P—fa =12, Ni—1, =12, Ny—1,
a 3aTeM HAXOAUTCA HOBOe NpHOHHKEHHe
Y = B g B i==1,2, . N1, =1,2, .. ., Ny—1.
I'panuuHble  yeaoBua moompenensiotes cormacio (16):  yi™ =p,,

eCNIH Xy =t

§ 3. NMonepeMeHHO-TPEyTONBHBIE HTEDALHOHHBIR METON,

1. AareGpanveckans teopun. IlycTe nawa crcereMa JMHHEHHEIX ajre-
GpanuecKHx ypaBHeHHuH
Ay=f (1)

C CHMMETPHUHOM NONOKHTENLRO onpenenehnofl MaTpHuel A nmopsaaka
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m. 3anaguM Matpuny R=(ry;) caeayioliam oGpasom:

Qijy ecan  [>>f,
fip==3 0,5a;, e =},
0, ecad < J.

Torga matpuny A MOXHO NpelcTaBUTh B BHie cyMMbl A=R+R’, rae
yepes R offo3Hayena MaTpHUa, cONpAMKeHHAA ¢ MaTpulel R (Tpawc-
MNOHUPOBaHHAA K R B cayuae AeliCTBHTeJbHBIX MATPIL H KOMILREKCHO-
COnpAXKeHHAA — B CAyYae KOMIWIEKCHBIX MaTpHL). $cHo, uTo R — HHXK-
HAA TPEYTOABHAA MaTpHila H R* — BepXHAA TpeyroJbHas, NpHYeM nfHa-
rodaqan MaTpuu R H R’ coBnajawor.

B pansueiiutem yzobno paccuatpnsate cucreMmy ypaBeenuid (1)
KaK OnepaTopHOe YPaBHEHHE ¢ CAMOCOTPSMEHHBIM MOJOMHTEABHBIM
onepatopoM A, AefiCTBYIOIHM B KOHEYHOMEPHOM €BKJIHAOBOM (YHH-
TAPHOM — B KOMIIJICKCHOM CAy4ae) UpocTpalcTBe.

[MonepeMeHHO-TPEYTOABLHEIN HTepalHOUHBIH METO1, KOTOPHIH Gyaer
paccMaTpHBaTBCA B HacTodlleM naparpade, OTHOCHTCA K HefBHBIM
HTepallHOHHBIM MeTOLaM BUAA

Biﬂ:_ﬂ+,49k=f )

C CAMOCOTIPAMEHHDIM NOJMOKHTEIbHBIM ONCPpaTOPOM B. A HMEHHO, oTne-
parop Be NOonepeMeHHO-TPpEYIrOMbHOM HTEpalHONHOM MeTole Oipeae-
JAAeTCH KaK MpOoH3aedeHHE

B=(E+@R") (E+oR), (3)

rae £ — eIMHRUHELT OnepaTop ¥ w>>0 — YHCAOBOH NapaMeTp.

B nanbHefilreM mapaMeTphl o H 1 OYAYT BHIGpalbl HCXOAA H3 Y-
JIOBHTI CXOAHMOCTH MTepalnoHiioro Metoda (2), (3). Ecau o H 1 #3Be-
CTHBI, TO HOBAf HTEPANMA Y., HAXOAUTCH H3 ypaBHenus (2) B ABa
stana. Ha nepBom 3Tane HaxodHrTcAd DPOMEXKYyTOUHOE 2HAHEHUe, KOTO-
poe Mbl OBO3HAMAM YePL3 iy y,2, KAK PEUICHHE YPABHEHERA

(E‘!“@R’)ynu::@m (4a)

rae ¢.=By,—tAy,+1f. Ha BTopoMm 3Tame, ncnonbaya Haftaennoe 3ua-
UEHUE 4.4z, PEILAETCA OTHOCHTENBHO §y.q YPaBHEHHE

(E+oR) Yar=Yrrise- {46)

Pewenne ypasienn#t (4a), (46) He mpeacTaBader TPyAa, NOCKOMb-
Ky Matpuinl E+oR* 4 E4+wR A8ad10Tcsd TpeyroibibiMy.

HcecaenoBakiue  CXOAHMOCTH — NMONEPEMEHHO-TPEYTOJABHOTO METO1a
(2), (3) ocHoBaHo Ha TeopeMe | nz § 4 rn. 2 u. 11 o cxoauMocTH Hesas-
HBIX HTEPEUHOHHBIX METOAOR € CAMOCCOOPANEHHRMH OnepatopaMi
A, B. B ocHoee 3Toil TeopeMBl JeXHT NpelancdoikeHiie 0 TOM, YTO Ofe-
paropul A 1 B cBA3aHLI HEpaBeHCTBaMH

1B <18, (5)
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rae y, H 7.~ NOJOKHTeNbHLIe NOocTOAHHbie. [l03TOMY HaMm mpexze
RCEr0 Halo A0Ka3aTh HepabeneTBa (5) Axs onepatopa (3).
devma 1. flycre cyumecrayror noioxurevroe HOCToOSHAbIE B, A
TAKUE, 4TO BOINOAHEHDL ONEPATOPROLE HEPABEHCTEA
AZGE, (6)
4R R<AA. (7}

Toeda das oneparopos A=R*+R u B=(E+oR") (E+wR) cnpaaed.u-
ebl wepasencrea (B, 2de

| @Ayl t
n=(g+e+23" =t ®)
NoxasarteabcrTro. PaccMoTpum onepatopht
B=B(w)=(E + oR)}(E + 0R) = E + 0A+ o*R'R,
B(—o)=(E — aR’)(f —0oR)=E — oA + o*R'R,
Orciona noayynm
B{a)—B(—e)=2uwA,
1e10BaTe bHO,
B=B(w)=20A4,

nockoNbKY B(—w)z20. Takum o6pasom, A=Cy.B, rie Y2={2e) "
Danee, yautmpas npeanonoxenus (6), (7), nonyuum

B=E+mA+mzR*Rg%A+mA+‘i’}A,

T. e. AZzv,B, rie KOHCTAHTA ¥, ONpeje]eHa COTIACHO (8). Jlemma 1
ROKazana.

3amewanne [. B ravecrae xoHCTAaHTH & B yenoBHH (6) MOMHO B3ATL MUHH-
Manbhoe CoGCTBEHHOE 3HAueHHe Amia(A) onepatopa A uan akGyio NONOKHTENBAYIO
NOCTORHHYIG, HE NPEHACXOLALLYIO Amin (A).

3amevanne 2. Jlokamem, HTO echn BEIIOJIHEHO yenobre (7) ¢ Hekotopoii
koHcrantofi A0, 7o npu A==R*+R>>0 BLNOAHAETCA HEPABEHCTAOG AZ2hmaz (A),
rde max(A) — MaKcuMafbHoe cOBCTBeHHOE 2HAYEHNE onepartopa A, IMpeoGpaayeM (7)
¢ MOMOWbK CTe1yolell neNOYKH 3KRHBANeHTHHXx mpeobpazoeannil (cm. n. 4 § 1 rn. 3):

A A A
R*R = T(R’-{—R), EQT(R“—I-R*‘I]. RR* -%’,T{R—}-R').
Taknw obpasou. K3 (7) caeayer HE[aBeHCTRO
A
RR* + R*'R< (R + R*). (9

C apyroff CTOPOHBI, BOCNOMbIOBABUIACE TOMIECTHOM

2(R*"R+RR*) = (R*4-R)*+ (R*—R) (R*—R)*,

MOIYYHM
RA*R+RR*2=20,5(R*+R)2,
Otcioaa v u3 (8) NPHXORIM K HCPaBEHCTRY
(R*+R)?<<A(R*+R),
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KOTOpOe 3HBHBAJIGHTRO HEPABEHCTBY
A=R*+R<AE,

O3HAMAOMEMY, 4TO Amax(A)}=<CA. YunTHBaA 3amedarHe |, BHAHM, 4TO eC/HH BHOO.I-~
HeHH KepaeeRcTBa (6), (7) H Amin(A) F=Amax(4), TO A8,

Of6partuMes Teneps K HCCAEXOBAHHID CXOZHMOCTH TIONEpEMeHHO-
TDEYTOJBHOr0 HTEPALHOHHOTO MEeTORA.

Teopema 1. fIpednososun, ¢ro A=R'+R u cywyecrayor noto-
HUTCALHbIE HOCTOAHABle §, A, RPU KOTOPLLX 8LINOAHEHBL HEPABEHLTAA
AZOE, AR'R<CAA. fTycre

2 2 .
0= —, T == y ]0
vV 8a Y+ Te (10
ade
8 8 }/ 8A
py —— _—, = ——, ll
T Ut VD g A Yo 1 (11)

Tozda urepayuonnstli aetod (2), (3) cxodurca, nputem daa nozpeut-
HOCTH cnpaBedausa OyeRKa

g2l o << p*Npe—yll 4, (12}

2de _
o=-=¥E (13

1+3VE

Jorkasatensctso. B jaemme 1 ycraHoBaeHO, uTo OpH JIOGOM
o>>0 oneparops A u B paccMaTpHBaeMOro HTEPaUHORHOTO MeTOAA
CBfizaHbl HepaBeHCcTBaMH (5), rie y,=v(w) ¥ y.:=Y.(@) onpenefeHsl
corjiacHo (8). [To3TOMY BHNOJHEHH BCE TPEANONONEeHHS Teopemsl |
3 § 4 ra. 2 uw. Il 0 cXORAMOCTH CTANHOHAPHBIX HTEPALHOHHBIX METO-
AOB ¢ caMOCOmpsKeHHbMH oneparopaMu A u B. CoraacHo atoit Teo-
peMe, A5 BHOOMHeHHA oueHkH {12) ¢ KoHcTaHTol

l—=n — i

L' 72 (@)

ZOCTATOYHO NONOXHTE T=2{(Y,+Y.). Brifepem Temeps napamerp o
Tak, yTOO L MHHHMH3APOBATE D. ,H,.T[ﬁ 3TOrO JOCTATOUHO HAHTH 3Haye-
HHE = @y, NPH KOTOPOM byHKLHA

fle)=n"1= Y2 (@)
11 {w)
Jocriiraer Makcumyma. M3 dpopmyn (8) umeem

=Lk

p_'—‘..

OTKVIA BUAHO, 4TO f{n) HOCTHraer MakKCHMyMa UpH = 0= 2/Y8A.
IMonctaBasds o=w, B BEHpamedun (8) nas y, u Y., MONYYHM HX 3HA-
vedHs, copnagatotne ¢ (11). TIpu 3ToM LS KOHCTAHTHI
_1—n _w@)_ 2VE

I+x’ Tafo) L+ VE
noayuaeM Bripaxenne (13). Teopema | nokasaya.

e
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2. TMpuMenenne Kk MOAERBbHON 3afave. PaccMOTPHM MOJENBHYIO 3a-
Aavy

~Yomii— Yexy=fin Li=12.. N1, tN=1, (14
Yo=Yin=0, Yu=yx=0 L j=012,...,N—-1L
Beenem npocrpanctee H QyHKUNM, 3aKaHHBIX HA CETKE
Q= {x;; = (xP, 2, xP =in, sV =i,

# obpaiarmuxces B HyJb Ha ee rpanuue. Onpefennm B H ckaaspHoe

npoH3BeeHUe
N-1

b, vy= ) yijvih®

ij=1

u HopMy llgli=V(y, ¥}. 3anaua (14) sanucbiBaeTca Kak onepaTtopHoe
ypasuenue (1) B npoctpanctse H, rie onepatop A onpeneden cneny-
omuM ofpasom:

(Ay)ff = __yle,u —'yx—m_,;p £, .l'= L2,..., N—1, (15)

3T1otr onepatop HABJALTCA CAMOCONPHAMKEHHBIM H OO0A0MHTENbHBIM.
Ians tore yTo6bl NMPpHMEHHTb K cucTeme {14) momepeMeHHO-Tpeyrodhb-
HBI HTEPALHOHHBIH METOA, HeoOXOAMMO NpPEACTABHTH MATPHHY ONe-
patopa (15) B Bune A=R+R*, rie R — HHXKHAA TPeyrolbHas MaTpH-
14, U HaATH KOHCTAHTH § u A, BXxoAsumue B HepaserctRa (6}, (7).

3amuwem (15) B Buae

(Aghis = y;;.ii+y?:.f,’_ Yxoti T ¥nti
h h

Ann, 6onee noAPoGHO, B BHAS

5

(A = l—(y“f Yoy + Yy — Y5 ] _

h h h
| (Y15 Yy e — Y ) 16
n( i + A - (16)

Tem cambim oneparop A npeicTabied Kak CcyMMa [OBYX Omeparto-
po, A=R+U, rae

1
(Ry)ff =; (y}h,-,-‘ + yleﬁ)y
(17
1
Uy = — — Gswii + Yrais)-
Herpyano nonsats, uTo maTpuua onepaTopa R sisasercst HHXHeR
TpeyroJbHofl, a MaTpHua onepatopa U/ — BepxHe#i Tpeyroavuoi, Uro-

Ob1 yOSAUTBCA B 3TOM, JOCTATOUHO 3afHCATH CHCTEMY ABYMEePHHIX pas-
HOCTHHX ypaBHenui#i (14) B Bnie oaHoMepHo# cHcreMy {5} n3 § 1.
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Bonee toro, onepatop U seasercs conpsikeHHHIM omepatopy R
B npocTpaHeree f. las AokasaTeqbCcTBAa BHIYHCAMM CKadapHOe Apo-
w3sedenne (Ry, v}, e y U v — Mofbe ceTouHBle BYHKUNH, 331aHHEIC
Ha ceTke 1 ofpalaioliHecs B HyAb Ha ee rpanutte. Tlo onpeaenetuio
onepatopa R HMeeM

Nay
(Ry, o) = D\ (W — Yina, ) + (e — gi 50} vy =
.l‘,j"=1
LU= Ne=g Nay AN M—
=2 Xty — 3} NYilea— ) 3, Yylije
i.j=1 i=0 j=1 {=1 =0
C npyroii cropoHm,
Nay N-1 N-1

@ Uty =2 3 v — 3 iV — D YiiViisn,

if=1 t,{=1 if=1

H, ¢J€L0BATENBHO,

N-1 N—1
(RY, ©) — (g, Uty = 3 (Un-rjvni — Horvn) A= 3} (e nmrvin — YaoPa).
f=1 i=1

Buipakenne, crostinee B NpaBoli 4aCTH MOC/TE/HETO PABEHCTBA, pap-
HO HYJI0 B CHAY TrpanHuHblx ycaosuit. Takum o6pazoM, (Ry, v)=
=(y, Uv) aas mobux y, veH, 1. e. U=R". Hckomoe paanoxeie
A=R+R" nonyueno.

Jokaxem renepb HepaseHcrBa (6), (7). Kak ye oTMeuanoch, B
Ka4ecTBe KOHCTAHTH § MOXHO B3fiTh MHAHMAJBHOE COSCTBEHHOE 3HA-
Yeune onepatopa A, T. .

8= sz M
2 2

[Tpoeepum BrImoAHeHHe mepaBeHcTBa (7)), KOTOpOe 03HZYAeT, uTO
4lIRylIP << A (Ay, y) (18}

Aas moboro y=H. Kak nokazano B n. 2 § 2 ra1. 3, cupaBeIHEO TOX-

ecTBo
N— N—1 &

(Ay! y) = 2 2 (y’?“;'_,')ghg + 2 2 (y_?,,ij)g e

(=1 f=) i=1 f=1

C apyroit cropouu, 3 onpenenenus (17) onepatopa R crneayer, uto
Ney

2 t
" Ry|-= k_’ Z (yx_uf;" +9’x—,,¢,-)2 H,
£ f=1
H O3TOMY
2 SON-1 Na 4 9
2 252 2 L2 -
IRy < (f S Un) et 3 G )g =, o).
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Takum o6paszoM, Tpefyemoe HepaBeHcTBO (18) BBINOAHEHO ¢ KOH-
cTaHroit A=_8/h%
3ameruM, YTO KOHCTAHTa A B JAHHOM CJyvyae He3HAYHTENBHO OT-

JHYEaeTed OT MAaKCHMadbHOrO cOOCTEEHHOro 3HaueHHA oneparopa A,

8 3
KOTOpOe paBHO ™ cost ™

YUrtobLl OKOHYATEJIBHO 3a4aTh MOTEPeMeHH)-TPEYFOJbHLIT METOA
Jna pelienua ciucrembl (14}, Hago B cOOTBETCTBHH ¢ TeopeMoH | ompe-
AeJHTh DAPAMETPHl @ H T.

[Moacragnaa uafigendnte BoipaXkenus aaa 6, A B gopmyant (10},
(11), noayuum

VE= Va—smﬂ, Vﬁ:-%—sinﬂ,
IE: 2

25in7
=0 = =z U,
Y 1 Sinﬂ
T2
(19)
h® (l —[—sinﬂ)
I P S 2/ 2
— T mh T on ' T mh wh T T T
4sin — sin— 1 3sm—
sin 2 i > ( + 2 )
Kouctanra p u3 ouenku (12) B panHOM cayuae pasra
i
1 —sin%
p=——o— =1 2nh.
1+35in?

TTosToMy Hpu MANLIX & YHCaAO HTepaluil n,(e), HeoBXoaHUMBIX A
NoAYUYeHHS 3a4aHHON TOUHOCTH &, OLleHHBAaeTCA KakK

la {1/¢)
1, (&) ~ ——, (20)
o)~
AnropHTM HaXOXAEHHA 3HAYEHHH 5™ na wosoit Hrepamuu k+1
B cooTBeTCTBHH ¢ (4a), (46) coctout B caenywieM. Ha nepsoM 3tamne
peiaeTcs CHCTEMA ypaBHeHHH

kit (e Be1)  Gert)
(he's) @ g — e yfF e — ot i)
Yi " — - -} =i,

h h
Li=L2 ...,N—1, {21}
P =0, j=1,2,..., N—1,
g =0, =12 ..., N—1,
rae o' = (By®™)—1(Ay™ ) y+1fs, B3 KOTOPOI HAXOAATCA RPOMEKYTOY-
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ke
Hble 3HaweHust ¥ . Ha BTopoM 3Tafme pemiaeTcs CHCTEMa ypaBHeHHA

(h+1) _ th+L) te41) {k+1)
dif Yiq i by~ —Hii— (e+ly)
: -+ h =i ",

W

iy
Yii ] + e

Lji=1,2, ..., N~—1, (22
Wh=0, j=1,2,...,N~—1,
geM=0, i=1,2,...,N—1.
ITapaMmeTpul @ u t BbiGHpaloTcs 37ech coraacho (19). YpasneHusn

(2]1) cneayer HauuHavTh pewath ¢ Touku {=N—I, j=N—I1, B s1oi
TOUKe, YUHTHBAA IPAHHYHBIE YCJOBUA

k!, R+14Y
YNIRL =0, g =0,
vpaadedile {21) MoXHC 3anHCAThH B BUAS
I{-TETA ym'/,m .
(B +4) @ [ Yx-1,N— N, Vel )
Yv-i -+ — ( + = = (pi(\i’—l.N—b
] h h
o 2%
OTKYAa cpasy e HafixeM yhoy'y,. Jladee, MPOBOAUM BHIUHCIEHHS

- . 1
B Touxke {=N—2, j=N—1 u Haxonum yﬁi{',k_l, 3aTeM TNPOABHUTaeMes

|}
BJIEBO ellie Wa OAHY TOYKY W T. A. ITocae naxoxpenus 'R’ mepexo-

ouM B touky {=N—I, j=N—2 u 7. a. TakaM 06pa3oM BbLIYHCIIEHHUA
no Gopmyaam {21) ocyuecrBAfAOTCA ABHLIM 00pazoM, NpPHYEM cyeT
BeAeTCs, HAYMHASA ¢ NpaBore BepxHero yraa ofjgactn G (0T TOHURH
i=N—I, j=N—1) u BNJOTh A0 JIEBOTO HUKHETO yraa (A0 TOYKH i==1,
i=1.

Cucrema ypasueduil (22) peumlaerca aHaNOrHYHO, OAHAKO BHIYHC-
JIeHNR 3/eck HAYNHalOTCA B TOYKe (=1, j=1 u 3aKaHyuBawOTCA B TOY-
ke i=N—I, [=N—L.

3. MonepeMeHHO-TPLYTOMBHBIA MeTON, ¢ YeObIIEBCKAMH HTEPALHOH-
HBIMH napameTpaMu. Kak MBI TOJABKO YTO BHJRNH, NONEPEMEHHO-Tpe-
YTOALHLIT HTEPALHOHHBI METOA ¢ MOCTOAHHBIM flapaMeTpOM T NPH pe-
WeHud PA3HOCTHHX KpaeBnx 3anay rpebyer O(h~') utepaunid nas
AOCTHMeNHd 2afaHeoil TouHoeth. [lokaxkeM Temeph, Y4TO HCNOAB3OBA-
HUe HTepaLHOHHOrO MeTOAA

BHnTY% & gy—f, k=0,1,...,n—1, (23)

Ten

A=R'+R, B=(E+oR')(E+0R) (24)

fipd COOTBETCTBYIOLIEM BHIGOpe MapaMeTpoB Tj, « MO3BONAET COKpa-
THTL YHC0 nrepanuft 1o O (A~"),

Bocnonbsyemca teopemoii 3 u3 § 6 ra. 2 u. 1l o cxoauMocTH HesB-
HOro 4e§HIIEBCKONO HTepalMoHHOro Meroaa. CornacHo sToil Teopeme,
NpH 3a3aHHOM YHCJEe HTEepaLuil 72 mapaMeTpn! T, BHIGHpAWOTCA MO npa-
BHTY

w=———, k=1,2...,8 (25)

T+ oty |

{4 A. A. Casmapcxut, A. B. Ty1Hn 401



2 | il (2k— 1) n
roe Ty= ——— = — = -, ==00s———
P 4 T+ T2 ’ fo 1+9 ] i " + *R o 1]
£=1,2, ..., 1, Y. {»— KOHCTaHTH N3 Hepase:HcTBa (5).

TIpH aTOM AASL MAJHIX v YHCJAO HTEpauki f,(e), HeoGXOINMEIX ANS
NoJAyYeHHA 3a1aHHOA TOYHOCTH &, TPHMEPHO PABHO

In(2
no(e)z%(-l—;%.

OcTaeTcs 3aMeTHTh, UTO AJA onepaTopoB (24) KOHCTAHTH 7, H Y.
onpenenenn cordackio (11) H B cayvae zagayu (14} cornacho (i9)
HMeeM 12 A H N03TOMY

In (2/€) ( 1 )
Mo lB) = ————F= =O -_— .
o &) 2V aVvh Vi
[Mpyu NPaKTHYECKOM NPUMEHEHHH AAHHOTO METONa CJEAYeT HITidb-
30BaTb HTepalHOHHHE NapaMeTpbl 1, B TOM NOpSAKE, KOTOPHI oGec-
NeqyBaeT BRYHCAHTSABHYK YCTOHUHBOCTD.
4, MoanduuMPoBANHLIA NONepeMEHHO-TPEYTONbHbIA ATEPARHOHHBIN

meTod. 3anafuM AHZTOHaAbHYIO MAaTpULY D ¢ MOJOXUTENBHBIMH 3.1€-
MEHTaMH Ha RUATORanM M 6yAeM paccMaTPHBATL HTEPALHOHHBEIT M2TOI

(2}, rae
B=(D+oR)D-'(D+awR). (26)

Ecan D=E, To nionyuseM PpPaccMOTPEHHBIA paHee NONEpPEMeRHO-
TPEYroasHEll HTepaunonubiit Metoa. Ecau D==E, T0 NpHXOAHM K 0505-
uleHklo Meropa (2), (3), koTopoe NpK MPaBHJABHOM BHIGOpE MaTPHIHI
D noaBojifeT HeCKOJbKO YMEHbUINTh 4ucAo Hrepauuit. Jonoanutenn-
HBIX TPYAHOCTEH NPH BLIMHCACHHH HOBOH MTEP2UHM Yy 3/€Ch HE BO3-
nuxkaer. BMmecto aaropntMa (4a), (46) MOMHO HCNOJAb30BaTH CJIEjLYIO-
WHH ANTOPUTM ONPEAeNeHMA Yuys'

(D+ oR") Yoy, =0, Ce==Bie— 1Ay + T/,
(D + oR) Yo, = Dijrry.

TakuM o5pasoM, HAXOKICHHE Yy CHOBA CBOANTCA K peleHt0 IBYX
CHCTEM YDaBHEHHH ¢ TPEYTOJNbHBIMH MATPHLUAMH,

B cheayowmeil TeopeMe mosiyueHa OLeEHKa CKOPOCTH CXOZHMOCTH
HTepaunoHHoro Metoaa (2), (26).

Teopema 2. Mycre A=R“tR. [Ipednosroxun, 4ro cyuwecrayer
camoconpaocennell noaosutesvrotl oneparop D u noaosuterurole
nocroannste §p, Ap, 048 KOTOPbLY BHINOANERDL HEPABEHLTEA

Az=6,D, (27}
4R D'R<ZALA. (28)
flonroxcunm ,
@ = —_,_2 , T=—, (29}
]v' aD 3D Y1 Ta
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2de
8p 8p 1 8p8p
=_.J..- TE 0D,/= Y/ ?2 =
20018 ap 4
Toeda Gas noepewnoctu urepayuonnoze meroda (2), (26) cnpased-
A188 QHEHKD

Liat]

T (30

g — gl <obl1%0— ¥4 @1
20e
Ve

HokaszatenvcTso. [lorpewHocte meroda (2), (26) z,=y,—y
YAC3NETBOpALT OIHOPOAHOMY YpaBHEHHIO

(D + wR") D1 (D+mR)g 4 Az =0, 33)
k=0, 1,..., zZ,=y—uy.

[Mockonbky D'=0>>(0, cylECTBYIRT CaMOCONpsAMEHible MOJOMH-
Tedbible oneparopw D%, D% Cpaenaem B ypasHennn (33) s3ameny
2,=D~"p, 11 6603HaYUM

RD = D-'.’:RD—'J’:‘ A p== D—'F:AD—'J’r.

Torga nocae yMHOMeHHs Ha omepatop D-" ypasHenne (33) npu-
BOIHTCA K BHAY

(E+ 0Rp) (E + 0Ro) 22— 4 A5, =0. 34

Tak kak Ap=Rp+R,, ypasueune (34) mpeacrasaser coGoft ypas-
HeHlIe [d.Hd [OTPEIIHOCTH HeMOAH(GHUHUPOBAHHOIO [ONEPEMEHHQ-TPe-
yroJsHoro atepanuodnoro meroda (2}, (3). Ilpu stoM v,=x,—x, roe
x=D"y asaserca peleHueM ypasuedus Apx=D-"f, a x,=D"y, —
NpubIHIKEHHE K X, TOAYUEHHOE Ha R-H HTepaluuu.

Haa ouenkn v, npaMennM Teopemy L. Ycaosua (27), (28) aksuna-
JIeHTHBI, COOTBETCTBEHHO, YCAOBHAM

Ap 2= 8pE, 4RpRp << Apdp.

BuGupana @ n 1 coraacno (29), (30}, nonyyaeM, YTQ BHIOJHEHB YCJIO-
sust (10} uw (11} Teopemur 1. [laaToMy ans pewredns ypaBHeHus {34)
cnpageaansa oueHka (12), xviopad B A4HHOM CAyYae NMPHHHMAET BHI

:Ii Ve .43 "-;‘pg"voﬂﬁg'

TAe pp ONpedeseHo cornacis (32).
3Jamerad, uTo

loela, = (Aove. vg) = (D™AAD™ (D" — D),
(D4, — D)) = (A(ge— 9), v — &) =l g — 914,
npuxo1iM K ouenke (31). Teopema 2 noxasana.
14+ 403



CMblcn BBefleHHA MOARDWIHPOBAHHOTO TNONEPEMERHO-TPEVIONHLHO-
rO METOHA COCTOHT B TOM, YTO TIPH COOTBETCTBYIOWHX [) KOHCTAHT4 pp,
Bxojsawan B oueHxky {(31), okassiBaercA Medblue, 4eM KOHCTaHTa
u3 onesku (12). B [85, c. 425] ykasan cnoco6 uGopa ZuarchaibRoM
MaTpuubl D, MHKHMH3HPYOWeEN KOHCTAHTY Pp B CAYHae PasHOCTHEIX
aNUPOKCHMAUKA ypaBHeHH 3/JIWNTHUECKOTO THNA ¢ NEpPeMEeHHLIMH
KO3fpHUHeHTAMU.

§ 4. HTepaunonnblit METOZ, nepeMeHHHX HaANPaBAeHuil

1. PopMyAupoBKAa MeTOA2 4 MHCCAENOBAHHE CXOAUMOCTH. Paccmort-
PUM CHCTEMY JHHERHEIX aareGpaHyuecKuX ypaBrenult

Ay=f ()

¢ HeBBIpONIeHHON KBaipaTHoll MaTpuuel A nopsaka m I npeanoao-
xkuM, uto A=A ,1+A, npeAcTaBiena B BUjle CYMMB IABYX MaTpHLl A,
n A, 6osee npoctoit ctpykrypsl. Hanpuwmep, B cayyae pasHOCTHBIX all-
NpOKCHMAUHT ABYMEPHBIX 3JUIMNTHYECKHX 3afiay MaTphla A, anmiok-
CHMHpYET MPOM3BOLHEIE TOABKO MO NEpeMEHHON x,, a=1, 2.

Torna MOXHO NPeRJIOKHTL CICAYIOWMHA HTEPAUHOHHBIN METOL pe-
iweHus cucTeMbl (1), aHaNOTHUHBIL MeTOAY NepeMeHHBIX HanpaBlenui
IR IBYMEpHOTO ypaBHeHMs TelionposoaHocTd (cm. § 4 . 4).

MMepexoa ot k-fi urepauun K (&+1)-i ocyllecTBaserca 8 1Ba 3Ta-
na. Ha neppoM stame HaXOAMTCA NPOMEXYTOUHOE 3HAUYEHHE Y., KaK
pellieHHe CHCTeMBl YPaRHeHHH

Yoy, — ¥ .
—h"{;—k + Aoy, + A’ =T. (2)
Ha BTOPOM 3Tame pewaerca clicTeMa ypaBHeRHH
Yo — Yray,
'L“'M + Ayyrey + Asllery = f' {3)

H3 KOTOPOil HAXOLHTCA Yh4y. 3Mech T>0 — HTEPALUUOHKEIR NapaMerp,
npeanoaaraercs, YTo 3aAaH0 NMPOM3BOJAbHOE HayalbHOe OpINOMHKe-
RHE Y.

3anucwiBasi ypaBHenus (2}, (3) B BULe

(E + 1A oy, = (E — TA) e+, 4)
(E - TAy) Yors = (E — A Y4y, + ¥, (5)

y6esknaeMca B TOM, 4TO 1Sl HAXOMAEHHA {f,( HEOOXOINMO peluthb
ABe CHCTeMH ypaBHeHIH: nepeylo ¢ Martpuneii E£-+1A, n BTOpyIO —C
matpuneli E+tA,. Tarum obpasoM, Meton (2}, (3) uenecoofpasHo
MPUMEHATb JHWIL TOrAa, Korla matpuuel E+tA., a=1, 2, ropasio
nerye o6paTuTh, UeM HCXOAHYI0 Matpuuy A. Hanpumep, s cayuae pas-
HOCTHBHIX anppoxcHMannil ypapHeHn#l 3JIMNTUYECKOTO THOA CHCTEME]
(4}, (5) MOXKHO peHIMTE TNOC/AeAOBATENbHLIM NPHMeHeHREM OAHOMED-
HMIX TPOTOHOK CHAYANa Mo HANpaBieluio x, {11 cuctemul (4)} n 3a-
TEM — TI0 HANPABJIEHHIO X, (AN creTeMbl (3)).
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O6paTHMCA K HCCAER0BANHIO CXOAHMOCTH HTEPAUHOHHOIO Meroma
(2), (3}. Byaem paccmatpuBath cHctemy (1) Kak omepartopHOoe ypas-
Helie B KOHEUHOMEPHOM JHHEHHOM npocTpanctse H ¢o cKaaapHbiM

nponsseneHuem {y, v} u wopmoii llyll=Y¥(y, y). Onpesesum norpeirno-
CTH 2341, Tp+1 METOAR KAK PA3HOCTH

Zer =y T 1 = el

MeXAy pelieHUAMH Yyew, Hrey CHCTEM (2), (3) B pemeHueMm y HCXORA-
Hoift cuerembl (1). BBelennme morpeiiHOCTH YAOBMETBOPRKOT YpaBHe-

HHAM
(E 4 tdy) 204y, = (E — 1A 2, (6)
(E + Ay 2o, = (E — T41) 221y, (@)

H3 KOTOpPBIX MOMXHO JETKO HCEKJAHYHTE NPOMEXYTOUHOE 3HAUeHHe 2.y,
H TIGJAYUNTL YpaBHeHHe, CBA3BIBAIOIIEE TOJIBKO 2 H 254!

(E+1A,) (E+Tds) 24y = (E—1A)) (E—1d.) 2, (8)
Teopema 1. Hycre A=A +A, 20e Au= Az >0, =1, 2, 4,A,=

=A,A,. Tozda urepayuonnoui smerod (2}, (3) cxodurca npu a060Mm
0. Ecau

0<8EC A <CAE, «=1, 2, {9)
TO npu .
T=1[}6A (10)
aﬂﬂ noepeumocm cnpaeedﬂuaa CUEHKG
lye— vl << otllyo— ¥l (11)
ade oy
I—VE &
={——"= =, 12
Po ( 1+V,E ) 1 E A ( )

,ELOKa3aTeJ] LCTBO. BanHmeM YpaBHeéHHe 44 NOrpellHoCTH B
BHOe
21 =32,

S= (E+14,) - (E+14,)- (E—14,) (E—14,). (13)

OnepaTtop S fBASETCA CaMOCOTIPSKEHHBIM, TAK Kak MO YCJIOBHiw
TeopeMsl A, k¥ A, — CaMOCOTIPAIKEHHBE NEPeCTAHOBOUKBIE OTEPATOPIM.
[MonyunM onerky AAS cobeTBeHHBIX uHeea A, (S), k=1, 2, ..., m, onc-
paropa (13). /lio6oe cobeTBenHoe 9HCIO MOZKHO NPEeICTaBHTL B BuAE

(1 — Thy, (A)) (1 — Thg, (4a)) (14)
(1 -k Thg, (AD) (1 4 Thy, (A

rae

A (S) =

rae Ag, (A,) — cofcTBeHHEIE 4HCAA ONEPaTopoB As, a=1, 2, k=
=1, 2, ..., m. U3 (14) Buano, at0o npn v>>0 Bce coGCTBeHHKE YkcAa
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4, (S} He mpeBOCXOAAT No MOAYMI0 ednHHLY. CaeA0BATENAbHO,
1Sf= max {2 (S)|<_ |
Lefettis
g meto1 (2), (3) cxomuTes.
IManee, cornacko (14) 1MeeM
1 — hy, (4)

1= th, {A))
PRI i 2, (15)
L thy (A ] 14 1y, (43)
U3 yeaosus (9) noayuum
Sl A <A, 2=1,2,
CAEIOBATENBHO,
1 =1, (A
tg () < m [ — 16 '|1-m |} (16)
L iy, (Ag) bipoma LI14-w| [1+47A

Ecanr seiSpate ¢ coraacHo (10), To moayyum
11—t i—ta I —VE
1416 14+TA (+VE

H HOBTOMY
< 1—VE

Hl-{—-l’fg’ a=1'2-

’ E— 1 (Ag)

1+ Ty, (4

m)
Orcora v u3 (15), (16}, noayuaem

l_-'fg |
= | —| =
s1< (=75 =n

TaK 4T0 || 2 [ =K 0ull 2l << pﬁ'uzoﬂ. Teopema 1 aokazana.
Mpumep, PaccMOTpUM NpHMEHEHHe MRTOAA K MOJefsbHOA 3ana-
ge (14) u3 § 3. B nannoM cayyae

(Aay)i,f = ;me_“; wo= l. 2, (17)
ij=1,2..., N=1, AN=I,

H MeTOd NepeMeHHBx Hanpasaennit (4), (5) npuuuMaer BHL

] LI 4] :

¥ — A =F, ('8)
Bely o (R &)

yE yx‘::.;_, (Dd r (lg)

rae k (k) 6]
)
FR =yi + s, ; +fu
(&) {!u-',g) (k) "
b = F 15, T
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Ypasuenne (18) pemaetcs NpH KakaoM (HECHPOBAHHOM j=
=1,2, ..., N—I ¢ noMouiblo MeTOZa MPOroHKH 1O HalpaBJIeHUAW X,.
Ilas storo Accrarouro sanncath (18) B BHAE

k 12 A 1
Ayl — Culit™® + Byl = — FY),
i=1,2,..., N—1, ghW=0, gyl =0,

rae A=B=x/h*, C=1+21/h* n ApuMeHNTD GOPMYJH NPOrOHKH (43),
(44) ua n. 7 § 4 u. 1. Touno Tak xe ypasuenne (19) sanucwBaercs B
BHIE
Ayeih — Colf' + Byltii = — o)
i=1,2,.. ,N—1, ytm=0, gh=0

H TpH KaxaoM ¢dHKCHpoBaHHom i=1, 2, ..., N—I1 pewaercs nporcu-
KOfi 110 HaNpaBAeHHIO X..

[Mpnuvenum Teopemy 1 K HCCJAEAOBAHHIO CXOAHMOCTH MeToRa (18),
(19}. Onepatoput A, n A,, onpeaenenusie cordacuo (17), nepecrano-
BOUYHH, TAK KAK PA3HOCTHOS BHIPAXKeHHe

(A2Al.y)l'f = Y i
OnpepeneHo Bo BCex BHYTPEHHHX TOUKaX CeTKH Q, npHueM
(A Ay)ii = Y Tmwnii — (A8t

TakuM ofipazoM, MepecTaHOBOUHOCTH ABJSETCA CJAeICTBHEM TOTO,
are A, H A, —oONepaTopyl ¢ NOCTOSHHBIME K0adQuIlHeHTaAMR U 00aacTh
G — npaMoyronsnan. Hapywenne xora 6B 0AHOTO M3 3THX YCJIOBRH
NPUBOAUT, KaK TPaBHAO, K HapylleHHio nmepectaHosouHocTH. Ilpenno-
JA0XeHHe ¢ NepecTAHOBOYHOCTH ABAKETCH, BHAHMO, OCHOBHLIM OTpaHH-
venneM Teopembl 1, He NMO3BOJIAKIMM NPHUMEHHTL ee K 6oJee OBLIHM
Pa3HOCTHBIM anIPOKCHAMAUNAAM YpaBHEHRH 3JJHIITHYECKOTO THRA.

B [32, ¢. 450} mowasaHa ¢XONHMOCTE MeToO2 NepeMertlx Hanpapaennfi Ges Tpes
Goeanua nepectaHopoyHocTH. Tlpn yesoeuax (9), ([0) aoxaszana olenka

IE + TAs) (g — D4 < eELE + <) (0 — 8D,
FA¢ KOHCTAHTA P OTPeLeneHa cornacHo {12).

Kak Mo Bugean paunee (cM. § 1,2 ra. 3), omepatophl A,, =1, 2,
ABAANTCH CAMOCOTIPAMXEHHBIMH B CMBICAE CKAJADHOIC NPOH3BEACHHA
M=
W, o= 3 yuviih®

fyf=1

npuueM A% HUX BHINOJHERHl ONepaTtopHLie HepaBeHcTBa (9), rae

<ol 4 wh
6=ism-ll—, A=—cost -,
h® 2 h? 2
Taxum obpasom, pu
___ h? .k
2sin{m4y  2a
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A norpemdocTi 6yIer cNpasel/iHBA ONEHKA (11), (12}, rae

h s
=t 2’—‘[——-: _
§ g 2 4
Yucno utepautil rn,{e), HeOOXOIUMBIX ANA LOCTHKEHHA 3aianHod

TOUHOCTH €, B LAHHOM cJydae paBHo
In¢lye) __ In(1/e)
4VE ©~ 2mn

3To NPHMEPHC CTOAbKO XKe HTepalMil, CKOJNbKO H B MONEpeMeHHO-
TPeyrobHOM HTepaunoHHom MeTome. OAHAKO YUCHO APHPMETAYerKix
AefiCTBHE Ha KaX a0 uTepalky 31ech Golblle.

3. Cay4aii apamoyrodbuoii o6nactn. B Teopeme 1 npernonararnoce,
4YTG CHEKTP omepatopoB A, H A, pacnosioXkeH #a OJHOM W TOM XK OT-
pezke {8, A). Paccmorpum Tenepnb cayuail, korra smectc {(9) BbINOX-
HAKTCR YCJAOBHA

n,{(e) =

0<aaE-<..,AaéAaE, O!'.=1. 2, (20)

e 8, I A, — 3amadfaple NOAOXKHTeAbHbEe uncna (nog 6, 1 A, MOXHO
MOHHMATL HAMMeHblllee U, COOTBeTCTBeHNo, Hanboabltee coberBedHoe
aHavenue onepaTtopa A.). THIHUYHBIM NPUMEPOM ABAAETCA PAsHOCTHAA
annpoxcHMalia ypasaerHs I1yaccona Ha npaMoyroasHoit cetke. B cay-
yae (20) mcnoAb3yercR ABYXHapaMeTpHUYeCKHA HTepauuoONHbi MeTod
nepeMeHHbIX HanpasaeHul

m—}-/quk'r'ﬁz + Astpe =1, 21

1

Yoy = Yooy

th"_k'_ + Ay, 4 Aghenn =, 22)
2

rie, poobme rosopd, 1,751, Kax # B 1eopeme |, MOXHC JOKa3aTh, 4TO
ZaHHBEH MeTOZ CXoInTcs UpH Aobbx T, >0, 1. 0.

OnTuMaibHEble R2paMeTphl T, If T: 3aXAK0TCH cAedylollHM obpasoM.
[Tvete M2BeCTHB! KOHCTAHTHL &, 8., Ay A, B HepaBeHCTBAX (20}. Bu-
9HCAUM BeJIHYMHE

- — % — .
f— ( (A — &) (A, 62}) = (ﬂu 6.)}_. (23)

(3 + 62) (224 61) A+ &/ A

A HaflaeM A Ay |
e B 1+ A p — —p o4
eyl 28,8, y §=r-+ a (24)

Hetpyaxo nposeputs, uto 0<Cf<C 1. Janee, onpegenum
ALY

o=(1_, (29)

¥, HAKOHe, NOJCKHM

=qm+r' 1:2= qm—r - (‘)ﬁ]
14 po | —pa
MiMeeT MeCTO cRedyiOLIKit anaXor TeopeMsl 1.
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Teopema 2. Hycre A=A+A,, 29¢ A, u A, — nepecranosounsie
CaMOCONPANCERRbIE oneparopel, ydoasersopmwoujue ycacsusn (20).
Tozda Odan noepewnocTy urepaytionHozo metoda (21)—(26) cnpased-
Atsa oyenka (11), ade

_{1=VEY _ =t
Po—(——"—l_i_l/g), g T 27}

HokaszatenbcTBo. 3anHmeMm ypaBHeHHe Ais TIOrpeIHOCTH
Merona (21}, (22) B Buge
Zpe1=S2y, (28)

S= (E+tAs) " (E+1,4,) " (E—T4,) (E—1,44).

OuesuM co6CTBEHHBIE YHCAA

rae

2—wh, (4} [l —1php, (As)
M (S) = L C 29
«®) (l-l-nlg, (A;J) (wm,,, () ) =
oneparapa S. Ilna storo caenaem B (29) 3aMeny e
dp—p hgy P
A (A)= —2—, dy (A)=—2"" 30
W)= R h A= (30)
€ He ONpeAeNeHHBIMU NOKa TapaMmeTpaMmyu p, g, r. TOraa nodyunm
[ 1 — @l L— @,
A (S) = ")( *) 31
+63) (\ 1+‘01}~,§| 1+@27Lk! ©1)
rie
0 = 17 = Tatr

2‘— -
g—mp’ g4 Tp
Ecan Bu6path 1, H T, cornacko (26}, TO MOAYUHM, UTO 0= W:=

o 1=y, )(1-—:.:&;‘,,)
he (S)_(\ I +oh, [\ 14ah, | ©2)

[loaGepem renepb napameTpnl p, §, r TakHM oGpa3oM, uTobH B pe-
3yabtate 3aMeHH (30) ofa oTpeaka

6“%"*“(14{1)%{32, a=1v2i
nepexoAnaH 66l B OAHH H TOT e OTPE3nK
S Mg <d, a=1,2

H

Hnas 3Toro goctaToyHo noTpeGoBATH COBRAZAEHHS IPAHHYHHBIX TOUEK
COOTBETCTBYIOIIAX OTPE3KOB, T. €. NONOKHTh

b—p _ 8+p =6
q—r|5 1r q-l—fﬁ 2
(33)
A=p —A M:
g—rA I g4 x
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TaxkuMm 06pa3oM, NPHXOINM K CHCTEME YeTHIpeX YpaBHeHHH OTHO-
CHTEIbHO TATH HEHABECTHHIX p, ¢, r, §, A. TlonoxuM And onpegened-
Hocth A=1. Toraa nocfe HeC/MOXHKX, HO TPOMO3AKHX BHIKAAAOK, KO-
TOpble Mbl ONYCKaeM, MOAYUMM, YTO peweHye cuctremu (33) onpenend-
ercd popmynamu (23), (24) u

Se= ——,
141

QO6pawasnack k Bupaxeunto (32) ans cobcTBeHHOTO 4MCTa oOfepa-
Tapa S, BHAHM, YTO MBI MPHWAH K TOM e 3axade, KOTOPaA BOIHHKIZ
IPH ZOKA3ATENLCTBE TEOPeMHl 1, a HMEHHO: HAHTH 3HA4YEHHE @, KOTO-
poe  MHHHMHSHpPYET ||S||=mfx|?\.k (S){ npH ycnoBuu, u9ro 0<8<g

<< by, << b Cormacro tTeopeMe | a7 3TOrO AOCTATOYHO B3ATH
l s
Ve

===

/m H TOT _(I_Vg )'
=1/ 4= Jga noayanM [Sl=p,, roe pp=—=] »
V= o fo BT v

1 —f
§=¢5=m . 3THM U 3aBepLIAETCA AOKA3ATENbCTBO TEOPEMbl 2.

[Mpumep. PaccMoTpuM pasHOCTHVIO aNNpOKCHMAIHIO YPaBHEHHA
ITyaccona B npaMoyroabHuke G ¢ rparnueil T Ha npaMoyroabHoH cer-
Ke c uraramu i, 0 A

Yo, — 20 F ¥ia i Yojo — 28y Y5 ) 34
h"l‘ + h: - f:'h ( )

i=1,2, ..., N—1, j=12,..., N—1,
AN,=1, MLN,=L, ylx)=0 =xy=I.
B pandom cayuyae A=A+ A,, rae
Aty = —t7 o ip =12,

Onepatopel A, u A, nepecTanopounsl, QOHH ABAAIOTCA CAMOCQNPSIKEH-
HEIMH H MOJOKHUTENbHO OHpelefNeHHBIMII ONepaTopaMu B CMHICTe CKa-

JSPHOCO MPOHIBEACH!HA
Ni=-1 Na-1
(g, vy = 2 fry 2 hayiiog.
i=1 f=1
Kak nokazauo 8 § [,2 ra. 3, onepaTopH A, yAOBNeTBOPAIOT Hepa-
eencteam (20}, rae
4 ., nh,, 4 2:‘[1’105
= — sin® —, Ap=—cos?—, =1, 2.
ba= 7 T 2,

o L* 3 71

Taknm ofipasom, 0ad pewleHHs pasHoCTHoM 3agaun (34) MOXHO
IpUMeduTs HTepallnohubi MeTod (21), (22), B KOTOPOM HTEpalUHOH-
HEE OapaMeTPHl T, K T, BEOHpaloTes cornachHo dopmynam (26), Pazy-
MeeTCA, ANA pelleHHs 3afaun (34) MOMNKHO HCNOJBIOBATH HTEDAUHOH-
Helit Meroa (2), (3) ¢ Golee npocTHM cmocofoM BBIGOPA HTEpALHOH-
doro napametpa (10), rae d=min(d,, §,), A=max{A,, A,;). OlHaKO
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NpH S5TOM AJS ACCTHMEHHR TOH e TOUHOCTH & noTpebyercsa BEINOA-
HHTb GoJIblllee YHCA0 HTePALHii.

HeitcTBUTeNbHO, COrMACHO TeopeMam 1 # 2 unc.10 Hrepaudii npn
MaJBIX § NponopuHoHaaeno £-'/2, rje

E=& =08/A nna merona (2), (3),
E=EL=(1—n/1+{ ara verosa (21)— (23).

Hz dpopmyan (23) naxognm
1 ¢ é 8, §
ml—a{ 2 9
: 2 (Al + Ay + Ay +
SO S Y
§2~4(A1+ ﬁ2+52+ 51)-
[Tycrs, Aan onpenenennocTn, 6;<C8,, A;<<A,. Toraa noayynm

b=biby, b= b1 ) (14 )6

G2
ﬁ1 .-’] '

i

OTHOIIEHNe uHCAA HTepauni ny (&) B Mertope (2}, (3) K uHcay uTepa~
unf n‘u” (e) B Metone (21)—(23) oxamerca paBHHM

V-V H

e Vo 2

Ecau, vanpamep, 1,==0,51, h,=0,5k,, T0 noayuum 8,==48,, A,=

=4A,, H, CIEAOBATENABHO, AY (€)/n () =~ 2.,5.

3amMeuanwue. CYIHCCTBEHHOI'O YCEOPSRHA CXOLHMOCTH MOMHO AGOATHER ny-
TéM HCOOAL3OBAHHA HTepANUWOHHOIO METSAA

Yper, — Y

T;_M” + Alykp,; + Aot =1,

Y — Yy,
T + Astpy, t Arlpyy =
Fi

(k4+1) , tg‘:ﬂ]

€ NepPeMelHHME TapaMeTpami t; v k=0, 1,..,0—1. Cooco6 euifopa ure-

PALHOHHEIX TTaPaMeTPOB R ONEARA DOTPEIIHOCTH NogpofHo Masoxenw 8 [30, ¢, 463].
OTMeTHM NHilb, YTO B cnydae MOAEALHOR 3a7aWK YHCAO HTepaunfl, HeOGXCUHMHR 1a%

ROCTHXEHHE 3aLaHHOR TOYHOCTH €, ABAAETCA ReNHYHAOA ) ln ‘Z’ -

§ 5. MeTox MATPHYHONA MPOFOHKN

1. Beepewne. MaTpuuuas NPOrOHKA OTHOCHTCR K APAMEIM METOAAM
pellleHHA PA3HOCTHBIX ypaBHeHHWA. OHa TNpPHMeHAETCH K YPABHEHHAM,
KOTOPHIE MOXHO 3aNHCAThb B BHAE CHCTEMbl BEKTOPHEIX YpPABHEHHM

—Coya‘i‘Buyl:_Fm

Afys-1 —C:y: + nym =—F;, i=l, 2,..,N—1, 8}
Antnay — Cygy = — Fy,
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Tie i — HCKOMBIe BEeKTOpbl pasmepHoctn M, F.—3ajaHHble BEKTOPHI,
A, B;, C— 3afaHHble KBaZpaTHHe MaTPHILE Topsika M.

MaTpuunas mpoOroHKa UPeAcTaBifeT coboft 0606umenHe oGuHOL
NPOrOHKH Ha CaAyvai cucTeMbl BeKTOPHHIX ypashenuit (1}. [lo cpaBhe-
HHIO C APYTHMH NPSAMEIMH MeTOA2MH PEUIeHHsi PA3HOCTHBIX 32434 Ma-
TpHYHan AporoHka Gosee yHHBepcadbHa, TaK KAK NO3BOJACT pelyaTh
ypaBHeHHA ¢ NepeMeHHBMH KO3O@UIUHEHTAMH H HE HAK/MaAhBaer CHlb-
HEIX OFpPaHHY9EHKH Ha BHA IPaHHYHBIX ycaosuil. OAHAKO NPHMEHEHHE
MaTPHYHO/ NPOrOHKH K PElIcHUI0 ABYMEPHBIX PAa3HOCTHHIX 33124 cTafl-
KUBAGTCA ¢ ABYMA TPYAHOCTAMI: HEIKOHOMHYHOCTBIO NO WHCJY Aed-
credit (T, e. GoJablloe BpeMa cyeTa) M, rJaBHMM ofpa3oM, HeoOXoau-
MOCTbI0 B GOJIBINKX pecypcax MalluHHOH naMaTi., Ecan xe MaTpHIu
A, B, C, uMenT OTHOCHTE/bHO HEBBICOKUA MOPANOK (xak 3To OHBaeT
UPIl GMAPOKCHMAUKHH CHCTEM ONHOMepHbX AHP(epPeHlualbHHX Ypas-
HeHHE), TO MATPHUHAs NPOrOHKA HHY4eM He XyXe 0OHUHOA MPOTOHKH.

[Tpexae weM H3AATATH AALOPHUTM, NOKAXNEM HA MPOCTOM NpuMepe,
Kakus 06pazoM ABYMEPHYIO PAa3HOCTHYIO 3ajavy MOXHO NPRBECTH K
suay (1).

2, 3anuch paznOCTHORG ypasHeHus [lyaccoHa B BHAE CHCTEMBl BeK-
TOPHbIX ypasHenui. [TycTh B IpAMOYrONbHHKE

G—_— {0<xa<£g| oL == l, 2}
¢ rpauuued I' Tpebyercs HafiTu pewlenne ypaeHenus [lyaccowa
F*u Pu

Y408 1€TBOPsIOLLee YCI0BHIO Jupuxne
u(x, x)=n(x, x,), ecan (x,, x,}=r. (3)

Beegem npaAMOyroNbHYO CeTKY
Go={x; = (xin. -’f;“)},
rupe x(lij=ihl. Xg)=fhz, l*=0: 1, R Nll J'.=0) la LR ] NSI h1N|=£|,

h.N.=1, u 3aMenuM 3anauy (2), (3) pasHoCTHOH CXeMOil

. — 0y L — 2y .
Yian f i;,f +yi+1_,! + y;.,[—]. !i:: +y1,,f+1 — _ffh (4)
1 F
£=l, 2,...,N1"‘"1, f=l,2,...|N2_l,
Yoi =Pt Ywi =g, (=12 ... N—1,
(5)

Yo =W Yy =MWiny, E=1,2,..., N, —1

PasuoctHag cxema (4), (5) npenctapaser cof0H CHCTeMY JHHEd-
HBLY aATe0paHyecKHX YPaBHEHH{, B KOTOPOH HEH3BECTHHMH fBAAIOTCA
3HaueHna 4y, i=1, 2, ..., N—I, j=1,2, ..., N,—I1. Yueao reus-
BECTHBIX pAaBHO YHCAY ypaBHeunli, T. e. (N, —1)(N,—1). 3anawem
cucteMy (4), (5) B BekTOopHOM BHIe (1).
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Fpu pettlendn citctemsl (4), (5) MATPHUHYIO MPOTOHKY MOMKHO MPO-
BOIHTE KK MO HHIEKCY {, TaK H Ao HHAekcy . [lokaxkem, Hampuwmep,
KaK noaroToBuTh cucTemy (4), (5) k suay (1}, ynoSuomy aas npume-
HeHusl PoroHKH no undekcy i ITepenuitem cucteMy (4) b Bune

y"'_'f_.('?y_‘f.__ s T A )_!__ Hia i ——fy
A A A2 A2 o
i=1,2, ..., N—1, j=1,2, ..., No—1
H yuTeM FpaHHUHBIE YC/IOBHA
Yio =lMtoy Yiv,=pun, i=12,...,Np—1.
Toraa nofyquMm cHCTeMy YPaBHEHRI
Yt (25&_"‘29':1 +!fu) plina g Ho

A K K kY hy
Yiu,t __ (235,' Y=y T Y ) + Yo __ fir
— T ith
n ht by , i
l’.=2)3) - "'N2_2’
Y1 N (29:.~,-1 Yy, Np3 — 20 N1 ) YissNem Hin,
- — + =—fine1—
A h: A ; A ’ h}

rae i=1, 2,..., N\—I1. Janee, 0603Hauum uepes £, eAHHHUHYIO MATPH-
uy nopafika N,—1 n uepe3 A,— CJeAyioulyi0 TPeXAHATOHAJNBHYID Ma-
TPHUY TOTO Ke MOpPAAKA

——2 i 00 - -
i -2 | Q..
1 0 -2 e .
M=1r 1 L ’ ®
? 1 —2 |
0 I =2

Sleuo, 9To A, npeactaeaseT cobofi MaTpHUY onepaTopa BTOpPOil pas-
HOCTHOW NMPOH3BOIHOA MO HANPABJIEHHIG X;.
Beenem aada i=1, 2, ..., N;—1 pexTopH

Yi= (yil! Hizo o o 0o yf,Na-l)T! (7)

Big Mavy )7 8

Fi=s fu-l-?. ffe» frs. .--qft.Nz-z, ff.Na—l+h_g . 8
2 %

Torga MPeALIAYLLYIO CHCTEMY YPaBHEHHH MOMXHO 3aMHCaTh B BEKTOD-
HOM BHIe

‘LEsyl—l — (i Es—Az) g+ ‘%‘Ezyiﬂ = —F;,
f " by (9)
i=1,2,..., N—1.
Sty cHcTeMy ypaBHeRHR crelyeT JOMOJHHTb [PAHHUHBIMH YCJAOBHAMH
o=y Y, =WNn,
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rne
W= {I-‘«on Mozy - oy llo,N,—i)T‘ My, = (,-I'Nﬂ]-lN]z e !-"«N.,Ng—i)r-

TakuMm o6pasoM, paszsocrhas cxeMa (4), (5) 3anHCHIBAeTCA B BEK-
-
topuom Buae (1), rae B, u Ay— uynepble Matpnuu, A;=B,= h, ' E,,
Ci=2h1E;—A,, i=1,2,..., N—I.

MoxeTr oxasarteca, uto N33 N, T. €. UTo YHCRO TOYEK CE€TKHM TIO
HalPABNEHHKY X, rOpasfio GoJblie YACAa TOYERK NO HAMPABNEHUID X,
(HanpuMep B chayyae, KOraa NPAMOYFONBHHK G CHABbHO PACTARVT B
HanpasJeHuy x,). Toraa BHrofHee NOJL3OBATbCA TNPOFOHKOH 00 HH-
OEKCY f, TaK KaK NPH 3TOM COOTBETCTRYIOLIHE MATPHUHEIE KO3dhRnAeH-
TH OyIYyT HMeTh nopafok N,—| ropasno Messlinrié, wem N,—1. Coort-
BeTCTBYIOIlas cUCTeMa BEKTOPHHX ypapHeHuil uMeeT BHI :

} 2 1
—2519’!-1_' TEI_AI) Y+ TElyf+l=_ Fy,
hi hi 7 hS
i= 1, 2!0 Ve Nz— I, Yo==Hgp YN =Ny
rite E,— ennHuydaa marpuua nopanxka N, —IJ, A,— Matprila, anaao-
riuunas (6) ¥ umewwad nopsiox N,—I,
Y1=" %0 Yois - oy Y1)y Pg == (1gs Hago - -y Mem1,0)7,
N, == (A Mas o o N1, T

3. Aaropurm marpruHoil nporouxH. [lycth 3amana cuerema ypas-
pHeHuit (1). GopMyabl MATPHYHOH NMPOTOHKN MOMKHO MOJAYYHTb TZK Ke,
Kak H GopMyau ofuyHol nporoskn (cM. m. 7 § 4 u. [), oanaro npu
HX BEIBOIE HAJMO YYHTHIBATh, 4T0 KO9M{NUHeHTH ypaBHeHHa {l) nane-
pecTanoBoYHH. ByaeM MckaTh pellenne cHcTemb (1) B BHAe

yi=ai+lyf+l+ﬁf+l' £=0, l| aany N_lt 1:10}
rae ¢,.,— KBaapaTHHe MaTpULB TOro Ke nopsaka M, uto W nopaioK
matpun A; B, C;, a p..,— BekTop pasmepHoctd M. Ilopcrapang y.=
=it iYeer+ Pirs B Yoy =i+ Pi==titir1¥fiss + (@Piss+Bi) B ypaBreune

Afyi-i—cfyt+3iyi+i=_Fi-
no.1yyaeM, 4YTo 3TO ypaBHeHHe OyAer BHINOIHERO, ecaH NoTpedcsaTh
(Aiﬂ’-i'*‘ci)aiﬂ‘FBiH:O;
(Axai_ci) ﬂl'+i=_(Ail5i+Fi)*

OTClola TPHXOAKHM K CJAEIYNIHM DPEKYPPEHTHRIM COOTHOLISHHAM
A ONPEACACHHA MATPHEL Qliyy H BEKTOPOB Hiyi!

gy = (Ci — As) ™ B, {11}
Bira = (Ci — iy (A 5~ F). (12)
3pecw i=1, 2, ..., N—1. Havaabnble 3Hauenns o, N 3, 3a31al0TCA B

COOTBETCTBHH C yPaBHERHEM
_Cuyn+Boyi=—Fn|
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KOTOPO& MOMHO MNEePelNHCaTh B BHAE

y,=Co By, + Co'F,. (13}

Conoctasaas (13) ¢ ypasuennem (10) npu (=0, noaydaem
a, =Ci'By, Pr=C'F,. (14)
Mocne toro Kak Bce KoshdHUHEHTH o, f; HAANEHBI, BEKTOPH Y,
i=N—I, N—2, ..., 1, 0, onpefend0TcA NOCNEN0BATR/IBHO H3 YpasB-

Henus (10), Haunnas ¢ yy_,. IlAR Hawama cueTa HaLO 3HATH BEKTOP Yw,
KOTOPbIit OMpPefenaeTca H3 CUCTEMBbl ABYX YpaBHeHHH

Aty —Crxtpe=—Fy5, Yu_r=0axYn+Bn.

Orcioaa noayaaes
HN=(CN_ANaN)w‘(ANﬁN’+FN)' (15)

Q6veguusa dopmyns {10)—(12), (14), (15}, npuxosum K crelyw-
eMy aJropUTMy MaTPHUHOA NPOTOHKH A1# cucTeMbl (1):

Xy — (Cl. —Afai)—lBh i= l, 2‘ vevy N— l' GC1=C;180, (16)
Br.'+1 = (Cl - Aiai)_l (Aiﬂi '+' Ff)l i=l ’ 2r vy N! ﬁl=C;lF0' (l?)
yi=ﬁf+1yi+1+ﬁi+n f=N'—1, N—Q, ey 1, 0, yn=[5n+1. (18)

[px peanusauvn MeTOLA MATPHYHOA NPOTOHKH NPHXOAMTCA 3aMo-
MHHATH BCE MaTPHOH ai P i=1, 2, ..., N—1, 4To Beler B cryyae
MaTpHU GOJBUIAX Pa3MePOB K HeOGXOAHMOCTH HCAOJb3OBAHHA BHELI-
Hell naMatTd IBM H Tem caMEIM K YBEIHYeHHIO BPCMEHH cHeTa,

Kpome Toro, peaausauns dopmya {16) cama no cebe Tpebyer GoMNb-
woro yacaa AeicTeri. B Kamaof Touke { MPHXOAMTCH OAHH pa3 oBpa-
THTL MATPHUY H CAEJATh ABA YMHOMKEHHA MAaTpHU nopaika M, uro
tpeGyer O(M?) apudpmeruueckux aeficrauit. CaenosaTenbHo, Aas BBL-
yHCAeHUA BceX KosduuHEHTOB o, i=1, 2, ..., N—I, Tpebyerca
O (M3N) peficreuii. lna mofesbnofl 3anaun, koraa M=N=h"", uncno
neficteuil cTanosuTces seanvndon O(h*). [lo ykazaHHBIM DPHYHHAM
{Gonbuwiol 0GBEM MAMATH M 3HAYMTENBHOE UHCA0 APUPMETHYCKHX Aefi-
CTB#fl) MATPHUHYK) MPOTOHKY CPABHHTENLHO PeAKO TPHMEHAKT ANA
pellleyus 3a4au maTeMaTHueckod ¢usuku, OLHAKO B Tex caydadx,
Korza MaTtpaus A, Bi: C: HeBBICOKOrC MOPsiAka (HeGONBUIOE YHCAO TO-
YeK MO HANDABMEHWIO X,}, HEOGXOAMMBIIT 06beM NAMATH H YHCJIO Aef-
CTBHIi PESKO COKPALLAIOTCH H METOA MOXKHO PeKOMeHLOBATH ANA NPAK-
THYECKOrO HCMOJB3OBAHHS.

4. YcroilupBocTy MATPHYHOH NPOroRnKH. Tak e, KaX H B chydae
OBLIYHOM NPOTOHKH, BO3HHKAET BOMPOC O YHMCTEHHON YCTONYHBOCTH Me-
Tola MATpHuHOH nporoHKH. IloAyuyHM 3aeCh JOCTATOUHEE YC/OBHS
yeToitunBoCTH B BHAE TPeboBaHHA, NpeAbARIAEMUX K MaTpHuaM A, By,
Ci, I:O, 1, Puey N

Mycts B cHeteme (1) y: u Fi— BexTopbl pasmepuoctu M, A;, B, Ci—
KBAAPATHHE MATPHUH NOPsifika M (BeKTOPH H MATPHIL MOryT OHTH
KAK BEIUSCTBEHHLIMH, TAK H KOMNJAeKCHEMH). Dymem paccMaTpusarte
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Matpuun A;, B;, C; kak JuHefiHbe onepaTopsl, AelicTrywollie 8 M-mep-
HOM JHHEeHHOM OpOCTpaHcTBe H (BelleCTBEHHOM HJIM KOMILJEKCHOM).
Mpeanonoxnm, yto B H onpeneiens Hopmbl BekTopa ||| u nofuMHen-
Has efi HopMa MaTpHubl. [Ipu AokazaTesncTBEe YCTONUHBOCTH TIPOTOHKH
HaMm notpebyeTcs cleAyIolee N3BECTHOE YTBEPKAEHHE.

Jlemma 1. Ecau dan Oannoid matpuyer A cytiecTeyer KONCTaNTa
1>0 raxaa, «ro das avbozo xe=H avtnoanerno Hepasencraa

lAxz1llxll, 5>0, (19)

T0 marpuya A umeer obparngro, npuden || A=<y
Hokasarteancreo. [Nokakem cHauana, uyTo BCe COBCTBEHLBE
qaCna MaTpHUR A OTHHYHH OT HYJA H, CNeA0BATEJbHO, CYUIECTBYET
A=t Tlyets A — nr06oe cOGCTBEHHOE UHCNO MATPHLE A ¥ 2 — OTBENalo-
IEHA eMy coOcTBeHHHA BekTop, T. e. Az=Az. CoraacHo ycaoeHio (19)
HMeeM
1Azll=|x[lzll =yllzll,

T. €, [A]|Z=21>>0, 1 TeM camum X550,

Takum obpasom, maTpina A uMeer oGpatnyio. [Tyets yeH — mo-
Goii mextop. QOGo3snauaa x==A-'y, noayuum wus ycaosda (19), wro
NA='gl <<y~ 'llgll. Caeaosatensno, |4-!(|<<y™', uT0 v TpeboBaNOCE.

Meroa nporonkr (16)—(18) Gyaem Ha3HBaTL YCTORYHMBHIM, eC.IH
matpuubl C—A.o; uMeloT ofpaTHue H floll =<1, (=1, 2, ..., N.

Hs ycrofiunBocTH NPOrOHKH CleAyeT OAHO3HAYHAR PA3PEUIHMOCTS
cucTeMut (1). HelicTBuTenbEO, B 3TOM CAYUae, HCXOAA K3 PEKYPPEHTHEIX
¢opmyn (18), moxHO npeacTasuTh petieHue 3afauu (1) B ARHOI (op-
Me B BHJAE KOHEUHOH CYMMB ¢ KO3thduUHeHTaMH, 3aBUCAIUHAME OT o, B

YeaoBua Jleqll=1 ofecneuuBaT YHCAEHRYIO YCTONYHBOCTD CYETA NO
dopmyne (18). Hapymrenue 3TX ycnoButi He Bceraa NPUBOAKHT K CH.lb-
HOMY HakKoILIeHI0 norpemnocTi. OAHAKO NOAPOGHHA aNaJM3 BEIYMC-
JNTEJbHOH TOTPEUIHOCTH METOAA MPOTOHKH BHIXOAWT 32 PAMKM RaHHOH
KHHUTH,

CéopmynnpyeM Tenepb TeopeMy 06 yCTOHUMBOCTH MAaTPHUHOM npo-
FOHKH,

Teopewma 1. [ycte A, Bi— nenyaesvie marpuyet, i=1, 2, ...

eory N—=1, u nyere cywecreyror sarpuner C7', i=0, 1, ..., N. Ecau
BOINOAREHDL HEPABCHLTAA

IC A+ CPBi<<1, i=1,2,...,N—1, (20)

IV Byls1,  |CRAv|<C T, (21)

TO MATPULHAR NPOSONKQ YCTOLUNUBA.

HoxazartenbcTpo. HokameM no unugykuun, uto [afl<<] #
MaTpuubl C,i—A; umetor ofpathble, i=1, 2, ..., N. HepapeucTeo
lle,fl << 1 BEmoaneno B cray nepsoro u3 yeaosmii (21), [Ipeanonoxi,
410 el <1 maa newortoporo iZ=1. HokaxkeM, yto Torma (Ci—A.c)™!
cymectsyer H eyl <[, Mockonbky Ci—A=C{(E—C'Aww), 10-

CTATOYHO OKA3aTh CYUIECTBOBaHHe MaTpuun (£ — CE‘Aga;)'l.
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Mycrs x=H — mooit sektop. Toraa
) (E — CPAm) x| > 2] — €2 Ax] >
2 {—CC AN i) = (L= CTAD | 2}
Orciona u us yeaosnfi 1—||C7 AN = NCT' Bl (ev. (20)) noayunm
HE —CT' A x| = pllx], i=1,2,...,N—1, 22)

rre yi==||C7'Bill>>0. Hepasenctso v,>0 cieayer us toro, uto C7* —

HeBBIpOXKAeHHaA MaTpuia W B,5%0, n nostomy C;'B; — nenyaesas
MatTpula. M3 nepamsencts (22) n aemMul 1 caeayeT cymiecTBOBamne
MaTpHU, o6paTHhIX K C—Ae, i=1,2, ..., N—I1, ¥ olleHKH

IE —CT Aoyt | << | C2Bi [ (23)

Taxum 06paszoM, MaTPHUBI oy, 3a1aHHBE PEKYDPPEHTHBIM COOTHO-
wenneM (16}, cymecTeyior. Tlepennitem Bulpaewle AJS q,, 8 BHAE

iy 7= (E - C;TlAn‘ax‘)_l (C:iga)
Otciofa 1 W3 oueHku (23) noayyum, uto
bz |<SE — VA ICP B < 1.

Hrak, Ao nupykunu gokasawno, uto flell <1, i=1, 2, ..., N. dag
3aBeplIeHHA OKA3aTENbCTBA TEOPEeMBl | OCTad0ch YOEAHTHCA B TOM,
4TO cywecTayer MaTpHia, obpatHas k Cy—Agoy. [Tockoabky fagfi<<],
NONYYHM, Kak H paHee, uTo

HE —CVAvaw) x| > (1 — | CH Ay ] x}

ana nweboro xe=H. CneroBatenbHo, HepaBeHcTBO (22) BhIROAHIETCS H

api i=N c woncTanToll yy==1—|Cy Ay |. Hepasencreo 1%>>0 BHROA-
HEHO B CHAY BTOPOro Hs ycaoeuil (21). Teopema 1 nokasawa.

3ameganne. Marprumaa nporonka Symer ycToiuaeol 0 g TOM £Ayyas, ecax
Bvecto (21) notpeonate

1G' Bl <ty CByl= 1. {24)

,E[oxaaa'renbcwo NpOBOANTCA TAK e, KAK HEB TECPEME 1. Ha}lo 3AMETHTL TOJLHO,
970 B caydae (24) BHOOAHAIOTCA CTporke HepapencTBa ol <<i, i=1, 2 N, a

HE — Ct Ay an) x 1 2> (1L — ICF Ay ey B x
BPHuUeM

L=l Oy Ayay 13 E—lay WCF Ay | > 1 — | CF Ay 1320,
Toe | — P Apay =0
IMpumenum Teopemy 1 K Hec/el0BAHMIO YCTORYMBOCTH MeTOZa npo-
TOHKH A7 PasHOCTHOro ypaeweHua Ilyaccoma (cM. 1, 2). B atoum
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cayuae cucteMa (1) mpunumaer sua (9), npuueM
A;=B;=h{"E,, C;==207E;— A,,
i=1,2,...,N—I, Bi=Ayr=0,

rie MaTpuua A, onpelesaeHa coraacho (6).
¥cnoeus ycrofiunBocTy nporoHky (20) MPHHHMAIOT BHA

|CTHi<056, i=1,2,..., N —1,
# GyayT BEINOJHEHH, €CJaH
ICy >%ﬂyﬂ (25)
1]

A0 Aforo BEKTOPA g pasMepHocTH N,—1.
BrepeM B kauecTBe HOPMEl BEKTOpA

y= (yl‘ yﬂl ey y:\f"l“'l)r
geavynny fyll=¥(y, y}, rae

Np=1
{u, v)= thuﬂ!;.
i=1
Toraa
1CyI* = (‘_2-9‘“/\29’; =3 y—A,y‘) ==
B i J_
4, 4 4
=—jyl*—— Ay, ) AP > 1o
hl hl hl
NOCKOABKY

Ny
(‘)\-2.’?’! y) = 2 ( x_"',)sh -9::/: 0
f=1

Tesm campim yeaoshe (25) BHIOJHERO H MATpU4Has MPOroHKa Has
citereMnl (4)—(b) ycrofiuusa.

§ 6. MeTox penyKiun

i. Bueoa ocHOBHBIX diopmya. MeToJ pelyKUHH ABAAETCH OPAMBIM
MeTOAOM pellehns CHCTEMEl PA3HOCTHHIX YDaBHEHHH, HMEIOLIHX BHR

yiﬁi_cyi+yi+i=_Fit £= 11 21 LI N_'lt (l)
yﬂ:!’th yN=l-|-3| (2)

rie i, — HCKOMElE BEKTOPH pasMepRocTd M, Fi, wi, g, — 32KaHHEIE BEK-
Topel 1 C — 3anankas kBaApaTHas matpuna mopaaxka M. Ilpuennmu-
AJbHLIM OTAHYIeM dAHHOM cHcTemMbl oT cacTeMbl (1) u3 § b asagerca
HE22BHCHMOCTD MaTpuusl C OT HHAEKCa { U PaBeHCTBO KO3 UUHCHTOR
NpH Hi—y H Higq-
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B ocHoBe Meruas peAYKUMH JEAKUT ChielHaNbHH{ CNOCO0 BCEANOYe-
HHA HEeH3BeCTHBX H3 cHcTeMbl (l}. 3anuwem ypaBHewuwe (1) 8 Toukax
i—lnifl,re

Yior—Clicytth=—F i, Y—Clisrtyuya=—Fi,
H CNOXKHM 3TH ypabHeHus. Torla noayuny
yi—2+2y1_c(yi—l+yi+l)+yi+2=_(Fi—l+Fi+!) s

OTKYAa, YYNTHBAS, YTO
Yo+ Yivs= Cyi_Fi;
NpRAEM K YPABHEHHIO

Yi— (C=2E) i+ yioa=— (Fioy + CF 4+ Foupy), (3)

CBASHBAWILEMY 3HAUEHHA HCKOMOrO BEKTOPA B V3.1aX OAHHAKOBOI uer-
HOCTH. B 9acTHOCTH, ec/H [ — 4eTHHle, TO TPOBELEHO HCKJIOUEHHe He-
YeTHHX y370B. Jladee 5TOT mpouecc HCK/IIOUEHHS MOXKHO MPOIOAKUTE

A=) 0—0—0—0—0— 0O O Ol e )
07 2 3 4 5 67 8 2761111271314 758706

/\/ /\ /‘)\ /\/\A
A= g 4'f & \c;/ /.:7/ 72 T 78

s e
AV

\ /"

s

E”'

A=2

o % 8 2 75

AN
A=3 & \//\
o g 76

Pue, 16, [TopAgok MCKMOMEHNA HEH3BECTHHX B METOde peayKEUdH

aHaJI0rHYHEM 0Gpa3oM. [Ipy aTOM HeOBXOAUMO MPeANONOKATE, YTO UHC-
N0 yanoB N sBasiercst cremensio jBoltkH, N =2" Tpexne yem nepexo-
ANTh K CJAYYUAK IPOH3IBOABHOrO M, paccMOTpHM A8 HATAHAHOCTH cny-
yaii m=4, 1. e. N=186,

OGosnawuM Yepes £ HOMEp 3Talla HCKAWNEHHA HEU3BECTHBIX. [Ipn
k=0 cucreMa ypaBHeHu# COBNAlaeT ¢ HCXOARON H COLEPIKAT 3HAUEHHS
HCH3BECTHBIX BO BCeX BHYTPEHHHMX ysaaXx. Ha puc. 16 310 cootmercr-
BYET BEDPXHeH TODH3OHTAJBHON YEpTe, rfie KPY)KOYKAMH OTMEUEHK Ho-
Mepa HEW3IBECTHBLIX i BXORALIHX H CHCTEMY, Ha CASAYVICILEM 3Tane
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(k=1) MPOMCXOANT HCKIKUYECHHE HEHIBECTHLIX C HEYETHHIMU HOMepaMH,
B pe3vibTaTe Hero nodywaeMm cucTeMy BHIa (3), conepmaulyw 3maye-
HUA HEHIBECTHBIX TOABKO B YETHBIX y3nax. ITam k=1 usobpameH Ha
puc. 16 Bropoil cBepxy ropusoHtansHoli deptoil, CTpeNKH YKA3aWBaioT,
KaKiie HeH3BeCTHhie ObliH Hewkouens. Ha BTopoM stane (E=2) octa-
eTCA KaXABH YeTBepTHll y3ea 0 Ha 3akJiouuTelbHOM 3Tante (k=3) oc-
TaeTCA TOJNLKO OAHO YPaBHeHUe, CBASLIBAKILEE Ys, Yo Hig. LIOCKOJBKY
Yo W 46 3a0aHBL (CM. {2}), M3 MocTeAHero ypaBHeHHA MOXKHO HalTH y,.
Tem caMbIM HaUHHAET OCYLIECTBAATLCA OGPATHLIN XO4 B MeTofe He-
KJItoUeHus. 3Has Yy, MOKHO HANTH y, ¥ y,,, AaJ€e — BCe HeN3BECTHLE ¢
YeTHBIMH HOMEDAMH H, HAKOHEll, BCe OCTAJbHbBE HeHABECTHIE.

Bepuemcs k obmemy caydaw, koraa N=2" Cornacuo (3), B pe-
3yJ/bTaTe NEPBOro 3Tana HCKAWYeHHA (R=]) nonydaeMm CHCTeMy ypas-
HeHHIt

yf~2—_cillyf+yf+2=_FEl‘» £=2| 43 8:--- ’2'“__2’ (4)
rae
Co=(COy9E, Cw=C, (5)

F' =F, + CFi+ Fup.. ()

[To uuaykuum nerxo nokasaTth, YTO Ha R-M 3Talle HCKJIKUCHHUR,
k=1,2, ..., m, noayyaem cHctemy

9’5_2&—1 _ C(k_ﬂyi + yl‘+2k-1 _ F:I:k-l:l' (7)
f= it g, L gmeget,
Hy=Wy, Yy=Na,

b
rre mMaTpuubl C*~U' 0 BekTOpH FY " HaXONATCA H3 peKyppPeHTHBIX CO-
OTHOWWEHHH

C® —=@C* N2 —2E, &£=12,...,m—1,
C(O] — C, (8)
FIo = B, 4 CUOFED L R ©
FP=F, k=12, ,m—I1,

[=2% 2.2, 3.2%, ..., 2"—2"

Taxknm o6pa30M, Becb TMPOUECC PelieHHA COCTOHT H3 MPAMOro xoja
v oBpatHoro xoxa. IIpAMo# xoa 3akajodaeTcd B HAXOKAECHHH MaTpHL
C'™ y BeKTOpPOB F}'l"’ no ¢popmynam (8), (9). O6paTHLIA X0A COCTOHT B
HAXOXKASHHH BEKTOPOB Y, H3 CHCTeMEl (7), HAYHHAA C R=m.

Meton pefyKklIHH B TOM BHIe, KaK OH 3/1eCh H3JIOMKEH, HE NpHMensd-
eTCA 8 peasbHBIX BHIYHCAEHKAX IO ABYM MAPHYWHAM. Bo-nepeHX, OH He-
3KOHOMHYEH M3-33 TOrO, YTO Ha KAXKAOM 3Tale NPHXOAHTCA 0OpanlaTh
Matpuiuy C™ obweit cTpyKTypbl. Bo-BTOpBIX, BHIYHC/AEHHE NPABHIX Yac-
Teit no ¢popmyaam (9) Heycroiuuso. B cneayronux nyHkrax Gyner mno-
Ka32H0, KaK MOMKHO YCTPAHHThL YKa3aHHBHE HEIOCTaTKH MeTOAa pe-
IVKIMY,

42¢



2. O6pawenne matpui. CooTHomenue (8) npencrariser coGoil we-

AVHeflHOe PasHOCTHGE yDaBHEHHWe MepBoro mopaika ina matpuu. Ero
peluieHne MOKHO HANTH B SBHOM BHJIE.

PaccmoTpuM cravana 4ucIOBOfi aHanor ypasHenus (8}, a UMeHHO
pasHoCTHOE ypaBHEHHE

9k=5‘%—1_‘2. k=l! 21‘0°3 y0=xt (10)

rie x — 3ajaHHoOe YUCao.
IMoxakem, uto pewenue y.=y,(x) ypapnenua (10) Beipawaercs

Yyepe3 mHoroused YebollleBa, a HMEHHO
BW=12Te(3} k=12, (an
rae

Tn (.?t') =

cos(narccosx), ecam [x|<1,
-—;—[(x +VE I+ x— V1), ecan | x| L.
Hs Boipaxenus Ana T, (x) caeayer, uto

T (x) =2(Ta(x))*—1.
Orciofa Rpu n=2"' noayuaem

£} — EX L
Tulz)=2(Ta (5] =
T. e. pyuxuns (11) ysoBaersopser ypasneunwo (10).

Kopusimu MHorouneda (11) asaswoTes yue1a

X1p=2 c0s (212;11}*5. [=1,2,..., 2%

TloatoMmy dyHkuus y,(x), npeactapasiowian coboli MHOrOUIeH QTHOCH-

TeJAbHO X cTeleHH 2° co cTapwHM Kosdwprumentom 1, pasnaraercs B
fpoH3BeIeHHe

&

2

Uy= ” (XH2COSM) .

R+l
=) 2

[IpuBefeHHbIE BhILE BHBOAB! HMEIOT MECTO H AJS MATPHYHOrO ypas-
Heuna (8). Ilo wHAyKumu Jerko AokaswoiBaercs, uTO peluennem C™
ypaBHerHna (8} #ABAseTCA MHOrOYJeH (OTHOCHTENbHO MaTpHUB C)

crenend 2* co crapmnM Koabduumenrom l. duas storo MHorouaena
CNpaBeATHBO NpeACTaB/lenue, ananorudnoe (11), 1. e

& C
C“=272k(;)'

H COpaBeINHBO pA3oXkKeHHe HA JHHEeERbIe MHOMHTEAH
£

a
CH=T (€ —2cos T8 E). (12)

A 2’21‘1
=1
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Hannuse Takoro pasaoseHH TMO3BOAAST YRPOCTHTL NPOULEIYpy 06-
paiteHus MaTpHl. B cnyyae pasHOCTHBRIX anMpOKCHMAMMA YpABReHHH
aq1anTHYeckoro TnRa matpuua C aBAdeTCs TPeX1HarcHAJARHC, B TO
Bpems Kak C™ — matpnnel oGuell cTpykTypbl. baarosaps pasaode-
nuio (12) obpauledne marpuubl C'*' CBOAHTCA K MOCAENOBATENbHUMY
06palleBAI0 TPeXIHATOHAMbHBIX MATPIIL

- a1 —
ck,1=C—?COS"{T~lﬂiE, (=1,2,.... 2% (13y
AeficTeiiTeapHe, nycTk TpeldyeTcs pelwidTh ypasHeRHe
CMy=g, (14)
rie
2k
Cik! . ';T Ch,!

PaccMoTpuM 148 HaraaiHOCTH Chauana cayyail, koraa A=2. Torna
{14) npunumaer BuA
Cz,icz_zcz.scz,:.t':q?- (15)

Q6o3HaUNM Vo=¢, U, =0C,,C,,Ch v, 1,=0,,C, 0, v,=C,,0, v,=0.
Toraa noayuyum, 470 perleHHe cHereMsl (19) cBoanTeda K mocreposa-
TEJALHOMY PEMEHNI0 YeTHPeX CHCTEM YPaBHEHHIT

C., 0 =1y, Ca:zUz=Un Cz,aUa=Uz, Cz.'.Ua=U3.

rie v,=¢, U, =0.
Touno TaKk ke pewienne cucteMul (14) B ollleM clyyae CBOLITCH K
NocaeNoBATENRBHOMY PELIEHIIC CHCTeM YPABHEHHIT

Chkf’b‘g:Ug_i, £=], 2, ey 2“, (16)

the go=0, U, = 0. Ecan warpuun C,, TPeXIHAroHAIbHBIE, TO KAKAYIO
B3 cucrer (16) MOMKHO PelUHTE METOLOM NPOTOHKA.

YkaszaHablit Boite cnocold obpateRus maTpuubs C* npepnojaraer
onpefenenHblfl GOPAAOK BHIOJHEHHS NPOMEKYTOUHBIX 3TANOB: Chiava-
a2 Rafo obparuTs matpuuy C,,, 3atem —Matpuuy C,, » 7. 1. Ozna-
KO, TOCKOAbKY B MaTpuie C'*' Bce COMHOMCHTENY EPECTAROBOYRE, MOK -
HO WCN01b30BATh W APYrHe CNocoObl BBEIeHHA NPOMEXYTOUHBIX 3Baye-
Ruii o, I=1, 2, ..., 2*—1. Tax, cicremy (1) MOXHO 3andcaTh B BHA®

Cz'g 62,363,262,10 = (p

H 3aMeHUTb CHCTeMoll ypaBHeRH
Cz,aU1=Uo‘ Cosva=10y, Cy203=10s, Cz,ﬂ’»a:f’a,

rae o,=g¢, v,=0. TeopeTiyeckn npu J1060M TOpPsAKe BEINOJHEHAA PO~
MEXYTOUHBIX 3TAMOB Ml ACJMHE NOIYYHTE OLHO H TO Xe pelterie v.
QOnHaKo, €CTH YHCIA0 TPOMEKYTOUHBIX 3TaNOB BeJNHKO, TO NPH PECHAH
cucteM ypasHenu#i (16) Ha 3BM OGyner npoucxoAnTe Hakomae::xe 10-
rpewyocTeii okpyraeans. PocT norpeiHoctell OKpYraeHus 3aBECHT OT
MOPARKA BHINOJHEHHS MPOMEXYTOUHBIX 3ITanoB, 3[4ech HMeeT MECTo
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IPUMEPHO TA JKe CHTYZLHS, YTO H B HTEPALHOHHOM METole ¢ Yelnles-
ckuM HaBopoM napamerpoB (ewm. . 2 § 6 ra. 2 u. I1). TTostomy npu
peanbeoM pemeHuu cucrems (14) pekoMerayercs obpaulate BHHMA-
HHE Ha MOPSAOK BEIAOMHEHHA DPOMEXKYTOUHBIX 3Tanos. Bosee moapod-
HO 5TOT BONIpoc pacemorpen 8 kuure {35].

3. BoiuncieHne npaseix wacTedl. B metofe pelyKUHH NpaBme vac-

tu F¥V ypasnenun (7) Zomkebl yAOBNETBOPATH cooTHoWeHHIO (9).
Bygem nckath Fi' B Bute

il k) _(R) [14]

F == C®p + 41", (17)
rie BekTopl pi, ¢f’ Moanexar onpefeneuio. [Toactasass (17) B
(9), noayanm

C¥p® 4 g — P, + Q(‘-k_;g-x
(D ) 4 L 4 g,
Ortciona, yudTEBas, yto CW = (C*)*—2E, npuieM K YPaBHEHHIO
C* e (! — Ny 4 g =20l gl + gl +
A C* Pl + Pl 4 )

{k
BHGepEM TENMEPE BEKTOP q;' TaKHM, yToOK BHIMOAHAROCE COOTHO-
uenue

o =2p® + gl + gk (18

Toria npeamayuiee ypasHeHHe nmocne ymuoxedus Ha (CY-Y)~' mpu-
MerT BHI

(£—1) _(k=1} {k=1) {(R-1) (R~1)
Cs T =p g Pk 40 (19)

rie
580 = p M p -t}
Taknu 00pa3oM, B juHCHeHHe BeKTOpoB FI' MOMHO 3aMeHHTh HAXOK-
Bk .
NeHueM BekTopoB pi, ¢ M3 cucTem. ypapHenit (17) — (19). Cuauama,
#- -
ofpaman matpuy C*™, maxoaum Bextop s&V, savem Bauncnsem pff=
ke f—
= p*" 4 ¥ u saren no dopuyse (18) a runcnseu ¢, Ipasyio uacTs
F¥™ ypasrenus (7) Hazo 3avieanTb cornacuo (17) B[ Pa KEeHHEM
(k-1} (fe=1} (=1} (k=1
FIV=C"p ™ g

£ -

Tornga npraeM K ypasHeHHIO
k) g fm b=
COVED = gV Ly s+ 41y s (20)

£= o
rae i =y — p*™. W3 storo vpasmesus, opaman wmatpury C*V,

e -
HaxofUM # ' W 3aTem BuwmcameMm y; = p - 0.
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4. PopMmyanposka n obcyxaenne aaroputma. Chopmyanpyem Go-
see N1eTaIbHO aJITOPUTM MeTol1a PeayKUHH.

BoiancnenHa BegyTcAl B URKJIe o HEaekcy k. CHavana oCyliecTBAA-
eTCA TMpaMoil xon, T. e. ana k=1, 2, ..., m—] pemaioTca ypaBHeHHd

(k—n [k—u k—1) W (-1} k=1)
C = Pl__3 —1 + p('i,zk——l "]" qi (2])
H HAX0I1ATCA BeKTOpPDBL
{F (= -
P;}—P; ”-{-—S{ 11
®) 14) ] tk-1)
4 2,5' + ‘?;,; _]_ qi_:,sf.'—l‘
rie (=92% 2.9% 3.92% | 2%—2" BuiuHcAeHHA BeayTCd, HauvuHas ¢
k=1, npHueM npn k—l 3anar01*ca HauaJdbHble 3HAYCHHU S
=0, ¢V =F, i=12,...,N—1.

Peuienue cucteM (21) cBoanTes, KaK 3To ObLIG NOKAa3aHo B 1. 2,
K peluennio 6oaee MPOCTHIX CHCTEM ypaBHeHui

Ck—l.lvi,i = Um1,is = 1’ 2‘ sy gk‘l’ {22)

(==OF 2.2k 2R DR
rne
(=1} =11 =1 ]
d“ [ St p;_ﬁk—l + pH.g + q

ik=1
Uy ;== St ',

Cuctempl (22) pewaloTcst NpH QHKCHPCBAHHOM [ AJd Kaxioro
i=2 2.9 .., 2% Tlockoabky MaTpedua C,_,; He 3aBHCAT OT I,
BLIMHC/IEHHA LeJeCO0OPA3He OPraHH30saTh Tak, uToOb Mmarpiita Cy_y,
obpaulasach OLHH pas3.

IMoacyuraem uucho AeicTBA, HeOOXOAKMBIX AJA pellieHns BCeX CH-
cTeM Buoa (22). Hpe,u.nom}hw yTO AJA pelledud cucTeMut (22) ¢
thuKCcHpoBaHHEIMA K, {, [ 1nebyeres g apudmMeTnuecknx aedctauit. Tor-
Ja npu Cl)HKCHpOBaHHb]X k, 1 pas pewelns cucrem (22) ci=2% 2.24 .

m__ ok
ceny 2M—-2t TpefiyeTes 2—-2-1-2— g=(2""*—1)g apupmernuecknx gei-

creuit. [Ipn puxchpoBaHHoM k& W aaq [=1, 2, , 2rt =2k 228 L.
ce., 2m—2% Tpebyetca 21(27t—1)g= (2"“ 2“"}q neitctent. Ha-
1<0Heu, nag seex k=1,2, ..., m—1 HeoOX0oARMO BHNOJHHTL
=1
§E™ =2 =+ m—22")g
k=1

aputhmernueckux Aeficteuil. CaMoe cyllecTBeHHOoe 3dech To, YTC IIPU
Goabwiux N gucao AefictBuil sBasercs seanuunoir O (gN log. V).

Tlocae Toro Kax Bce BeKTOpH pit, g HalifieHsl, OCYILECTBAACTCA
o6paTHEIl X01 MeTOZa PEeRYKUHH, T. € HaudHas ¢ R=m pelulaTea
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YpARHeHURA
COM N = g™ by + Yy (23)
H BRYUCJEWOTCH HCKOMEIS semopm
o= pi 4 450,

rae k=m, m—1, ..., | i=2" 3.2 N2t N=2m
Cucrema (23) npu ¢ukcupoBaHHMX {, R pellaeTcd, KAK H paHee,
fyTeM NOCAEROBATENLHOID PELIEHHS CHCTEM ypaBHEHHUH

Crm i We = Wiy [=1,2,...,2",

(24}
(=081 3,981 5201, 2Dt
. th—1) ) (k1)
FRe @ =qc  + Y; - T Ypphm1s @pa ==& . Pellenne cucremsi

(23) raxwe tpebyer O (gN log, N) ReficTBuil.

PaccuoTpuM npumenensie MeTOla peiyKUHHM K PELICHHIO Pa3HOCT-
nore ypasHenus [Iyaccona (4), (5) uz § 5. [Ipeanonoxum, uto cetxa
cofepiur N,=2" Touer Mo RanpaBiaeHno x; H N, TOUEK ~— N0 X, Co-
rracuo (9) u3 § 5, 210 Pas’HOCTHOE YPABHEHHE MOXHO 3a0HCATh B Bek-

Topkom euge (1), (2), rae N=N, n C=2E,— hjA, — TpeXAHaroHan-
tian Matpuua nopsaka ¥,—I1. [lostomy cuctemm Buaa (22), (24) pe-
I1aTCA METONOM TDOroHKH, uto Tpefyer ¢={_(N,) nefictBuil, Takum
06pa3oM, peilleHHe pa3HOCTHOrD ypaBHeHUsn [1yacCoHa OCYIieCTBASETCS
METOAOM pelyKUHU 32 Tucao AefictBuit O(N,N,log, N,). Ha keanpar-
Hoit cerxe, xorfa N,=N,=N, uucno aeilcTBUHH sBaseTcss BeAHYHRON
O(N*log. N), T. €. HMeET TOT Ke HOPAAOK, YTO M B MeTOAe GHCTPOro
AuckpeTHero npeoGpasczadus Pypee. B oTauuue or nocaeadero, me-
TOA peIVKUHH He TpefyeT 3H2HIA COGCTBEHHBIX (QYHKUHH, 4TO MO3BO-
JiAeT NPiMeHATH €ro W B Qonee OGLIHX CayuasX, HampHMep B Cjydae
KpaesuiX yC.I0BHN TPeThero poja.

Mertox peaykuMM BHIPOAHO OTAHYAeTCs OT MeTola MaTpuuHoil npo-
TOHKEN dHe TONBKO YHCAOM AefiCTBHi, HO u TpebGyvemoil mamarhio IBM.
B 7c e Bpema clelyer ewe pas NOAYEPKHYTb, YTO METOA PelyKLHH
MOJKHO [PHMEHATL TONBKO AN pelleHHs OTHOCHTeNbHO NpPOCTHIX CH-
CTeM YPRBHEHHH, a MMEHHO CHCTeM, KOTOpLIE MOKHO 3aNUCAThH B BHAE
(1) ¢ noctosnHOl Martpuneii C. HampuMep, pasHocTHHe 3ajzaun AJs
vpaeHeHnq

a du d du's

—{h(x, ) — |+ — (ke (%, 9) —|=—F(x

o (a6 0) S 2 (ke 9) ) =—F 5, 9

MOAHO DELWATE MeToI0M peAYKIHH TOMBKO B TCOM clyHae, ecnu I(O:-)d]-
PUUHEHTHL £,, £, He ABHCAT OT X,
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